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The strong coupling «; is determined with high precision from fits to lattice QCD simulations
on the static energy. Our theoretical setup relies on R-improving the three-loop fixed-order
prediction for the static energy by removing its # = 1/2 renormalon and summing up the associated
large (infrared) logarithms which, in combination with radius-dependent renormalization scales
(called profile functions), extend the validity of perturbation theory to distances up to ~ 0.5 fm.
Furthermore, we resum large ultrasoft logarithms to N*LL accuracy using renormalization group
evolution. We find that the standard four-loop R-evolution treats N*LL and higher-order remnants
asymmetrically, hence, we also account for this potential bias. Our estimate of the perturbative
uncertainty is based on a random scan over the parameters specifying the profile functions and the
treatment of R-evolution. We explore the dependence of the extracted @ value on the smallest and
largest distances included in the dataset, on how R-evolution is treated, on how the fit is performed,
and on the accuracy of ultrasoft resummation. From our final analysis, after evolving to the Z-pole
we obtain ainf = (mz) =0.1166 = 0.0009, compatible with the world average with a comparable

uncertainty.
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1. Introduction

The strong coupling constant a; is the key parameter of Quantum Chromodynamics (QCD),
governing the strength of the strong interaction and determining the energy scale where it becomes
confining. Precise knowledge of «@; is essential for accurate predictions at lepton and hadron
colliders and in other contexts such as Higgs decays, B-physics, and quarkonia. Although much
progress has been made in reducing its uncertainty, different methods often yield inconsistent results
Refs. [1-4]. Among these, lattice QCD has become a leading approach, providing highly precise
determinations [5] that now dominate the PDG world average [6]. One promising strategy that
extracts @, from lattice QCD simulations uses the QCD static energy, which is easy to compute in
the lattice. It is the potential between a static heavy quark and antiquark at a distance r, dominated
at short distances by UV dynamics and is known perturbatively to O(a?). A lot of progress has
been made since the first work of Ref. [7] that used the data of [8], with improved renormalon
subtraction, leading to more precise determinations as done in HotQCD [9] (with data from [10])
and TUMQCD [11] analyses. In Ref. [12] the validity of the static potential was improved by
using the MSR scheme [13] performing R-evolution and using parametrized renormalization scales
known as profile functions, being able to agree with HotQCD data [9] up to 1 fm. In this work, we fit
lattice data using our R-improved theoretical prediction for the static potential to extract the strong
coupling, performing random scans over the profile-function parameters to ensure perturbation
theory remains well behaved at large distances. We also analyze how the dataset influences our
result. Our y? function depends on the constant up to which the static energy is defined, so we
have designed an optimized fitting algorithm that marginalizes the y? function with respect to them,
making the fitting routine faster. We consider both situations: assigning each ensemble a different
offset, or using a single common offset. All derivations, technical details, and extended discussions
omitted here are presented in the long version of this work available on arXiv [14].

2. Theoretical Ingredients

For our theoretical analysis we need the perturbative expression for the static potential, the
resummation of large ultrasoft logarithms and perform renormalon subtractions and R-evolution.
All theoretical ingredients have been implemented in standalone Python and C++ codes, which
agree to at least 15 decimal places. The Python version generates the interpolation tables used
in the fits, while the C++ code directly minimizes the y? function. To compute the MSR mass
and a, the Python code uses REvolver [15] and the C++ one uses a modified version of it that
depends on the perturbative result of Aqcp. With both of them we obtain the strong coupling
with three active flavors at the tau lepton scale (aﬁ"” =3) (m+)) and we evolve it with the five-loop
B-function and four-loop threshold matching to the Z-pole scale (aiw =5) (mz)). A SWIG-based
Python wrapper allows us to run the C++ code within a Python environment, using numpy, scipy,
and matplotlib for analysis and plotting. Energies and distances are expressed in GeV and fm,
with zic = 0.1973269804 GeV X fm for conversions.

The static energy Es(r, u) is defined as the ground state energy of a quark-antiquark pair at a
distance r, it is scheme- and scale-independent and is obtained in potential NRQCD by adding the
soft static potential Vi (r, i), known up to three loops in fixed-order perturbation theory (N*LO),
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to the ultrasoft contribution dys(r, 1) associated with the dynamical propagation of ultrasoft gluons
that appears at O(a?). This contribution depends on the ultrasoft scale uys through the following
logarithms log(Caa;/(uusr)). The static potential also has an ultrasoft contribution V{*(r, u) at the
same order and its dependence with g is log(uysre?®). Since there is no right choice for y, that
minimizes both logarithms at the same time, one must perform a resummation using the pNRQCD
renormalization group equations. We achieved N°LL accuracy, that is, we are able to resum all of
the terms of the following form o' (esLys)" for all n > 0 with m = 4.

One also needs to subtract the O(Aqcp) renormalon ambiguity that arises when the static
potential is expressed in the MS scheme. This ambiguity is r-independent and equal to -2 times
the ambiguity of the series relating the pole and MS masses for heavy quarks. In order to subtract
the renormalon, we need to change to a short-distance mass scheme, in this case we are going

to use the MSR mass [13]. The subtraction series sMSR

must depend on an adjustable scale R,
however, the ambiguity must be independent of it. As well as the other scales, we will vary R,
but this should not introduce large logarithms, to avoid them we need to solve the corresponding
renormalization-group equation, known as R-evolution. This process is called R-improvement [16],
more details of its implementation in the static potential can be found in Ref. [12]. The R-evolution
kernel AMSR depends on the anomalous dimension of the MSR mass, which is not known to all
orders, to account for the error of truncating it at a finite order we include a dimensionless parameter
A in our analyses that will also be varied. The final expression for the static energy that we use in

our code is the following:
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it is only necessary to know the a;( coeflicients [17] since the rest, a;;, can be computed through
the recursive relation of the previous equation, first obtained in Ref. [18].

Finally, we need to choose values for our renormalization scales to keep small the logarithms
and a,(u) factors. The usual choice are the canonical profiles, used in [11], that describes very
well the short distance domain but crosses the Landau pole for r > 1GeV~! ~ 0.2 fm, spoiling
perturbative behavior. To solve this issue we use profile functions, as known in the context of event
shapes [2, 19]. These are smooth, radius-dependent functions for the renormalization scales that
behave canonically (u ~ 1/r) at small r and freeze at a certain value above the Landau pole for
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larger values of the distance. We choose the following profile functions:

£V b
ﬂs(ra'f’#oo,A’b):\/(;) +;+(/J00_A)2_A7 (2)
R(r,B,Re, A, b) = us(r, B, R, A, b) ,

/‘lus(ra §7 K, /1009 Aa b) = CA{/'LS(ra Kfa /’lOOa A7 b)a/s [#S(r7K§7ﬂoo’A7 b)] - ﬂooa’s(ﬂoo)} +ﬂ00 .

The different parameters of these scales will be varied by means of a random scan to estimate
perturbative uncertainties. Each one of them will take a random value inside a variation range that
we choose so that no outliers occur and to ensure that ug > s for small distances.

To perform our fits we use lattice QCD data from the HotQCD Collaboration published in
Refs. [10, 20, 21] that use a (2+1)-flavor simulation. We have 9 lattice sets each one with a different
lattice spacing and origin of the static energy that we call offset, having 2512 data points from 0 to
1 fm. The value of r| that we use to convert from lattice to physical units is the weighted average
of the results from Refs. [10, 22] with uncertainty the regular average of the respective errors:
r1 =0.3093(20) fm.

Our y? function, that includes our theoretical prediction and lattice uncertainties, depends
on the origin of energies of each lattice set, that we call offset. It is useful to minimize the
x? function analytically with respect to them, obtaining a marginalized y? that only depends on
as. We carry out fits in two ways: employing a common offset for all datasets, or assigning an
independent offset parameter to each individual set. We produce a sample of 500 profiles with
random parameters, including A, and perform the minimization of the y? function for all of them.
We end up with 500 best fit values a?F, all of them with an associated fit uncertainty (Agcay),
defined by /\?z(a?F + Ajag) = )(ilin + 1, which is the quadrature of the lattice and offset errors. We
inflate lattice error by multiplying it by ./ /\(ﬁlin /d.o.f. (d.o.f. = degrees of freedom). Our final
central value is the average of the 500 best-fit values, its fit uncertainty is also the average of the
errors and the perturbative uncertainty is defined by Apert@s = (¥max — @min) /2.

3. Fits for the Strong Coupling

Before performing our final fit, we have studied different aspects of the dataset by varying
the distance range rpin < r < rmax. First, we focus on the difference between considering the
offset of each lattice set as independent parameters in our fit and a single offset for all the datasets.
As we see in Fig. la the two approaches show very good agreement for rp,x > 0.3 fm whereas
noticeable differences arise at shorter distances, where both the value and the uncertainty of a;
significantly reduce. We attribute the poor behavior of multi-offset fits to an overparameterization
of the y? function, which can develop a runaway direction and push the extracted strong coupling
to unnaturally small values.

Using the single offset approach, we change the value of rp;, from 0.02 to 0.04 fm. The results,
shown in Fig. 1b, indicate that the extracted value of ay is sensitive to ryj, and rpyax. In particular,
larger values of either both of them lead to higher central values and larger uncertainties, reaching
a plateau for rp,x = 0.4fm. To account for the variation induced by these choices, we scan over



A Precise as Determination from the R-improved QCD Static Energy Jose M. Mena-Valle

e
)
[
[=)

H
H
©
W
)
(=]

T T T
F — 7min =0.020 fm Tmin = 0.035 fm.

E— 7o =0.025fm  — 7y, =0.040 fin
0.315 0.315F— ruin =0.030fm .
— - r ]
0.310 ]
:S’ =~ 0310 7
™ el ]
1 0.305 i ]
£, s ] £.0305F ;
3 L > 3 L -
0.300 /’/N?’LO — Single offset 1 r ]
y - — -
0.295F  Twmin=0.02fm —— Many offsets J 0.300¢ ]
AR TR A ST T S [N SR TR TR NN TR TR TN M ST S T C o o 1w v v 1w vy by by oy 1]
0.2 0.4 0.6 0.8 1.0 0.2 0.4 0.6 0.8 1.0

Tmax [f0] T'max [fm]

(a) (b)

Figure 1: (a) Dependence of the strong coupling @, on the maximal distance 7y, included in the dataset for
N3LO fits, with 7y = 0.02 fm. Both the central value and the total uncertainty, which includes theoretical
and lattice errors, are shown. Results with a single energy offset are shown in red, while multiple-offset fits
are shown in blue. (b) N*LO fit results for a;. The strong-coupling uncertainties include perturbative and
lattice errors added in quadrature. The dependence of single-offset results on ry,y is displayed for different
rmin Values: 0.02, 0.025, 0.03, 0.035, and 0.04 fm, shown in blue, red, green, yellow, and cyan, respectively.

Fmin € [0.02,0.04] fm and rpax € [0.35,0.45] fm, and include a “dataset” uncertainty defined as
half the difference between the largest and smallest central value obtained in this window. With all
these requirements, our set consist in 105 elements. Taking all these considerations into account,
our result at N°LO order is

@™ (m2) = 0.3093 + 0.0061 ¢, = 0.00001 14 + 0.001 1eq + 0.0011,, 3
— 0.3093 % 0.0063(,

where we have also included the uncertainty on r;. Finally, we need to evolve our result to the
Z-pole. To do that we must cross the charm and bottom thresholds in order to match the strong
coupling when going from three to four, and from four to five active flavors. This evolution is
performed using the five-loop beta function and the four-loop matching conditions implemented
in REvolver. The uncertainty associated with this procedure receives two contributions: a) the
uncertainties in the charm and bottom masses, and b) variations of the matching scales. For the
central values and errors of the charm an bottom quarks we take the PDG world averages [6]. We
have to be careful when choosing the matching scales since for the bottom we use the standard
factors of 2 and 1/2, but this cannot be implemented for the charm given its small mass, so instead,
we use the standard factors of two applied to twice the charm mass. Basically, we have . = 2'*!71,.
and pp, = 2*'7m;, (we use the notation 711, = 711, (7,)). Adding all errors in quadrature we obtain

" (mz) = 0.1170 £ 0.0008, + 00001 % 0.0001,, +0.0003,,, +0.0002,,  (4)
= 0.1170 = 0.0009, -

In Table 1 we compare our results for different orders (only with the single offset approach) and
in Fig. 2a we compare them with the world average 0.1180(9). We see that we have order by order
agreement, as expected, and very nice convergence. The results for the multi-offset fits are also
displayed, finding that for higher order the agreement between the two methods is better. We have
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Figure 2: (a) Final results for the strong coupling with five active flavors at the Z-boson mass (right panel)
at LO, NLO, N’LO and N3LO. The current world average is shown with a dashed gray line and a translucent
band with the same color. (b) Comparison of lattice data (colored dots with error bars) with our best
theoretical prediction, using the central values of the strong coupling and energy offset from our final result
in Eq. (3). Different colors indicate different lattice ensembles. The error bars show only lattice statistical
uncertainties, while the gray bands represent the theoretical perturbative uncertainties.

also checked that we have convergence and agreement when increasing the resummation. Finally,
we can use our final value of @ to compare the theoretical prediction for the static energy with the
lattice data, applying the common offset obtained in our fit. The results shown in Fig. 2b display
very good agreement.

4. Comparison with Previous Analyses

It is useful to compare our final determination with recent extractions that also use the static
energy. To compare the different results, we translate them to a common value of r; and ensure a
consistent RG evolution from three flavors to the Z-pole.

Ref. [23] analyzes the interval 0.070fm < r < 0.098 fm, using the 8 = 8.4 data from [11]
(8 points), and obtains @™ (mz) = 0.1181(9), with "= (m,) = 0.3151(65). Applying
our theoretical framework to the same dataset yields aé"f =3) (m¢) = 0.3123(80), indicating that
our uncertainty estimate is more conservative. After converting to the updated ry, their result
becomes a§"€:3)(m7) = 0.3149(65). Evolving to five flavors with our prescription, setting the
charm matching scale to half of our choice, we obtain as("FS) (mz) =0.1177(9), compatible with
our result at the 0.550 level.

The latest TUMQCD determination [11] uses points witha < r < 0.073 fm (19 data points) and
quotes @™ (mz) = 0.1166(8) using r; from [10], they also obtain "= (m,) = 0.3039(62).
Using our setup on the same dataset gives a/§"‘ :3)(m7) = 0.3114(44). Using the prescription
in Ref. [23] and evolving the TUMQCD 3-flavor strong coupling to the Z-pole the result for
a‘E"f:”(mz) quoted in Ref. [11] is reproduced. Converting their value to the updated r; gives
ain’:3) (m¢) = 0.3033. Evolving to the Z-pole with our charm-threshold prescription we find
a‘ﬁ"f’:ﬂ (mz) =0.1162(8), consistent with our result within 0.63¢.



A Precise ay Determination from the R-improved QCD Static Energy Jose M. Mena-Valle

LO NLO N2LO N3LO

@™ (m,)  0.3458 £0.0405 0.3251 +0.0158 0.3123+0.0113  0.3093 + 0.0063
@™ (my)  0.1213+£0.0044 0.1190 +0.0019 0.1174 +0.0015 0.1170 + 0.0009

Table 1: Determinations of the strong coupling at m, for three flavors (middle line) and at mz for five flavors
(bottom line), based on fits to lattice data at several orders. The reported uncertainty is obtained by adding
the individual contributions in quadrature.

5. Conclusions

The perturbative prediction for the static energy is improved by subtracting the u = 1/2
renormalon through the MSR mass at a fixed scale Ry, and by using R-evolution to resum the
associated large logarithms to N3LL accuracy. The ultrasoft logarithms are resummed to N3LL
through the pPNRQCD RGE, and we extend the perturbation theory up to distances around r =
0.5 fm using radius-dependent renormalization-scale profiles. The resulting R-improved static
energy includes all O(a?) terms and both resummations. We conclude that the 1 parameter
must be varied to account for missing higher-order terms in the R-evolution. The profile-function
parameters are varied within controlled ranges to ensure ug > s, perturbative stability, order-by-
order convergence, and a realistic estimate of theory uncertainties. With these ingredients, the full
prediction reproduces the expected linear rise of the static energy at large r.

For the extraction of a;, we fit our improved perturbative QCD expression to HotQCD data up
to r =~ 0.45 fm, using the updated value of r;. Energy offsets are treated either as a single parameter
or as independent ones for each ensemble, both approaches agree well for r > 0.35fm, and we
restrict our analysis to datasets for which the difference is negligible. Good convergence between
one-, two-, and three-loop fits is observed under this restriction. Our final N3LO determination is

" (m) =0.3093 £0.0063, "> (mz) = 0.1170 + 0.0009,

where the quoted uncertainties incorporate all individual error sources. Since only uncorrelated
statistical uncertainties are publicly available, the reduced )(ﬁlm /d.o.f. is large (we obtain values
around 250), and a shift in the central value or an increase in the total uncertainty may arise once
full covariance information becomes available. Nevertheless, our final result is consistent with the
PDG world average and previous lattice determinations when using a common value of r; and a
consistent matching prescription.

Future improvements include using the full lattice covariance matrix, subtracting the u = 3/2
renormalon to improve control at larger distances, and employing perturbative nuisance parameters
to refine the theoretical covariance matrix.
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