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1. Introduction

Flavor-changing quark transitions provide highly sensitive probes of the Standard Model (SM).
Their strong suppression within the SM makes them particularly suitable for revealing potential
signals of new physics (NP). In this context, the inclusive penguin modes B — X, 4y and B —
Xs. gt are theoretically relatively clean channels for indirect NP searches [1]. However, to fully
harness their discovery potential necessitates precise SM predictions, which demand in particular
an improved understanding of the strong interactions dynamics in these decays.

While perturbative calculations for B — X,y include corrections up to next-to-next-to leading
order (NNLO), see e.g. [2] and references therein, as well as multi-parton contributions at NLO [3],
the photon-energy spectrum is also sensitive to non-perturbative bound-state effects of the B meson.
A separation of perturbative from non-perturbative dynamics can be achieved in an expansion in
powers of Aqcp/my, using Effective Field Theories (EFTs).

In this proceedings article, we study the inclusive decay B — Xy near the kinematical
endpoint, mj; — 2E, = O(Aqcp) < myp. In this region, the hadronic state X has large energy of
O(myp,) but small invariant mass ~ O (mpAqcp) < mi, which is still a perturbative scale. A local
operator-product expansion fails to describe this jet-like configuration, but it can be analyzed with
factorization methods from soft-collinear EFT (SCET) [4-8]. Systematic SCET analyses at LO in
as within the endpoint region were presented in [9-11].

Here we focus on the so-called single resolved photon contribution due to the interference
between the weak operators Q'll (g =u,c)and Q7,,

—em
2

07 = [gy*(1 - y)bl[5yu(1 = y5)ql, Q7 = ?”sfwl +ys5)F*'b, (1)

because it is the largest contribution among these nonlocal, 1/mj; power-suppressed terms. A
factorization formula for this resolved contribution was presented at LO in [9], and takes the form

dw
w1 +1i0

1 o0 A

dT'(B — Xy) ~ /O du H(u;u)/ J(u, wy; 1) / dwJ(w;p) gr7(w, w1 1), (2)
with a perturbative hard matching coefficient H(x) = 1 + O(ay) that encapsulates physics at
scales up ~ mp, two perturbative jet functions J and J with intrinsic scale u; ~ \/mbTQCD,
and the subleading shape function g7 which parametrizes non-perturbative fluctuations at scales
Hs ~ Aqcp. For practical reasons we have taken out an explicit factor 1/w; which belongs to the
jet function J. In [12] a failure of factorization in the resolved contribution Qg — Qg was healed by
using refactorization techniques [13-16].

Uncertainties from resolved-photon contributions are among the dominant ones in inclusive
penguin modes. The O — Q7, interference gives (5.45+2.55)% [17, 18] corresponding to a range
of [2.9%,8%]. Here, the Voloshin term of +3.3% (using consistently LO Wilson coeflicients),
traditionally subtracted from the resolved contribution and computed via a local expansion [19-
21], has been added back. In addition, a substantial scale ambiguity must be considered. At LO
(including the Voloshin term), the scale of the hard functions, i.e. of the Wilson coefficients, is not
fixed. Shifting their scale from the hard scale to the hard-collinear scale results in an increase of the
range of more than 40% to [4.2%, 11.7%]. The overall range including the scale ambiguity is then
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[2.9%, 11.7%]. Here the charm-mass dependence of the Voloshin term is not taken into account
yet.

Finally, we note that the effects of the resolved contributions still have to be described in
terms of non-local operator matrix elements when the photon cut is moved outside the endpoint
region [9-11]. In addition, the support properties of the shape functions imply that the resolved
contributions — besides the Qg — Qg one — are almost cut independent. Notice that experimental
analyses typically impose a lower cut on the photon energies, £, 2 1.7 GeV, which is below the
endpoint region considered here.

The significant uncertainties in the Q7 — Q7, interference motivate a systematic calculation
of O(ay) corrections within renormalization-group (RG) improved perturbation theory. Whereas
the standard quark-jet function J is known up to N3LO [22] and one-loop corrections to the hard
matching function H can be extracted e.g. from [23], the missing required ingredients for a NLO
analysis are O (a;) (two-loop) corrections to the jet function J with an internal charm loop, as well as
the one-loop anomalous dimension of the shape function gi7. The latter was recently computed by
us, and the corresponding RG equation was solved analytically [24]. In section 2 we summarize the
main results, and section 3 briefly discusses new insights from this analysis on the renormalization
of a specific amplitude-level B-meson soft function with fields smeared on two different light cones.

2. Renormalization of the subleading shape function

The subleading shape function g7 is defined via a forward matrix element between two static
B-meson states [9, 24],

1 dr —iw /dt Lot /B _
)= s [ Semtor [ S ion (B 10,18,
g17(w, wi; p) 2MB_/27re P (By|017(t,r)|By) 3)

of an operator in Heavy-Quark Effective Theory (HQET),
Ov7(1,r) = (hySy) _(1n) A(S}Sa) , (0) iviip (S} &GP ), (rid) (Shhv),(0). )

Here ii# = p’y‘ /E, is a light-like vector in the direction of the photon momentum, and »n* points in
the opposite direction of the collimated and energetic hadronic X, system, such that n> = 7> = 0
and n -7 = 2. The S, and Sj; are soft Wilson lines that combine to finite segments and ensure
gauge invariance of the non-local operator. Lastly, the subscripts “+” (“~") label fields that belong
to the amplitude (complex conjugate amplitude), and contractions of fields with different indices
are defined with on-shell cut propagators. The evaluation of such matrix elements can also be
formulated at the level of the path integral using the Keldysh formalism [25, 26].

A complication of the operator Oy7(¢,r), compared to more standard light-like correlators,
arises from the fact that its fields are smeared along two distinct light-cones n* and 77#. The renor-
malization of such a “multi-light-cone” soft function relevant to B decays was first studied in [27]
for the B-meson light-cone distribution amplitude (LCDA) including QED effects. Generalizations
of LCDAs with fields on different light-cones recently attracted some attention in the context of
power-corrections and QED corrections to various exclusive b-hadron decays [23, 27-33].

We compute the anomalous dimension of O;7(t, r) by choosing partonic external states, i.e. an
incoming heavy-quark state, and an outgoing heavy quark and gluon state. The one-loop diagrams
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Figure 1: One-loop diagrams contributing to the UV singularities of the HQET operator Oy7(¢,r). The
effective vertex denoted by the ® symbol represents the non-local structure of fields and Wilson lines in (4).

contributing to the ultra-violet (UV) singularities are shown in Fig. 1, and Feynman rules for
(multiple) gluon emissions from the effective vertex are presented in [24]. Loop integrals are
evaluated in d = 4 — 2¢ space-time dimensions while keeping external legs off-shell to regulate
infra-red (IR) divergences. The expansion around & = 0 has to be performed in the distribution
sense, and besides standard plus-distributions,

/dw’[...Lf(w')E/dw’[...](f(w')—f(w)), 5)
also the modified plus-distributions,
[aor 1) yor@) = [aw [ ] G@) -6 @), ©

arise as a consequence of positive and negative light-cone momenta w and w; (cf. discussion
in [27]). Furthermore, defining

S N |0l - w) 0(w—-w)
F(“”)"[w%w—wd++[w—w L’

[w@(m—w’)} N [H(a)’ —w)}

W (- w) W -w

Fi(w,0) =

(' —
G (w,0) = (w+w) O —w) | ind(w - '),
w (W -w)|,
0 _ ’
G<(w.0) = (i) |29 |- o). )
W (w-w)],
the following linear combinations of plus- and modified plus-distributions will arise [27]
He(w,0') = 0(x0)F” ) (w,0") + 0(F0) G (v, ), (8)
which obey [24]
1
Hi(w, ") -H (0,0) = ————. 9)
w—-w —i0
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Evaluating the UV-divergent contributions from the diagrams in Fig. 1, we find for the one-loop
anomalous dimension the structure

’ ’ a ’ ’ CA ’ ’
Y@, 01,0, 01 0) = 2 {Cr 8(w1 = 0]y, 0 1) + S 8(0 = a0 ofip)} . (10)

Here the Abelian piece

2

Yalw,0's 1) = (ln 5- 1) §(w-w') -20(w) [‘)(‘U_—w
w

) ] w —20(-w) [—H(w’ — w)]
w (W -w)|, W —-w

an
S]

coincides with the well-known scale evolution of the leading shape function [34],! and the non-
Abelian piece reads

’ 2 ’ ’ 2w 7 ’
Yi(wi, wi; u) =In % 0(wi —wl)—ReH(wl,w])+(w—,)12 [60(w)8(w) —w1)—-0(-w))0(wi—w))]
] 1
(12)

with H(wy, w}) = Hy (w1, ) + H- (w1, }). Importantly, while y,, only acts on the soft momenta
associated with the n* light-cone direction, y; only acts on momenta associated with the 7#
direction. This decoupling of the two sectors is a manifestation of soft-collinear factorization,
and to obtain the result (10) it is crucial that the diagrams are evaluated with the respective cuts.
However, a similar observation can also be made for soft functions at the amplitude level by using
different arguments, as will be mentioned in section 3.

One consequence of this decoupling is that the RG equation reduces to two individual equations
that can be solved independently. The solution takes the factorized form

A
do’
gn(w,wl;u)=/ — U(”)(w w's 1, uo)/ o |U(”)(w1,w1,ﬂ  Ho) 817 (', w13 po)
w [es] 1

(13)
with the evolution function in the n* sector
2V+2yra 2a
(17) . _€ ( Mo )
U 9 9 9 - El 14
n (W, p, o) 20 \o-w (14)
with
Hdu as(u')C | du ag(u’)C
V(ﬂ,ﬂo)=—/ LM ln”———}, a(#,#o)=—/ iM (15)
wo M 4 Mo 2 w M 4

The evolution function in the 77# sector is more complicated, and can be expressed in terms of a
hypergeometric function »F; as well as a Meijer-G function. Defining 7 = w} /w1, the result reads

ai
(17) . Vi+2yea, [ HO 12 -1 1, a1/2
U' ’ s Mo = - ! YEQ T 71 0 G 16
p o (@neip ko) ‘ (|a”1|) { () 3’3( ar+1, ai -1, a/2 ! (16)

1
+2—s1n(a2 )9( DL +a)T G +a) (1) Fi(1+a1,3 +ai,3; T)}
n

INotice that (11) was derived without assuming an upper cut-off A = mp — my, for the w integral, cf. (2).
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with evolution factors

“dy ay(W)Ca W “d ay(W)C
Vl(#,,uo)z—/ ELFEANE al(u,uw:—/ LDLEZA T an
w W T w W

Given a certain phenomenological model for gi7(w, w1; po) at some low scale o ~ us ~ Aqcp,
these expressions can be used to resum parametrically large logarithms between ug and the hard-
collinear scale pj ~ y/mpAqcp. Furthermore, studying the asymptotic behavior for large (positive
and negative) momenta shows the existence of the relevant convolution integrals in (2).

3. A three-particle B-meson LCDA with fields smeared on two light-cones

An amplitude-level analogue to g7 was introduced in [29] in the context of rare exclusive

Bg g — vy decays. Its definition reads

dt

1 dr . . _
q) . — Lw1r 1wt B 1
Fp () Pc(w, wy; p) _ZMB/_Zne /—zﬂe (010G (t,7)|By), (18)

with the static B-meson decay constant #5 (), and the HQET operator
OG (t.1) = (GsSu) (t0)A(S},5) (0) Yaitpys (S}, 8:G 3 Sa) (ri) (S} v)(0). (19)

A peculiar feature of exclusive B-meson soft functions with fields along two light-cone directions
is that their support extends to the entire real axis, i.e. these functions do not vanish for negative
arguments [27]. For the case of ®g(w, wi; u), this applies to both variables: w,w| € (—co, c0).
The anomalous dimension again contains the distributions H, and H_ [31],

’ ’ aC 1 7 7 !’
I'G(w, w1, 0, W) = SRF[(lnwin —5)6(w—w)—H+(w,w)]6(w1 - w))

a'sCA H in ’ ’
+ sﬂ (ln o —i0+3) O0(w) —w)) — Hy(wy, w))
w1 ’ ’ ’
+ W [Q(a)l)Q(wl —wp) —0(-w)b(w; - ‘”1)] ]6((0 -w’)
1
£ AT (w, wisw', Wi 1), (20)
n
with
iCA ’ . ’ ’ . /
ATg = e [AH(w, w") = 2ind(w — w')] [AH(wl,wl) —2ind(wy — ‘”1)] ; (21)
n

where AH = H, — H_. Notice that the distribution H_ only appears in the term Al';.

In contrast to (10), the structure in (21) is non-local in both light-cone directions and super-
ficially violates the decoupling of the two sectors, which might hint at additional factorization-
breaking modes. However, this issue was resolved in [24] by the following observations: The
function ®g(w, wi; 1) is supported on the entire real axis, and is convoluted in a factorization
theorem with jet functions that are analytic in the lower half of the complex w and w planes. This
is a manifestation of causality and the large-energy flow through the respective Feynman diagrams.



NLO analysis of the Q1 — Q7y interference in B — Xy at large photon energies Riccardo Bartocci

Due to the identity (9) and the location of the singularity of the linear propagator on its right-hand
side, the two distributions H, and H_ can be identified, and the contribution Al' collapses to a
simple local phase term on the physically relevant function space,

asCap

BTG — -2 ns(w - w)6(w) - ). 22)
T

Exploiting the analytic properties leads to the so-called “reduced anomalous dimension” [24, 27],
4 ’ @ ’ 4 ’ ’
I'G(w, w1, 0, w;p) = ?S{CF (w1 —wI(w, w5 u) +Cad(w - w )Fﬁ(wl,a)l;,u)} , (23)

in which the two sectors decouple, and soft-collinear factorization is manifest. Furthermore, because
the distribution H_ does no longer appear in (23), a positively-supported function at the low scale
o does not acquire negative support at g > pg in either of the two variables w or w; under RG
evolution with the reduced anomalous dimension.

We here refrain from repeating the individual terms I, and I'; and refer the reader to [24],
where also the analytic solutions to the RG equations and a discussion of the asymptotic behavior
of ®g(w, wy; i) can be found.

4. Conclusion and outlook

Recent progress towards including next-to-leading order (NLO) radiative corrections to the
single resolved photon Qi’ — Q7 interference contribution in B — Xy is presented. Once
completed, we expect our results to reduce the significant uncertainties from scale ambiguities and
charm mass dependence in this contribution.

In this proceedings article, we primarily discuss the renormalization of the subleading shape
function g17(w, w1; 1), which enters the factorization formula of this power-suppressed contribution
as non-perturbative input. Our insights from this renormalization study of an amplitude-squared
soft function beyond leading power also provide an improved understanding of amplitude-level
soft functions with fields smeared on different light cones. The latter have recently attracted some
attention in the literature, and might shed some new light on charm-loop contributions in b — sy
and b — s¢¢ induced channels.

The last missing piece to complete the NLO calculation are the two-loop corrections to the
jet function with an internal charm loop. Results in the massless-quark limit, m, — m, = 0, will
be presented in an upcoming publication [35], and they provide non-trivial cross checks for the
consistency of the factorization framework. For phenomenological applications these results need
to be generalized to m. # 0, which is currently work in progress.
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