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The Fermilab Muon g —2 experiment has measured a,, with an unprecedented precision of 127 ppb
designed to determine the muon’s magnetic moment anomaly, a,, [1]. This anomaly is extracted
from the ratio of the muon’s anomalous spin precession frequency within a magnetic storage ring
to the magnetic field experienced by the ensemble of muons. However, the measured precession
frequency is subject to systematic biases arising from muon beam dynamics. In the analysis,
two primary categories of systematic effects are considered: (i) reductions in the spin precession
frequency due to electric fields and vertical motion, and (ii) variations in the precession phase
over the course of the muon fill period. In this paper, we describe the beam dynamics corrections
applied to the a,, measurement of data collected from 2020 to 2023 (Run-456) and quantify the
size of these corrections for the experiment’s final result.
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1. Introduction

The magnetic moment of a lepton with spin s, charge ¢, mass m, and gyromagnetic ratio g is:

ir =g (ziml)f (1)
Dirac predicted g = 2 [2]. Schwinger introduced the radiative correction computing g slightly
different from 2 defining the anomaly as a; = (g; — 2)/2 = a/2n ~ 0.00116 [3]. Subsequently,
the theoretical calculation showed how each sector of the Standard Model contributes, through the
vacuum polarization, to the estimate of the muon anomaly, a, [4].
From the experimental perspective, the Muon g-2 Experiment at Fermilab represents the latest
stage in a long-standing series of g — 2 measurements. The preceding experiment at Brookhaven
National Laboratory achieved a precision of 540 ppb, while the Fermilab setup, building upon
that legacy, employs polarized muons with a momentum of 3.1 GeV/c stored in a 14 m-diameter
superconducting magnetic ring.
The equations that describe the spin precession and cyclotron frequencies are:

- e = - eB

ws = 8%3, wce = m_y (2)

Their difference yields the anomalous precession frequency:
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Choosing y = /1 + 1/a, ~ 29.3 (the “magic momentum” p,, = 3.094 GeV/c) cancels the electric
field term, reducing to:

5 eB
Wg = ay—

“

From Eq.4 a, is obtained as the ratio of the measured anomalous frequency and the magnetic

m .

field. At Fermilab experiment this ratio is determined as R}, = wq/@),(T,) where &, is the nuclear
magnetic resonance (NMR) precession frequency of shielded protons in a spherical water sample
(corrected to a reference temperature 7,.), averaged over the muon distribution, which expresses the
magnetic field strength.

However, both the measured frequencies wy' and (w/,(T;) X M), where XM indicates that the
measured magnetic field is weighted by the muon distribution, must be corrected for several effects

via:
o wWa(l+Ce+Cp+Cpg+ Caaq + Cri) )
m (w),(T;) X M)(1 + By + Bx)

where, B, corrects for vibrations of the ESQ plates and By accounts for eddy currents generated by
the fast injection kickers. The corrections C; affecting the anomalous precession frequency will be
discussed in the following paragraphs.

Finally, once the unbiased R}, is extracted the muon magnetic anomaly is obtained as:

au =R, —, (6)
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where 1, (T,)/pp is the ratio of the shielded proton magnetic moment to the Bohr magneton at
T,=25°C and m, /m, is the muon-to-electron mass ratio!.

2. Beam dynamics corrections

The corrections to w!* are divided into two groups. The first group accounts for residual contributions
to the muon spin precession rate from the electric field C, and from vertical betatron motion C),.
The second group arises from time-dependent changes in the mean phase of the observed muon
ensemble, caused by (i) detector acceptance C,, (ii) phase-momentum correlations coupled to
momentum-dependent muon lifetimes Cgy,4), and (iii) momentum-dependent muon storage losses
Cyni. Collectively, these corrections shift the measured value of the anomalous precession frequency
by 515 ppb, with a total systematic uncertainty of 42 ppb [1]. The main corrections are presented
in the following.

2.1 Electric field correction: C,

The electric field correction arises from an imperfect cancellation of the (E XE ) term in Eq. 3, due to
muons that are not at the magic momentum pg. These muons have slightly higher or lower momenta
with respect to those at the magic momentum. As a result, even though they start circulating in
the ring as a bunched ensemble, after several revolutions they begin to dephase, and their motion
eventually becomes incoherent.
By manipulating the positron time spectrum measured by the calorimeters, it is possible to extract
the dephasing signal, known as the fast-rotation signal, which encodes information about the
momentum distribution, § = Ap/pg. An example is shown in the left plot in Fig. 1. By fitting this
signal with a model that accounts for correlations between the injection time and the initial radial
distribution, the momentum distribution can be determined. From the resulting distribution, the
mean-square fractional momentum deviation, (62), is computed, allowing the extraction of C, as
[6]: )

Co= 222, ™

-n

where n is the field index and S is the muon velocity. Fig. 1 shows the resulting momentum
distribution.
The final correction for Run-456 is C, = (347 + 27) ppb [1]. Given the size of this correction, the
final result is obtained by combining this method with two additional techniques: one based on the
tracker detector and another using a dedicated ad hoc system, the MiniSciFi detector, which helped
to better constrain this correction.

2.2 Pitch correction: C,,

Muons inside the ring have a non-zero vertical momentum component characterized by a pitch
angle ¢, which leads to a non-zero average value of the 8 - B term in Eq. 3. Knowing the pitch
angle, the C), correction can be calculated as:
1,
Cp =507, ®)
Y, () Jup = 1.5209931551(62) x 1072; my, /m, = 206.7682827(46), both from [5]
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Figure 1: Left: Fast rotation signal at early and late time; Right: Momentum distributions of the four
subdatasets comprising the Run-456 data sample.

The pitch angle i cannot be measured directly, but each muon undergoes simple harmonic motion

in the vertical direction with amplitude A, so that it can be approximated as ¢ ~ tanys = % and the
n

pitch angle can be written as (%) = WAi‘ Replacing this definition in Eq. 8 the pitch correction
0

can be written as [0]:

n

C, = —
" 2R?

(A3) 9)
The two straw tracking detectors measure only the muon’s vertical decay distribution. After
correcting the vertical decay distribution for resolution and acceptance they are used to derive
the muon vertical amplitude distribution. Azimuthal correction and calorimeter acceptance are
then applied to compute the azimuthally averaged pitch correction. Figure 2 shows the vertical
amplitude distribution after correction for calorimeter acceptance. For the Run-456 dataset, the
total correction is the second largest and changes w?!' by 175 ppb, with an associated systematic
uncertainty of 9 ppb [1].

2.3 Phase-acceptance correction: C,,

The phase at each decay position, in the transverse plane, depends on the muon spin orientation and
detector acceptance. Beam motion over time introduces a time-dependent phase, ¢, (), primarily
driven by variations in the vertical beam width during the muon fill. This causes the average muon
phase to drift, as shown in Fig. 3, biasing the determination of w,.

The net effect on w,, is estimated using a Monte Carlo simulation in which a positron time spectrum
is generated with a time-varying phase but fitted with a constant phase. The difference between
the injected and fitted w, values represents the size of the correction. The final correction for the
Run-456 dataset is Cp,, = (=33 + 15) ppb [1].
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Figure 2: Distribution of the vertical amplitude of the muon sample for a subset of Run-456 data sample.
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Figure 3: ¢, distribution as a function of the time for a subset of Run-456 data sample.

2.4 Differential decay correction: Cyy

The differential decay contribution:

_ _Awg (1) (ds)(dp
Caa = wa (wa)(dp)(dt)dd, 4o

arises from a combination of two effects. The first is the time evolution of the muon ensemble’s
average momentum due to relativistic time dilation. Muons with higher momentum live longer in

the laboratory frame than muons with lower momentum, leading to a time-dependent momentum

shift:

dp ) Po o

—] = s (11)
(d[ dd Yot °

where 0'§ is the variance of the fractional momentum distribution.

The second effect arises if there is a correlation between the muon’s initial phase, ¢g, and its

momentum, i—‘fj’, which results in a time-dependent phase shift % contributing to the measured

frequency «”'. To compute the differential decay correction, the value of o is extracted from the
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fast-rotation analysis presented in Sec. 2.1, with a typical value of about 0.11%. A representative
slope is d¢y/dé ~ 10 mrad/%. These terms yield a final correction for the differential decay of
Cua = (26 + 27) ppb [1].

3. Conclusion

The w, measurement requires corrections for two main effects: spin dynamics and phase-varying
effects. In the Run-456 analysis, new methodologies have been implemented to improve the beam
dynamics calculation, resulting in a more robust understanding of these effects. Table 1 summarizes
the size and uncertainties of each correction.

Correction  Size [ppb] Uncentarty [ppb]

C. 347 27
C, 175 9
Cpa 33 15
Caa 26 27
Coni 0 2

Table 1: Values and uncertainties of the beam dyamics corrections. [1]
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