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Gauge invariance requires physical states to be composite, even in the weak sector of the Standard
Model (SM). The Frohlich-Morchio-Strocchi (FMS) mechanism resolves this subtlety and predicts
additional Higgs contributions in SM processes. While this has been supported by theoretical in-
vestigations in the bosonic sector, its impact on fermionic observables remains largely unexplored.
We use non-perturbative lattice techniques within a gauge-invariant framework to study a proxy
theory of the weak sector with dynamical fermions. We determine the physical spectrum of the
theory and interpret the results in the context of the FMS mechanism. Additionally, we identify
suitable simulation points for a scattering analysis as a first step toward cross-sections relevant to
(future lepton) colliders.
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1. Motivation

Gauge theories and gauge-dependent degrees of freedom have proven to be valuable tools
for describing the Standard Model (SM). However, introducing gauge fields as tools requires all
observables, and consequently the spectrum of a gauge theory, to be gauge-invariant. For the weak
part of the SM, this implies that the W/Z bosons, the Higgs field, and all left-handed fermions must
be described by gauge-invariant composite objects and cannot be directly identified with elementary
degrees of freedom. Despite this, the standard perturbative approach to weak physics, which uses
elementary states as observables, reproduces experimental results with remarkable accuracy [1, 2].

This conspicuous coincidence can be explained by the Frohlich-Morchio-Strocchi (FMS) mech-
anism [3, 4]. Within the SM, the physical spectrum is in a one-to-one correspondence with the
spectrum of elementary states. In other words, for each state charged under the weak gauge group,
there exists a corresponding state charged under a global symmetry group. Consequently, asymp-
totic states can be represented by bound states carrying the same global quantum numbers as the
elementary fields [3-5]. This one-to-one mapping has been confirmed on the lattice for the W/Z-
Higgs system [6, 7], including quenched leptons [8], and via continuum approaches [9-11]. For a
review, see [12].

For the gauge-scalar part of the weak SM, genuine non-perturbative effects and therefore
deviations from the standard perturbative treatment have been observed on the lattice [13, 14] and
in analytical calculations [9, 10, 15, 16]. However, the appearance of additional Higgs contributions
in processes including fermions requires more attention — particularly as these effects could be within
reach of current and future experiments [11].

A reliable non-perturbative, gauge-invariant treatment of a theory that combines gauge bosons,
scalars, and fermions is an important endeavor in its own right. It is required not only for a
manifestly gauge-invariant description of the SM, but also for beyond the SM scenarios that may
not be adequately described by conventional perturbation theory [17]. Lattice simulations allow us
to combine all three types of particles and investigate the theory without gauge fixing, while also
including all non-perturbative dynamics.

The following pages report on our progress in simulating Brout-Englert-Higgs (BEH) physics
with dynamical fermions on the lattice. The theoretical background and the lattice setup are
presented in Section 2, preliminary results are discussed in Section 3, and an outlook on ongoing
and future work is provided in Section 4.

2. Theoretical framework and lattice setup

2.1 FMS mechanism

The weak sector of the SM is accurately described by an SU(2) gauge theory coupled to a
scalar field in the fundamental representation with an active BEH effect. In addition to the local
gauge symmetry, a global one — the so-called custodial symmetry — remains as a residual symmetry
of the gauging procedure. This residual symmetry is also SU(2), which allows for the one-to-one
correspondence between physical and elementary states predicted by the FMS mechanism.

The standard textbook approach to the BEH effect proceeds by analyzing the quartic potential in
the Lagrangian and expanding the scalar field around its minimum. This procedure spontaneously



Spectrum of the SU(2) scalar-fermion-gauge system Georg Wieland

breaks the gauge symmetry and generates massive gauge bosons [1]. However, this approach
relies on a gauge-dependent construction and is associated with several conceptual issues [12].
First, Elitzur’s theorem forbids spontaneous gauge symmetry breaking. Second, the Gribov-Singer
ambiguity makes gauge fixing non-unique beyond perturbation theory. Third, quantities such as the
vacuum expectation value depend on the gauge choice.

A gauge-invariant reformulation based on the FMS mechanism addresses these issues by
constructing composite operators with the same global quantum numbers as the corresponding
elementary fields, i.e., ) (Higgs), ¢>TD u® (W/Z bosons), and quw (left-handed fermions), where
¢, W', and ¢ are the elementary degrees of freedom. Expanding the correlation functions of the
composite states in terms of the vacuum expectation value in a suitable gauge maps the propagators of
the composite states to the propagators of the elementary states at leading order [3, 4]. Consequently,
the physical states have the same masses as their elementary counterparts.

2.2 SU(2) scalar-fermion-gauge system

Lattice studies of the weak sector of the SM are currently not possible because of two sig-
nificant problems. First, the large scale separation between SM leptons and the Higgs makes
computations prohibitively expensive for leptons with masses below a few tens of GeV. Second,
and even more problematic, the chiral nature of the theory cannot be satisfactorily simulated on the
lattice. Nevertheless, qualitative questions can still be answered using vectorial leptons [8].

Therefore, we investigate an SU(2) Yang-Mills theory coupled to a gauged scalar doublet,
representing the weak subsector of the SM, together with two mass-degenerate generations of
vectorial leptons. Each lepton generation includes one weakly charged doublet and one ungauged
doublet with an additional flavor symmetry [8]. This allows for adding gauge-invariant Yukawa
terms with the same structure as in the SM. However, for our first simulations, we assume vanishing
Yukawa couplings, which effectively decouples the ungauged flavors.

The gauge-invariant bound states predicted by the FMS mechanism in this theory are the scalar
a,
17 9
indices, while g labels the generation. Qg+ transforms as a singlet under the custodial group,

singlet Oy+, the vector triplet O;’", and the fermion bound state ()\i{’,g. Here, a and i denote custodial
whereas O?L” forms a triplet. For vanishing Yukawa couplings, the fermion operator transforms as
a doublet under both the custodial and the global generation symmetry.

2.3 Lattice details

To study the theory in a fully gauge-invariant and non-perturbative way, we discretize the
underlying action on a four-dimensional Euclidean lattice with lattice spacing a and lattice size L
using standard techniques. To investigate the spectrum, we construct and measure lattice versions
of the composite states introduced in the previous section (see [8, 14, 18] for details). Additionally,
we introduce the operator Oi in the leptonium channel. This operator describes a gauge-invariant
pseudo-scalar composite state of two leptons, analogous to the pion in Quantum Chromodynamics
(QCD), and is a triplet under the global generation symmetry. We use standard techniques to
construct the corresponding correlators and extract their masses. We simulate the theory using the
publicly available HiRep code [19, 20] with additional support for scalar fields [21].

The gauge boson fields W, are understood to enter the covariant derivative D, = 0, +igW,,.
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ﬁ‘mé‘ﬁs‘ mr

8.0 ‘ -0.4168 ‘ 0.1923 ‘ 0.3103 0.06174 —0.009577 —-0.02544 —-0.06299

Table 1: Lattice parameters used in our simulations. The parameters include the gauge coupling S, the
squared scalar mass mé, the scalar quartic coupling Ag, and the bare fermion mass mp. The parameters of
the gauge-scalar subsystem are taken from [22].

For a first exploration of the theory, we introduce the fermions by gradually reducing their mass.
This is accomplished by decreasing the bare fermion mass parameter m . In practice, we also tune
the value of m to identify specific points in parameter space, allowing us to explore various decay
channels in a subsequent scattering analysis. The corresponding parameters are listed in Table 1.
All simulations are performed on a cubic lattice with L = 16.

3. Preliminary results

The results of our lattice analysis of an SM-proxy theory with vectorial fermions are shown
in Figure 1, which depicts the dependence of the bound-state masses on the constituent fermion
mass. All quantities are expressed as dimensionless ratios relative to the vector boson mass. In
total, ground-state energy levels in four channels, corresponding to masses of stable states, are
considered: the scalar (mg+), the vector boson (m1-), the fermion (my), and the leptonium channel
(mp). The results are assumed to be in the Higgs-like domain of the phase diagram, as mg+ > m-.
This assumption is supported by simulations of the gauge-scalar subsystem, both without and with
heavy fermions, as well as by comparison with data presented in [22]. Furthermore, we do not
observe any hints of chiral symmetry breaking in the leptonium channel, which suggests that the
underlying dynamics are not QCD-like but instead resemble a BEH-like realization of the theory.

As shown in Figure 1, we find a stable Higgs state over a wide range of fermion masses.
The results also show an SM-like ratio for mg+/m-, which is consistent with simulations of the
gauge-scalar subsystem [22]. This ratio remains constant as the fermion mass decreases, i.e., the
fermion mass can be varied from above mg+ to below m - while keeping the mass ratio mo+/m-
constant within errors. Our results reveal that the gauge-scalar dynamics of the studied system
remain unchanged upon the inclusion of fermions, which indicates that the behavior of the system
can be fully controlled by adjusting the fermion mass. This feature appears to be generic in the
Higgs-like domain, highlighting the robustness of the observed dynamics [23].

Comparing our findings with expectations from perturbation theory, we observe that an inter-
pretation of our results within the FMS framework provides a consistent description. The physical
fermion exhibits a significant mass defect, particularly for small my /mi-, with its mass dropping
below mg+. Moreover, the leptonium channel is consistent with a scattering state of two physical
leptons. This indicates additional Higgs contributions that perturbation theory cannot account for
but are naturally accommodated by FMS predictions. For very small my/mi-, overlap effects
partially obscure this picture.
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Figure 1: Dependence of the scalar, vector boson, fermion, and leptonium masses on the fermion mass,
computed for the parameters listed in Table 1. All masses are extracted from correlators constructed from
gauge-invariant composite operators. Error bars are mostly smaller than the symbol size.

4. Outlook

Using lattice gauge theory, we have demonstrated our ability to determine the physical spectrum
of an SM-proxy theory, including the Higgs, W/Z bosons, and leptons, in a manifestly gauge-
invariant approach. Based on a comparison with perturbative expectations, our findings appear to
favor an interpretation of weak physics in terms of the FMS mechanism.

The next step in this ongoing investigation is to obtain additional higher energy levels. Ac-
quiring these is essential for performing a Liischer analysis [24], which establishes a connection
between the volume-dependent energy levels and the infinite-volume phase-shifts. From there, we
are particularly interested in calculating cross-sections, along the lines of [14] for the quenched
case, as these quantities allow for a direct comparison with experimental data.

We aim to elucidate qualitative differences between a conventional perturbative and a fully
gauge-invariant formulation of weak physics. Our goal is to establish a direct connection with
experimental observations by analyzing the implications of a gauge-invariant description of scat-
tering processes within the SM. This approach ensures that experimental signals from current and
future lepton colliders are understood within the complete context of the SM, rather than being
misidentified as evidence for new physics.
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