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common study of theorists and experimentalists from Belle II on constraints on 𝐵 → 𝐷∗ℓ𝑁 . Next
I discuss the status of the theory predictions of the various 𝑁 decay rates. In scenarios in which
𝑁 interacts with SM particles only through sterile-active neutrino mixing, the dependence of the
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or outside. To calculate the inclusive decay rate into semi-hadronic final states reliably one needs
to include radiative QCD corrections. I present analytic results for the QCD-corrected decay rates
and discuss their phenomenological impact.
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1. Overview

Heavy sterile neutrinos (HSN), sometimes also referred to as heavy neutral leptons (HNL), are
interesting to study, because of their role in theories of neutrino masses [1, 2], leptogenesis [3, 4],
or Dark Matter [5, 6].

In this work I discuss HSN production in the decay 𝐵 → 𝐷∗ℓ𝑁 and its impact on recent
measurements of angular coefficients made by Belle II [7]. Furthermore I will discuss inclusive
hadronic decay modes of HSN. Calculations of exclusive multi-hadron final states are currently out
of reach. We show how to calculate the inclusive decay rate of HSN decaying into a lepton and a
hadronic system 𝑁 → ℓ + had. utilizing known results of electroweak gauge boson correlators up
to the five-loop level of QCD.

The most common way in which HSN are usually introduced is via a mixing angle (see. [8]
for an overview)

𝜈ℓ𝐿 = 𝜈 cos 𝜃 + 𝑁𝑐 sin 𝜃 (1)

which arises naturally in e.g. see-saw type I models by adding a right-handed neutrino field to the
Standard Model (SM). Here 𝜃 is the mixing angle and 𝜈ℓ

𝐿
denotes the left-handed neutrino field in

the interaction basis with ℓ-lepton flavor, while 𝜈 and 𝑁 denote the mass basis. This is the model we
employ for the calculation of the inclusive HSN QCD corrections. Although the mixing angle is the
most common approach to HSN this does not exhaust all possible interactions with known particles.
The most general description of quarks interacting with HSN involves dimension-6 operators [9].
We use them for the calculation of the angular coefficients of the decay 𝐵 → 𝐷∗ℓ𝑁 .

2. Sterile neutrinos from 𝐵 → 𝐷∗ℓ𝑁

In this section I discuss the results of Ref. [10]
The semi-leptonic decay 𝐵 → 𝐷∗ℓ𝜈 contains a neutrino in the final state which cannot be

detected directly. Any measurements of this decay could thus contain a contamination of a decay
involving a HSN of the type 𝐵 → 𝐷∗ℓ𝑁 . Since the SM neutrino is not detected directly the effects
of a heavier sterile neutrino would only be visible indirectly in precise measurements of the angular
distributions of the decay. To calculate the effect of the HSN we employ the following dimension-6
operators [9]

Heff =
4𝐺𝐹√

2
𝑉𝑐𝑏

[
(𝑐𝐿𝛾𝜇𝑏𝐿) (ℓ𝐿𝛾𝜇𝜈ℓ,𝐿) + 𝑔𝑁,ℓ

𝑉𝑅
(𝑐𝑅𝛾𝜇𝑏𝑅) (ℓ𝑅𝛾𝜇𝑁𝑅) + 𝑔𝑁,ℓ

𝑆𝐿
(𝑐𝑅𝑏𝐿) (ℓ𝐿𝑁𝑅)

+ 𝑔𝑁,ℓ

𝑆𝑅
(𝑐𝐿𝑏𝑅) (ℓ𝐿𝑁𝑅) + 𝑔𝑁,ℓ

𝑇
(𝑐𝐿𝜎𝜇𝜈𝑏𝑅) (ℓ𝐿𝜎𝜇𝜈𝑁𝑅)

]
+ h.c. , (2)

where the 𝑔𝑁,ℓ

𝑋
denote the Wilson Coefficients (WC) associated with the operator 𝑋 and the lepton

flavor ℓ. A mixing angle in the language of operators would correspond to a dimension-7 operator
and is thus neglected from our analysis. Using these operators we adapt the calculation in Ref. [11]
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to calculate the fully differential decay rate

32𝜋
9

𝑑4Γ

𝑑𝑞2 𝑑cos𝜃ℓ 𝑑cos𝜃𝑉 𝑑𝜙
= (𝐽1𝑠 + 𝐽2𝑠 cos 2𝜃ℓ + 𝐽6𝑠 cos 𝜃ℓ) sin2 𝜃𝑉 +

(𝐽1𝑐 + 𝐽2𝑐 cos 2𝜃ℓ + 𝐽6𝑐 cos 𝜃ℓ) cos2 𝜃𝑉 +
(𝐽3 cos 2𝜙 + 𝐽9 sin 2𝜙) sin2 𝜃𝑉 sin2 𝜃ℓ +
(𝐽4 cos 𝜙 + 𝐽8 sin 𝜙) sin 2𝜃𝑉 sin 2𝜃ℓ +
(𝐽5 cos 𝜙 + 𝐽7 sin 𝜙) sin 2𝜃𝑉 sin 𝜃ℓ , (3)

where the 𝐽𝑖 are the angular coefficients. Since both the decays 𝐵 → 𝐷∗ℓ𝜈 and 𝐵 → 𝐷∗ℓ𝑁 have
distinct final states the angular coefficient separates into an SM and a New Physics (NP) part

𝐽𝑖 = 𝐽
SM
𝑖 + 𝐽NP

𝑖 (𝑔𝑁,ℓ

𝑋
). (4)

The angular coefficients have been measured by the Belle II experiment and the data is available
separately for ℓ = 𝑒 and ℓ = 𝜇 [7] allowing us to perform the analysis for both lepton flavors
independently. An important detail to consider are the experimental limitations on the probable
HSN mass range. The Belle II analysis of the angular coefficients was performed in such a way that
HSN effects would only be visible in a mass range up to roughly 𝑚𝑁 = 62.5 MeV. We performed
a Bayesian analysis fitting our angular coefficients to the Belle II data utilizing the HEPfit code
[12]. We varied the WCs, the HSN mass 𝑚𝑁 , and the form factors (FF). The fits were performed
in two ways: First, setting all WCs to zero except for one and, second, keeping all WCs non-zero.
We assumed flat priors for all fitted parameters. In both cases the mass posterior was completely
flat over the entire mass range 𝑚𝑁 ∈ [0, 62.5] MeV. Furthermore the fits show no preference for
any specific FF parametrization (our results are reported for the JLQCD FF [13] but we checked
whether using the HPQCD FF [14] or FNAL/MILC FF [15] as priors leads to significantly different
FF posteriors. It turns out that the FF posterior is largely insensitive to the FF prior choice). There is
full agreement with the SM for all WCs at the ∼ 2𝜎 level i.e. all highest posterior density intervals
agree with a zero WC at the 95.45 % level. HSN masses 𝑚𝑁 > 62.5 MeV may rudimentarily be
probed using the missing mass squared distribution in Ref. [7]. We performed a bump hunt on the
digitized spectrum with the template of a HSN in the shape of the peak of a SM neutrino scanning
over the mass range. We find a locally peaked 𝑝-value at a mass of 𝑚𝑁 = 354 MeV. This is an
interesting finding though not statistically significant.

3. Hadronic sterile neutrino decay

In this section I discuss the results of Ref. [16], in which also HSN in 𝜏 decays are covered.
Employing the mixing angle description of HSN it is possible for sterile neutrinos to decay

similarly to 𝜏-leptons i.e. via the𝑊 boson. Analogously to 𝜏-decay this means that for a significantly
heavy sterile neutrino the decay 𝑁 → ℓ + had. is possible through the virtual decay 𝑊 → 𝑢′𝑑′

where 𝑢′ and 𝑑′ describe any up- or down-type quark permitted by the kinematics. The decay
𝑊 → 𝑢′𝑑′ correctly describes the inclusive decay 𝑊 → had. provided that enough corrections in
orders of the strong coupling constant 𝛼𝑠 are included. Virtual decays of gauge bosons are fully

3
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described by the correlator [17, 18]

Π
𝑉/𝐴
𝜇𝜈, 𝑖 𝑗

(𝑞, 𝑚𝑖 , 𝑚 𝑗 , 𝜇, 𝛼𝑠) = 𝑖
∫

d𝑥𝑒𝑖𝑞𝑥 ⟨0|𝑇{ 𝑗𝑉/𝐴
𝜇, 𝑖 𝑗

(𝑥) 𝑗𝑉/𝐴†
𝜈, 𝑖 𝑗

(0)}|0⟩ (5)

= (−𝑔𝜇𝜈𝑞2 + 𝑞𝜇𝑞𝜈)Π (1)
𝑖 𝑗 , 𝑉/𝐴(𝑞

2) + 𝑞𝜇𝑞𝜈Π (0)
𝑖 𝑗 , 𝑉/𝐴(𝑞

2), (6)

which has been calculated, including QCD corrections, up to the five-loop level [19, 20]. Here
𝑞 is the momentum of the gauge boson and 𝑚𝑖, 𝑗 are the quark masses associated to the quark
fields in the currents 𝑗

𝑉/𝐴
𝜇, 𝑖 𝑗

= 𝑞𝑖𝛾𝜇 (𝛾5)𝑞 𝑗 . We follow the calculation in Ref. [17, 21] and use
Π

(1+0)
𝑖 𝑗 , 𝑉/𝐴(𝑞

2) ≡ Π
(1)
𝑖 𝑗 , 𝑉/𝐴(𝑞

2) + Π
(0)
𝑖 𝑗 , 𝑉/𝐴(𝑞

2). The total inclusive decay rate reads

Γ(𝑁 → ℓ + had.) =𝑁𝑐

𝐺2
𝐹
𝑚5

𝑁
|𝑉𝑁ℓ |2

192𝜋3 × 12𝜋
(1−𝑥ℓ )2∫

0

𝑑𝑥 (1 + 𝑥2
ℓ − 𝑥)

√︃
𝜆(1, 𝑥, 𝑥2

ℓ
) (7)

×
[(

1 + 2𝑥 + 𝑥2
ℓ −

4𝑥2
ℓ

1 + 𝑥2
ℓ
− 𝑥

)
ImΠ (1+0) (𝑚2

𝑁𝑥) − 2𝑥ImΠ (0) (𝑚2
𝑁𝑥)

]
,

here 𝑉𝑁ℓ denotes the mixing angle, 𝑁𝑐 = 3 is the number of colors, 𝑥 = 𝑞2/𝑚2
𝑁

, 𝑥ℓ = 𝑚ℓ/𝑚𝑁 ,
and 𝜆(𝑎, 𝑏, 𝑐) = 𝑎2 + 𝑏2 + 𝑐2 − 2(𝑎𝑏 + 𝑎𝑐 + 𝑏𝑐) is the Källén-function. The longitudinal part of
the correlator is proportional to the quark masses Π (0) (𝑞2) ∝ 𝑚𝑖 ∓ 𝑚 𝑗 which is a consequence
of a Ward identity connecting the longitudinal part of the correlator to the scalar or pseudo-scalar
correlator and the quark condensate [22, 23]. For all light quarks this means Π (0) (𝑞2) = 0. Heavier
quarks like 𝑐 or 𝑏 would require additional terms in an expansion in terms of 𝑚2

𝑐,𝑏
/𝑞2. We neglect

this here and proceed in the chiral limit of 𝑚𝑖 = 0. The inclusive decay rate then reads

Γ(𝑁 → ℓ + had.) =𝑁𝑐

𝐺2
𝐹
𝑚5

𝑁
|𝑉𝑁ℓ |2

192𝜋3 (8)

× 12𝜋
(1−𝑥ℓ )2∫

0

𝑑𝑥

(
(1 + 𝑥2

ℓ − 𝑥) (1 + 2𝑥 + 𝑥2
ℓ) − 4𝑥2

ℓ

)√︃
𝜆(1, 𝑥, 𝑥2

ℓ
) ImΠ (1+0) (𝑚2

𝑁𝑥).

The correlator can be written as an expansion in 𝛼𝑠 and logarithms of the gauge boson momentum
[21]

ImΠ (1+0) (𝑚2
𝑁𝑥) ∝

∞∑︁
𝑛=0

𝑎𝑛𝑚𝑁

𝑛+1∑︁
𝑘=0

𝑐𝑛,𝑘 Im ln𝑘 (−𝑥), (9)

where 𝑎𝜇 = 𝛼𝑠 (𝜇)/𝜋 and 𝑐𝑛,𝑘 are numbers [17, 19, 20, 24–30]. This leads to integrals of the form

𝐼𝑘 =

(1−𝑥ℓ )2∫
0

𝑑𝑥

(
(1 + 𝑥2

ℓ − 𝑥) (1 + 2𝑥 + 𝑥2
ℓ) − 4𝑥2

ℓ

)√︃
𝜆(1, 𝑥, 𝑥2

ℓ
) ln𝑘 (𝑥). (10)

We calculated this integral and found closed form results in 𝑥ℓ involving dilogarithms and triloga-
rithms up to 𝑘 ≤ 2. For 𝑘 ≥ 3 we use a new series representation of the Källén-function, see Ref.
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[16]. The full semi-hadronic width then becomes

Γ(𝑁 → ℓ + had.) =𝑁𝑐

𝐺2
𝐹
𝑚5

𝑁
|𝑉𝑁ℓ |2

192𝜋3

× 2( |𝑉𝑢𝑑 |2 + |𝑉𝑢𝑠 |2)
[
𝐼0𝑐0,1 + 𝑎𝑚𝑁 𝑐1,1𝐼0

+ 𝑎2
𝑚𝑁

(
𝑐2,1𝐼0 + 2𝑐2,2𝐼1

)
+ 𝑎3

𝑚𝑁

(
𝑐3,1𝐼0 + 2𝑐3,2𝐼1 − (𝜋2𝐼0 − 3𝐼2)𝑐3,3

)
+ 𝑎4

𝑚𝑁

(
𝑐4,1𝐼0 + 2𝑐4,2𝐼1

− (𝜋2𝐼0 − 3𝐼2)𝑐4,3 − (4𝜋2𝐼1 − 4𝐼3)𝑐4,4
) ]
. (11)

We use this result to analyze the range of HSN masses𝑚𝑁 leading to a stable perturbative expansion.
We therefore require that higher orders in 𝛼𝑠 yield smaller contributions and decreased sensitivity
on the renormalization scale 𝜇. We find that for ℓ = 𝑒 and ℓ = 𝜇 the perturbative expansion is
stable, i.e. insensitive to the renormalization scale, for HSN masses 𝑚𝑁 ≳ 1.5 GeV. For ℓ = 𝜏

we find a stable perturbative description for 𝑚𝑁 ≳ 3 GeV. In the indicated mass ranges we can
therefore predict the𝑊-mediated contribution to the total width reliably, which is a prerequisite for
the calculation of branching ratios.

4. Summary

The measurement of the decay 𝐵 → 𝐷∗ℓ𝜈 could be diluted by the additional decay into HSN
𝐵 → 𝐷∗ℓ𝑁 . The signatures for both decays would be the same except for subtle differences in
the kinematics, which would be visible in the angular distributions. We calculated the differential
decay width for the decay 𝐵 → 𝐷∗ℓ𝑁 using dimension-6 operators and fitted it to the recent Belle
II data on the angular distributions. We performed our analysis separately for ℓ = 𝑒 and ℓ = 𝜇.
We find no evidence for NP in the angular distributions in a mass range of 𝑚𝑁 ∈ [0, 62.5] MeV.
Outside of this mass range the angular distribution data is not usable, as it is biased towards the SM.
In addition we performed a bump hunt on the digitized missing mass squared distribution utilizing
a SM neutrino template and find the most significant local 𝑝-value at a mass of 𝑚𝑁 = 354 MeV.
This is however not statistically significant and more thorough work and a full analysis would be
required.

We calculated the total decay rate of 𝑁 → ℓ + had. in the mixing angle scenario. To that
end we used the known results about gauge boson correlators to calculate the decay rate up to 𝛼4

𝑠 .
We find closed form results in terms of polylogarithms up to 𝛼3

𝑠 and at 𝛼4
𝑠 we use a new series

representation of the Källén-function. We use these results to determine the mass range of HSN
masses for which the perturbative expansion is stable i.e. by requiring that higher order corrections
in 𝛼𝑠 yield smaller corrections and that the sensitivity on the renormalization scale decreases. We
find that perturbation theory is applicable for masses 𝑚𝑁 ≳ 1.5 GeV if the produced lepton is either
𝑒 or 𝜇 or 𝑚𝑁 ≳ 3 GeV if the produced lepton is a 𝜏.
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