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Robust and precise Monte Carlo generators are paramount to the analysis of low-energy

scattering experiments at electron-positron colliders, which are essential for precision

tests of the Standard Model, such as the dispersive evaluation of the hadronic vacuum

polarization contribution to the muon (g−2)µ. As part of the community-driven initiative

RadioMonteCarLow2, we aim to collect these Monte Carlo tools and facilitate their access.

This initiative has been working on providing the community with codes that are able to

produce di�erential cross section distributions for processes related to leptons and hadrons

at centre-of-mass energies of a few GeV. Phase I of this e�ort cumulated in the publication

of a detailed comparison of Monte Carlo codes for e+e− scattering into muon, pion, and

electron pairs, both for energy-scan and radiative-return experiments. This �rst phase is

a theoretical study which focuses on comparisons without reference to experimental data,

aiming to clarify the importance of di�erent physics e�ects and approaches in realistic

experimental setups.
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1. Introduction and motivation

Monte Carlo event generators are indispensable tools for analysing low-energy scatter-

ing experiments at electron-positron colliders. Over the past decades, the community has

invested sustained e�ort into developing and improving codes capable of providing fully

di�erential predictions for processes of the type e+e− → hadrons at centre-of-mass energies

up to a few GeV. The present work is part of this ongoing community initiative, aimed at

collecting and facilitating access to these tools.

Building on the earlier report of the Working Group on Radiative Corrections and

Monte Carlo Generators for Low Energies [2], this work, published in [1], provides an up-

dated and more focused study. We concentrate on the processes listed in Eqs. (1) and (2).

Our main goal is to assess the accuracy and consistency of theoretical predictions by per-

forming tuned comparisons between di�erent Monte Carlo generators using identical input

parameters and experimental acceptance cuts. Detector e�ects and detailed kinematic se-

lections are intentionally omitted, as the current study constitutes a theoretical comparison

forming Phase I of a longer-term ongoing e�ort [3�6].

A key motivation for studying these low-energy processes is their relevance to the deter-

mination of the hadronic vacuum polarisation (HVP) contribution aHVP
µ to the anomalous

magnetic moment of the muon, (g− 2)µ. Discrepancies among experimental measurements

of the e+e− → π+π− cross section highlight the need for a careful evaluation of theoretical

tools. It is hoped that a detailed study of the Monte Carlo codes will shed light on short-

comings and possible improvements of these tools, and from this perspective this work is

closely connected to the Muon (g − 2) Theory Initiative [7, 8].

In this study, we focus on the processes

e+ e− → π+ π− , (1a)

e+ e− → µ+ µ− , (1b)

e+ e− → e+ e− , (1c)

relevant for energy scan experiments and the 2 → 3 processes and

e+ e− → π+ π− γ , (2a)

e+ e− → µ+ µ− γ , (2b)

e+ e− → e+ e− γ , (2c)

which are relevant for radiative return experiments.

Comparisons for each of these six processes are performed for several centre-of-mass

energies and acceptance cuts scenarios, providing a benchmark for theoretical developments.

All con�gurations, input parameters, and codes used in the analysis are publicly available

through the open repository [9]:

https://radiomontecarlow2.gitlab.io

ensuring transparency and reproducibility. It is important to emphasise that these sce-

narios do not contain information about detector e�ects or kinematic selections beyond
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acceptance cuts, thus the results of this analysis should not be used to compare directly

with experimental data.

For the analysis, we use realistic acceptance cuts corresponding to �ve experimentally-

inspired scenarios: CMD-like, KLOE-SA-like (small angle) KLOE-LA-like (large angle),

BES-like, B-like. Further details about each of these scenarios can be found in [2].

There are two classes of experiments at electron-positron colliders related to the pro-

cesses (1) and (2).

Energy scan experiments measure the cross sections of the processes (1) by setting the

beam energies of the collider to a given centre-of-mass energy
√
s, which can be achieved

with good precision. The observed number of events for a given integrated luminosity is

corrected for acceptance and radiative e�ects arising from, for example, soft photon emission

and virtual corrections. To collect data at other
√
s values requires changes and adjustments

to the accelerator settings.

Radiative-return experiments (also called ISR experiments) use the process (2) to ex-

tract the energy dependence of the processes (1) with a single working point
√
s of the

collider. The emission of a hard photon from the initial state allows these experiments to

collect events with continuously distributed invariant masses w of the �nal-state system,

from threshold up to the collider centre-of-mass energy. The invariant mass w is determined

by measurement of the �nal-state particle momenta.

Many experiments have contributed to the measurements of the e+e− → π+π− channel

over the years and their use for a data-driven determination of the hadronic vacuum polar-

isation is described in detail in [7]. Information about two-pion cross section measurements

is collected in the public database https://precision-sm.github.io/2pi-db.

2. Computational setup

2.1 Conceptual overview

Fixed-order QED calculations are performed order by order in the �ne-structure con-

stant α. For e+e− → X+X− processes, the leading-order (LO) amplitude is obtained from

the tree-level diagrams, and the LO cross section is computed by integrating the squared

matrix element over the Lorentz-invariant phase space. Next-to-leading-order (NLO) cor-

rections include virtual one-loop and real photon emission amplitudes, which can be split

into initial-state corrections (ISC), �nal-state corrections (FSC), mixed initial-�nal con-

tributions, and vacuum-polarization corrections (VPC). Infrared (IR) singularities cancel

between real and virtual contributions for IR-safe observables. At NNLO and beyond, the

calculation involves double-virtual, real-virtual, and double-real contributions, with increas-

ing technical complexity, including two and three-photon exchange diagrams. For hadronic

�nal states, such as pions, the �nal-state and mixed corrections require additional modelling

through form factors or scalar QED, while ISC remain tractable via standard QED.

Beyond �xed order, QED corrections have been shown to be dominated by large

collinear and/or soft logarithms, αnLn
c,s, which can spoil the perturbative expansion. Re-

summation techniques account for these contributions to all orders. The collinear factori-

sation approach uses QED parton distribution functions (structure functions) Di/e(x, µ
2)

3
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which resum collinear logarithms via the DGLAP evolution equations [10�12]. Monte Carlo

parton showers iteratively implement these structure functions [22], generating multiple

photon emissions while preserving energy-momentum conservation. The Yennie�Frautschi�

Suura (YFS) formalism resums soft photon e�ects by factorising the infrared-divergent

contributions and reorganising the series' expansion in α into a product of IR-safe ampli-

tudes times a form factor which is integrated over the phase space [14]. Matching procedures

combine �xed-order results with all-order resummation to avoid double counting, producing

high-precision predictions suitable for Monte Carlo event generators.

2.2 Monte Carlo codes

In this section we brie�y review the seven Monte Carlo codes used in this comparison:

AfkQed, BabaYaga@NLO, KKMCee, MCGPJ, McMule, Phokhara, and Sherpa. We focus

on the processes used for the analysis and the physics e�ects implemented in each generator.

AfkQed is a Monte Carlo event generator designed for radiative processes e+e− →
Xγ, with X including µ+µ− and hadronic states such as ππ, KK, and pp [16�19]. The

generator includes LO matrix elements for hard photons, ISR via structure functions, FSR

via Photos [20], and HVP e�ects (leptonic and hadronic). AfkQed is suitable for large-

angle photon scenarios but is less appropriate for small-angle LO photons due to missing

soft and virtual corrections.

BabaYaga@NLO [21�24, 26, 27] is a fully di�erential generator for QED processes at

�avour factories (
√
s ≈ 10 GeV), based on exact NLO corrections matched with a QED par-

ton shower (NLOPS). It simulates e+e− → e+e−, µ+µ−, γγ, π+π− with O(0.1%) accuracy

for 2→2 processes, and LL accuracy for radiative processes. Photon momenta are exactly

reconstructed and mass e�ects included. The code uses phase space slicing for infrared

divergences. Pion form factors are �exible, including F×sQED and GVMD (Generalised

Vector Meson Dominance) models.

KKMCee [15, 30, 31] is a general-purpose e+e− annihilation generator including mul-

tiple photon emission e+e− → ff̄ + nγ (f = µ, τ, ν, q). It implements Coherent Exclusive

Exponentiation (CEEX) for ISR, FSR, and their interference, and uses FOAM [29] for

Monte Carlo phase space integration. The CEEX procedure extends YFS by constructing

the cancellation of IR divergences at the amplitude level.

MCGPJ [32, 33] simulates e+e− annihilation to two-body �nal states. It uses ex-

act NLO amplitudes and collinear structure functions for ISR and FSR. Photon jets are

emitted along the electron direction, with corrections matched additively. Two-photon ex-

change contributions can be included using GVMD or dispersive approaches. The generator

achieves ≈ 0.2% precision for integrated cross sections.

McMule [37�40] is a parton-level integrator performing �xed-order QED calculations for

e+e− → XX with X ∈ {e, µ, π} at NNLO, and e+e− → XXγ at NLO. It uses FKSℓ sub-

traction for IR divergences [41], massi�cation, and next-to-soft stabilisation for numerically

challenging regions. Loop amplitudes are computed via OpenLoops [34, 35] and Col-

lier [36]. The code includes vacuum polarisation, but pion structure beyond one-photon

exchange is not fully implemented.
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Phokhara [42] is a Monte Carlo generator for low-energy meson factories, designed

for radiative return processes e+e− → µ+µ−γ and e+e− → π+π−γ at NLO. The pion

treatment is handled via F×sQED.
Sherpa is a general-purpose generator originally developed for LHC high-multiplicity

processes, now extended to lepton colliders. It includes automated tree-level matrix ele-

ments via Amegic [43] and Comix [44, 45], and QED radiation beyond �xed-order can be

obtained via Photos (FSR) [47] or via YFS (ISR+FSR) [46].

3. Results

In this section we present three results from [2]: CMD-like scenario with muon �nal-

states, KLOE-like small angle scenario with pion �nal-states and B-like scenario with muon

�nal-states.

3.1 CMD-like scenario

In this scenario we consider e+e− → µ+µ− collisions at
√
s = 0.7 GeV. Several codes

provide predictions for the di�erential distribution dσ/d cos θ+ which is displayed in �gure 1.

The LO Phokhara result is used only to illustrate higher-order corrections. Neglecting

mixed corrections, the distribution is symmetric about cos θ+ = 0. The middle panel shows

the ratio of the codes which have at least NLO or resummation implemented to MCGPJ.

Both KKMC and Sherpa omit vacuum-polarization corrections (VPC), yet at this energy

VPC e�ects are minimal due to the near (accidental) vanishing of Π(
√
s).

In the bulk of the distribution where the LO does not vanish, all specialized codes

agree within 0.5%. The di�erence between McMule NLO (dashed line) and McMule NNLO

(grey band) indicates the size of full NNLO corrections. Purely photonic NNLO e�ects

are mostly negative, while adding NNLO terms with VPC yields a positive total e�ect of

∼ 0.5%. Overall, full NNLO corrections are a few permille in the bulk, but grow larger

near the edges, where the NLO calculation deviates signi�cantly from parton-shower and

resummed-improved results. This suggests that the parton shower and the resummation

e�ects are dominated by single additional emissions.

3.2 KLOE-like small-angle scenario: pion �nal state

In this scenario, we consider the radiative process e+e− → π+π−γ with
√
s = 1.02 GeV.

The invariant-mass distributionMππ is shown in Figure 2. At LO, neglecting �nal-state

corrections (FSC) has minimal impact, as evidenced by the agreement between Phokhara

and McMule LO results. However, at NLO, di�erences of the order of 2% arise. Parton-

shower and resummation-improved LO results, such as BabaYaga@NLO and Phokhara,

show similar deviations.

Accurate results at the percent level require inclusion of photon radiation from the

�nal-state pions. Since no code currently includes model-independent radiative corrections,

a sizeable inherent uncertainty should be assumed in the NLO corrections for this process.
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Figure 1: Distribution of the µ+ polar angle in the CMD-like scenario for e+e− → µ+µ−.
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Figure 2: Distribution of Mππ in the KLOE-like small-angle scenario for e+e− → π+π−γ.

3.3 B-like scenario: muon �nal state

In this scenario, we consider e+e− → µ+µ−γ at
√
s = 10 GeV.

The invariant-mass distribution Mµµ is shown in Figure 3. For a technical comparison,

vacuum-polarisation corrections are dropped in the main plot. VPC e�ects are as large

as the full NLO photonic corrections and therefore cannot be neglected in experimental

analyses. LO results (blue dashed) and NLO with VPC, not resummed, (grey dashed)

highlight this impact in the middle panel.
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The NLO calculations of Phokhara and McMule agree perfectly, with Phokhara showing

larger statistical �uctuations. AfkQed, which treats the �rst ISR photon exactly and uses

collinear approximation plus Photos for �nal-state radiation, agrees within 1% with the

exact NLO result except at the high-mass tail, where multiple photon emissions become

relevant. KKMC, which resums multiple emissions via CEEX, agrees at 1% in most of the

region except at low invariant mass where di�erences with Phokhara and AfkQed reach few

percents.

VPC e�ects dominate near the J/ψ resonance, where multiple Π insertions lead to

large numerical di�erences as can be seen in the lower panel. There, the di�erence between

including the resummed (dashed lines, AfkQed and Phokhara) and not resummed (grey

line, McMule) VPC is extremely large despite the di�erence being formally NNLO.
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Figure 3: Distribution of Mµµ in the B scenario for e+e− → µ+µ−γ.

4. Outlook

The results presented in this work constitute Phase I of a continuing community e�ort

to improve the theoretical description of scattering processes at electron-positron colliders.

The resulting benchmark o�ers di�erential distributions in realistic experimental scenarios

for the processes e+e− → µ+µ−(γ), e+e− → π+π−(γ) and e+e− → e+e−(γ).

At this stage, the comparisons serve both as technical validation of the available tools

and as a study of the impact of speci�c physics contributions in diverse phase spaces. All

codes used in this work are publicly available, and further developments are foreseen, both

in perturbative QED and in the modelling of the �nal states hadrons.

Beyond low-energy e+e− collisions, these developments are expected to improve Monte

Carlo simulations for other experiments, including lepton-proton scattering, electron-ion

and future circular electron-positron colliders.
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