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Full NNLO QCD corrections to H meson mixing
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This report summarises recent advances made in the calculation of the NNLO QCD corrections
to the width difference between �@ and �̄@ mesons. The focus is on the perturbative high-energy
part of the calculation; more specifically, the matching coefficients between the Δ� = 1
effective operators of the weak interaction and the Δ� = 2 transition operator are calculated
as a deep expansion in <2/<1 . Some technical challenges in the calculation as well as the
phenomenological implications of the newest theoretical predictions for ΔΓ and 0fs are discussed.
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1. Motivation for studying H meson mixing

� mesons are interesting to study because they display particle-antiparticle mixing. This is
because the mass eigenstates are different from the flavour eigenstates |�〉 and |�̄〉. We can see how
this arises from the time evolution of the two-state system,

8
d
dC

(
|�(C)〉
|�̄(C)〉

)
= Σ

(
|�(C)〉
|�̄(C)〉

)
, (1)

where the self-energy matrix Σ is parametrised as

Σ =
©­«
"11 − 8 Γ11

2 "12 − 8 Γ12
2

"∗12 − 8
Γ∗12
2 "11 − 8 Γ11

2

ª®¬ . (2)

Note that we have introduced the mass matrix " and the decay matrix Γ. Both matrices are taken
to be Hermitian, and their diagonal elements are identical due to charge-parity-time reversal (CPT)
invariance. The dispersive and absorptive part of the self-energy correspond to the off-diagonal
matrix elements, i.e.

"12 = (Σ12 + Σ∗21)/2 ≡ Disp (Σ12) ,
Γ12 = 8 (Σ12 − Σ∗21) ≡ − 2Abs (Σ12) . (3)

Since these are non-zero, the time-evolution will lead to a mixing of the particle and anti-particle
states.

The light and heavy mass eigenstates

|�L,H〉 = ? |�〉 ± @ |�̄〉 (4)

diagonalise the self-energy matrix. Starting with a pure state |�〉 at time C = 0, the time evolution
leads to

|�(C)〉 = 6+(C) |�〉 + 6−(C)
@

?
|�̄〉 , (5)

and in calculating the probability of observing either a particle or antiparticle one encounters
expressions like

|6±(C) |2 =
4−ΓC

2

[
cosh

(
ΔΓC

2

)
± cos (Δ"C)

]
, (6)

where the shorthand notation Γ = Γ11 was used. Hence the oscillations between particle and
anti-particle states become apparent. For a more detailed description, see for example Refs. [1–3].

Flavour physics involving bottom quarks has been a focus of many particle experiments, includ-
ing CDF at the Tevatron, BaBar, Belle I and II, and LHCb [4–7]. The most recent measurements of
the mixing observables related to the absorptive part of the self-energy are in the �B system:

ΔΓ
exp
B = (0.082 ± 0.005) ps−1 , [8] (7)

0
B,exp
fs = (−60 ± 280) × 10−5 , [8] (8)
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while for the �3 system, the most recent experimental measurements are:

ΔΓ
exp
3
= (0.7 ± 6.6) × 10−3 ps−1 , [8] (9)

0
3,exp
fs = (−21 ± 17) × 10−4 . [8] (10)

These values can be confronted with theoretical predictions for the �B system:

ΔΓtheoB = (0.077 ± 0.016) ps−1 , [23] (11)
0
B,theo
fs = (2.28 ± 0.14) × 10−5 , [23] (12)

and for the �3 system:

ΔΓtheo3 = (2.11 ± 0.45) × 10−3 ps−1 , [23] (13)
0
3,theo
fs = (−5.21 ± 0.32) × 10−4 . [23] (14)

It is worth noting that the experimental uncertainty on the most accurately measured observable,
ΔΓB, is still about three times smaller than the theoretical uncertainty. However, for the other
three observables, the theoretical determinations are currently ahead of experiments. Overall, both
experimental and theoretical uncertainties need to be reduced further to make conclusive statements
about the agreement of the Standard Model with experiment. For example, baryogenesis and dark
matter generation have been proposed to arise from � meson oscillations and may be tested with �
mixing observables [11].

Further motivation for the study of the absorptive part of the self-energy is provided by the fact
that an accurate measurement of 03fs leads to independent constraints on the CKM unitarity triangle
[12]. The flavour-specific CP asymmetry can be parametrised as

03fs =

[
0 Im

_3D

_3C
+ 1 Im (_

3
D)2

(_3C )2

]
× 10−4 , (15)

where the constants 0 and 1 are obtained from theoretical predictions of 03fs. Writing the ratio of
the CKM parameters

_3D = +
∗
D3+D1 , _3C = +

∗
C3+C1 (16)

as
− _

3
D

_3C
=
'D

'C
48U =

1 − d̄ − 8[̄
(1 − d̄)2 + [̄2 − 1 , (17)

a measurement of 03fs can hence be used to plot a constraint on the apex of the CKM triangle in the
d̄-[̄ plane.

In order to improve the theoretical predictions of ΔΓ and 0fs, we focus on the high-energy QCD
corrections. In our calculation, we perform the matching of a Δ� = 2 matrix element calculated
within effectiveΔ� = 1 andΔ� = 2 theories, where the high-energy and low-energy effects factorise
into matching coefficients and operator matrix elements respectively. To obtain only the leading
terms in ΛQCD/<1, the Heavy Quark Expansion (HQE) is used for the transition operator on the
Δ� = 2 side, which allows us to expand the operators in ΛQCD/<1 [13–22].
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Matching the results of the Δ� = 1 and Δ� = 2 calculations leads to the matching coefficients
�01 (I) and �̃01

(
(I), which are needed to express the off-diagonal decay width element,

Γ0112 =
�2
�
<2
1

24c"�B

[
�01 (I)〈�B |& |�̄B〉 + �̃01( (I)〈�B |&̃( |�̄B〉

]
+ O(ΛQCD/<1), (18)

where the CKM combinations _8 ≡ +81+∗8@ with @ = 3, B were factored out:

Γ12 ≡ −_2
2Γ
22
12 − 2_2_DΓD212 − _

2
DΓ
DD
12 . (19)

For more details and a complete definition of the operators, see Ref. [23]. Compared to the
experimental accuracies, theoretical predictions are still lagging behind, necessitating higher-order
corrections to the previously known results, in particular the inclusion of penguin operators at
NNLO. For a more detailed review of current theoretical and experimental results, see Ref. [24].

In this report, technical challenges associated with the use of evanescent operators as well as
ensuring Fierz symmetry of the calculated matrix elements are presented, which are of general in-
terest beyond the application to � meson mixing. Furthermore, the phenomenological implications
of the most recent predictions of ΔΓ and 0fs are discussed.

2. Technical challenges of the calculation

In this section we highlight two key aspects of the computation of the amplitudes needed for the
evaluation of the matching coefficients �01 and �̃01 in Eq.(18). The first challenge to be discussed
is the role of evanescent operators in the matching calculation, and the second challenge concerns
the issue of Fierz symmetry in renormalised matrix elements of the Δ� = 2 transition operator.

The evanescent operators on the Δ� = 2 side have a special role in the matching because their
matching coefficients need to be obtained in intermediate steps in order to extract the physical results,
which we briefly illustrate here. The matching coefficients for generic physical and evanescent
operators % and � are expanded in UB as

�01 = � (0) ,01 + UB
4c
� (1) ,01 +

(UB
4c

)2
� (2) ,01 + O(U3

B) , (20)

with similar expansions for Γ0112 and the renormalised matrix elements 〈$〉 = 〈�|$ |�̄〉. Evanescent
operators are needed in the matching from NLO, where the first order correction is schematically

(Γ0112 )
(1) =

�2
�
<2
1

24c"�@

[
�
(0) ,01
%

〈%〉 (1) + � (1) ,01
%

〈%〉 (0)

+ � (0) ,01
�

〈�〉 (1) + � (1) ,01
�

〈�〉 (0)
]
. (21)

Since the renormalised NLO matrix element 〈�〉 (1) still contains IR poles, it will give a finite
contribution to Γ0112 . Therefore, the matching coefficient of the evanescent operator at LO, � (0) ,01

�

influences the NLO physical matching coefficients. It is also worth noting here that there are IR
poles which need to drop out in thematching, e.g. thematrix element 〈%〉 (1) will have IR divergences
that need to be cancelled by poles on the other side of the matching equation.
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This principle that evanescent matching coefficients need to be determined in intermediate
steps also holds to NNLO, where additionally the IR pole cancellations become more involved.

Let us now turn to the issue of Fierz symmetry. We find that it is necessary to choose an
operator basis that respects Fierz symmetry for the matrix elements of the physical operators to
obtain results consistent with the low-energymatrix elements, see also Ref. [23]. Further motivation
for demanding Fierz symmetry is rooted in the fact that theΔ� = 2matrix elements can be calculated
exactly in the limit #2 → ∞, where #2 = 3 is the number of colours. This is called the Vacuum
Insertion Approximation (VIA), which yields for &̃(

〈�B | &̃( (`2) |�̄B〉
VIA
=

(
2
#2
− 1

)
〈�B | B̄W51 |0〉 〈0| B̄W51 |�̄B〉

=

(
1 − 2

#2

)
5 2
�B
"4
�B

[<1 (`2) + <B (`2)]2
. (22)

In calculating this limit, the spinor structures need to be Fierz-transformed. Moreover, the leading
#2 term is hence fixed by the VIA. We find that these considerations provide us with a number of
constraints on the definitions of evanescent operators, which we use to define an operator basis that
respects the Fierz symmetry of renormalised matrix elements [23].

Further details on the computation of the matching coefficients, in particular the evaluation of
master integrals and methods used to apply projectors on chains of up to eleven W matrices can be
found in Ref. [25].

3. Phenomenology of H meson mixing

We discuss here the updated results from Ref. [23] for the theoretical predictions of the width
differences ΔΓ@ and the flavour-specific CP asymmetries 0@fs, which are shown in Eqs. (11) to (14).
For the computation of these observables, the current-current contributions of the weak effective
Hamiltonian were calculated in a deep expansion in the mass ratio up to <20

2 /<20
1
, improving

the results of a previous calculation to O(<2
2/<2

1
) [9]. As noted above, the uncertainties of

the theoretical predictions should be further reduced in the future, so we present the individual
contributions to the ratio ΔΓ/Δ" in the �B system to illustrate this point:

ΔΓB

Δ"B
=

(
4.37+0.23

−0.44scale
+0.09
−0.19scale, 1/<1

±0.12
��̃(
±0.781/<1

±0.05input
)
× 10−3 (MS) . (23)

Here, the MS bottom mass is used to calculate overall factor of <2
1
. The scale uncertainties are the

perturbative uncertainties of the leading and sub-leading 1/<1 terms as indicated by the subscripts.
The biggest uncertainties stem from the bag parameters of the 1/<1-suppressed matrix elements
while the leading-1/<1 bag parameters � and �̃( and all remaining input parameters give rise to
much smaller uncertainties. Therefore the focus of future computations aimed at producing more
accurate predictions should be on the 1/<1-suppressed non-perturbative uncertainties. On the
perturbative side, the inclusion of penguin operators to NNLO should lead to a further reduction of
the scale uncertainty.

Beyond the direct comparison of observables across theory and experiment, 03fs plays a more
bigger role in testing the Standard Model. Future accurate measurements of 03fs can be used to
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Figure 1: Constraints on the apex of the CKM triangle from Ref. [23]. The bands on the left are for an
experimental value of 03fs = −5 × 10−4 while those on the right assume 03fs = −1 × 10−3. The global average
for the CKM triangle is shown in black [26].

constrain the apex of the CKM unitarity triangle with Eq. (15). The constraints from two different
measurements with the NNLO calculations for 03fs in the PS and MS schemes are shown in Fig. 1.
Hence this motivates further experimental studies to determine the observable more accurately.

4. Conclusion

Significant progress has beenmade in the higher-order calculation of �B−�B mixing, in particu-
lar the current-current contributions are now available as a deep expansion in the mass ratio<2/<1.
The completion of the full NNLO calculation including penguin operators is becoming tractable too
with the methods developed in the process. The results have interesting phenomenological applica-
tions and can be used with more accurate experimental measurements to test the Standard Model,
for example through an independent determination of the apex of the CKM unitarity triangle.
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