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An improved holographic picture of the pion
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The holographic light-front Schrödinger Equation, which governs transverse dynamics in mesons,
predicts a massless pion. To generate the pion’s physical mass, one must incorporate longitudinal
dynamics. Two ways for doing so are via the (1 + 1)-dimensional ’t Hooft and Li-Vary equations.
Despite having distinct potential operators, these two equations are degenerate in their description
of pion observables. We explore this degeneracy using an ansatz that accommodates the ’t Hooft
and Li-Vary equations as well as a string equation in (2 + 1)-dimensional anti de Sitter spacetime,
recently derived by Vegh. We highlight a scenario where the degeneracy extends beyond the ’t
Hooft and Li-Vary limits to the weak coupling limit of the string equation. This talk is based on
[1].
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1. The holographic Schrödinger Equation

On the light-front, the QCD bound state problem can be systematically reduced to an effective
𝑞𝑞 light-front Schrödinger Equation [2](

−∇2

𝑥(1 − 𝑥) +
𝑚2

𝑞

𝑥(1 − 𝑥) +𝑈 (𝑥, b)
)
Ψ(𝑥, b) = 𝑀2Ψ(𝑥, b), (1)

where 𝑀 (𝑚𝑞) is the meson (quark) mass and Ψ(𝑥, b) the meson’s light-front wavefunction. Here 𝑥
is the light-front momentum fraction carried by the quark and b = (𝑏⊥, 𝜑) is the transverse distance
between the quark and antiquark. The normalization condition on the wavefunction is∫

d2b d𝑥 |Ψ(𝑥, b) |2 = 1. (2)

Changing the transverse variable to 𝜻 =
√︁
𝑥(1 − 𝑥)b, the wavefunction factorizes as

Ψ(𝑥, b) = 𝜙(𝜁)√︁
2𝜋𝜁

𝑒𝑖𝐿𝜑𝑋 (𝑥) , (3)

so that, assuming that𝑈 = 𝑈⊥ +𝑈∥ , Eq. (1) separates into[
− d2

d𝜁2 + 4𝐿2 − 1
4𝜁2 +𝑈⊥

]
𝜙(𝜁) = 𝑀2

⊥𝜙(𝜁) (4)

and [
𝑚2

𝑞

𝑥(1 − 𝑥) +𝑈∥

]
𝑋 (𝑥) = 𝑀2

∥ 𝑋 (𝑥) (5)

with 𝑀2 = 𝑀2
⊥ + 𝑀2

∥ and ∫
d𝜁 |𝜙(𝜁) |2 =

∫
d𝑥

|𝑋 (𝑥) |2
𝑥(1 − 𝑥) = 1 . (6)

Light-front holography [3] uniquely fixes [4]

𝑈⊥ = 𝑈LFH = 𝜅4𝜁2 + 2𝜅2(𝐽 − 1) , (7)

where 𝐽 is spin of the meson and 𝜅 is an emerging mass scale. With 𝜁 = 𝑧5, where 𝑧5 is the
extra dimension in AdS5, Eq. (4) becomes the wave equation for freely propagating spin-𝐽 bosonic
modes in an AdS5 geometry warped by a quadratic dilaton, 𝜑(𝑧5) = 𝑒−𝜅

2𝜁 2
5 . Eq. (4) then predicts

that [5]

𝑀2
⊥(𝑛⊥, 𝐽, 𝐿) = 4𝜅2

(
𝑛⊥ + 𝐽 + 𝐿

2

)
(8)

which tells us that the lowest lying state with 𝑛 = 𝐿 = 𝐽 = 0, i.e. the pion, is massless. This means
that the pion mass is entirely generated by longitudinal dynamics: 𝑀𝜋 = 𝑀∥ . On the other hand,
the lowest lying eigenfunction of Eq. (4) is given by

𝜙𝜋 (𝜁) = 𝜅
√︁

2𝜁 exp
(
−𝜅2𝜁2

2

)
. (9)
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2. The ’t Hooft and Li-Vary Equations

To generate the physical pion mass, we need to specify𝑈∥ . To do so, we first introduce

𝜒(𝑥) = 𝑋 (𝑥)/
√︁
𝑥(1 − 𝑥) (10)

so that Eq. (5) becomes [
𝑚2

𝑞

𝑥(1 − 𝑥) +𝑉∥

]
𝜒(𝑥) = 𝑀2

∥ 𝜒(𝑥) (11)

where
𝑉∥ =

1√︁
𝑥(1 − 𝑥)

𝑈∥
√︁
𝑥(1 − 𝑥) (12)

and ∫ 1

0
d𝑥 |𝜒(𝑥) |2 = 1 . (13)

The motivation behind Eq. (10) is now apparent: Eq. (11) coincides with the ’t Hooft (tH) Equation
of large 𝑁𝑐 QCD2 if

𝑉∥ = 𝑔
2P

∫ 1

0
d𝑦
𝜒(𝑦) − 𝜒(𝑥)
(𝑥 − 𝑦)2 (14)

where P denotes a Principal Value prescription [6]. The idea of using the ’t Hooft potential to
describe longitudinal dynamics was first proposed by Chabysheva and Hiller [7]. An alternative
phenomenological model for 𝑉∥ is one proposed by Li, Maris, Zhao and Vary and popularized by
Li and Vary (LV) [8, 9]:

𝑉∥ = −𝜎2𝜕𝑥 (𝑥(1 − 𝑥)𝜕𝑥) . (15)

Despite their explicitly different analytical forms, it is known [10] that the LV and tH potentials
are degenerate in describing the pion data, with a longitudinal mode 𝜒(𝑥) ∝ (𝑥(1 − 𝑥))𝛽 where
𝛽 = 𝑚𝑞/𝜎 and 𝛽 ∝ 𝑚𝑞/𝑔 respectively. To further explore this degeneracy, we propose the FS
model: (

𝑚2
𝑞 − 𝑔2

𝑥(1 − 𝑥)

)
𝜒(𝑥) − 𝑔2P

∫ 1

0
d𝑦

𝜒(𝑦)
(𝑥 − 𝑦)2 − 𝜎2𝜕𝑥 (𝑥(1 − 𝑥)𝜕𝑥)𝜒(𝑥) = 𝑀2

∥ 𝜒(𝑥) (16)

so that, if 𝑔 = 0, we recover the LV model and if 𝜎 = 0, we recover the tH model. On the other
hand, if we choose 𝑚2

𝑞 = 𝑔2 + 𝜎2/4, Eq. (16) becomes

−P
∫ 1

0
d𝑧′

𝜒(𝑧′)
(𝑧 − 𝑧′)2 − 1

4𝑔𝑠

√︁
𝑧(1 − 𝑧)𝜕2

𝑧 (
√︁
𝑧(1 − 𝑧)𝜒(𝑧)) = 𝜇2𝜒(𝑧) , (17)

which is an AdS3 string equation derived by Vegh: [11]. Here, 𝑔𝑠 = 𝜎2/(4𝑔2), is the string tension
in units of the AdS radius (squared). There exists a second possibility for the AdS3 string equation
[11]:

−P
∫ 1

0
d𝑧′

𝜒(𝑧′)
(𝑧 − 𝑧′)2 − 1

4𝑔𝑠
𝜕𝑧 (𝑧(1 − 𝑧)𝜕𝑧)𝜒(𝑧) = 𝜇2𝜒(𝑧) , (18)

which is obtained by setting 𝑔 = 𝑚𝑞 in Eq. (16).
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Note that under the transformation

𝑉∥ → ℎ(𝑥)𝑉∥
1
ℎ(𝑥) (19)

the eigenspectrum of Eq. (11) is invariant while the eigenfunctions transform as 𝜒(𝑥) → ℎ(𝑥)𝜒(𝑥).
Motivated by Eq. (12), we consider ℎ(𝑥) = [𝑥(1 − 𝑥)]𝑛/2 and take 𝑉∥ to be the tH or LV operator
as our default (i.e. 𝑛 = 0). It turns out that 𝑛 < 0 is badly behaved in the chiral limit and that the
pion data exclude 𝑛 ≥ 3 while the remaining possibilities, 𝑛 = 0, 1, 2 are all able to fit the data [1].
We refer to the 𝑛 = 0, 1, 2 cases as Models A, B and C respectively.

3. Pion observables

The pion mass is given by Eq. (11):

𝑀2
𝜋 =

∫ 1

0
d𝑥 𝜒∗(𝑥)

[
𝑚2

𝑞

𝑥(1 − 𝑥) +𝑉∥

]
𝜒(𝑥) . (20)

After integrating out the transverse degrees of freedom, the pion decay constant, EM form factor
and pion-to-photon transition form factor are given by [1]

𝑓𝜋 =

√︂
6
𝜋

∫ 1

0
d𝑥 Ψ𝜋 (𝑥, 0)

=

√
6
𝜋
𝜅

∫ 1

0
d𝑥

√︁
𝑥(1 − 𝑥)𝜒(𝑥) , (21)

𝐹𝜋 (𝑄2) = 𝜋
∫ 1

0
d𝑥 d𝑏2

⊥ 𝐽0((1 − 𝑥)𝑏⊥𝑄) |Ψ𝜋 (𝑥, b) |2

=

∫ 1

0
d𝑥 |𝜒(𝑥) |2 exp

(
− (1 − 𝑥)

𝑥

𝑄2

4𝜅2

)
(22)

and

𝑄2𝐹𝜋𝛾 (𝑄2) = 2𝜅
√

3𝜋

∫ 1

0
d𝑥

√︁
𝑥(1 − 𝑥)𝜒(𝑥) (23)

×
∫ ∞

0
d𝑏⊥(𝑚𝑞𝑏⊥)𝐾1(𝑚𝑞𝑏⊥) exp

(
−
𝜅2𝑥(1 − 𝑥)𝑏2

⊥
2

)
𝑄𝐽1(𝑏⊥(1 − 𝑥)𝑄)

respectively. The pion charge radius is given by

𝑟2
𝜋 = −6 lim

𝑄2→0

d𝐹𝜋 (𝑄2)
d𝑄2

=
3

2𝜅2

∫ 1

0
d𝑥

(1 − 𝑥)
𝑥

|𝜒(𝑥) |2, (24)

while the 𝜋0 → 𝛾𝛾 decay width is related to the 𝑄2 → 0 limit of the transition form factor :

Γ𝛾𝛾 =
𝜋

4
𝛼2

em𝑀
3
𝜋 |𝐹𝜋𝛾 (0) |2 . (25)
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4. Results

At this point, we have 4 free parameters: 𝜅, 𝑔, 𝜎 and 𝑚𝑞. We first extract them using the data
for 𝑀𝜋 , 𝑓𝜋 and 𝑟𝜋 in the tH and LV limits. For Model A, we find 𝑚𝑞 = 59.3 MeV, 𝑔 = 30.2 MeV
for the tH model and 𝑚𝑞 = 60.4 MeV, 𝑔 = 40.3 MeV for the LV model, together with 𝜅 = 423
MeV. We therefore confirm the strong degeneracy between the tH and LV models [10, 12]. With
these extracted parameters, Model A gives an excellent description of the form factors data at low
𝑄2 [1] while predicting Γ𝛾𝛾 = 7.2 eV which is to be compared with the experimental measurement
of 7.82 ± 0.22 eV [13]. As explained in [1], this discrepancy is expected due to the uncertainties
in the light-front wavefunction of a real photon. With different values of 𝜎 and 𝑔, Models B and C
are equally successful in describing the data.

Moreover, we find that the degeneracy extends beyond the tH and LV limits. This is illustrated
Fig. 1 where each pair of (𝑔, 𝜎) on a given curve describes the low energy pion data, with 𝜅 = 423
MeV and a weakly varying 𝑚𝑞: 59.3 MeV ≤ 𝑚𝑞 ≤ 60.4 MeV. The solid-black, dashed-blue and
dotted-red curves represent Models A, B and C respectively. Interestingly, Model C accommodates
the holographic constraint, 𝑔2 + 𝜎2/4 = 𝑚2

𝑞 (solid-green curve) in the 𝜎 ≫ 𝑔 limit, i.e. the AdS3
equation in the weak string coupling limit, 𝑔𝑠 ≪ 1. The second holographic constraint 𝑚𝑞 = 𝑔 (not
shown in Fig. 1) is clearly not satisfied.
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Figure 1: Exploring the degeneracy between the tH and LV models. Note that 𝑚𝑞 varies very weakly
(59.3 MeV ≤ 𝑚𝑞 ≤ 60.4 MeV) along each curve and that 𝜅 = 423 MeV.

5. Conclusions

We have found a viable scenario where the holographic Schrödinger Equation, used in con-
junction with a weakly-coupled AdS3 string equation, successfully describe the low energy pion
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data. While this scenario is not unique, it could be a first step towards a full holographic picture of
the pion.
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