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Understanding the scale dependence of parton distribution functions is vital for precision physics
at hadron colliders. The well-known DGLAP evolution equation relates this scale dependence to
the QCD splitting functions, which can be calculated perturbatively in terms of the anomalous
dimensions of leading-twist gauge-invariant operators. The computation of the latter in general
requires one to take into account contributions of gauge-variant (or alien) operators. In this
talk, we discuss the systematic study of these alien operators at arbitrary spin. Specifically, using
generalized BRST symmetry relations, we derive the one-loop couplings and Feynman rules of the
aliens necessary to perform the operator renormalization up to four loops in QCD. This provides
an important step towards the determination of the four-loop splitting functions which will be of
significant phenomenological importance at future colliders.
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1. Introduction

The splitting functions of quantum chromodynamics (QCD) play an important rôle for high-
precision phenomenology at hadron colliders, as they determine the scale dependence of the
parton distribution functions (PDFs). Their Mellin transforms, which correspond to the anomalous
dimensions of the leading-twist gauge-invariant operators that define the distributions, can be
determined from the ultraviolet singularities of partonic off-shell operator matrix elements (OMEs).
The renormalization of these OMEs requires one to take into account unphysical contributions
coming from so-called alien operators. These aliens have couplings which are constraint by
fundamental symmetries. In this talk, we review how these constraints can be used to reconstruct
the full 𝑁-dependence of the couplings and, consequently, the all-𝑁 alien Feynman rules.

2. Splitting functions and aliens

The scale dependence of the PDFs is described by the well-known DGLAP equation [1–3],

d 𝑓𝑖 (𝑥, 𝜇2)
d ln 𝜇2 =

∫ 1

𝑥

d𝑦
𝑦
𝑃𝑖 𝑗 (𝑦) 𝑓 𝑗

(
𝑥

𝑦
, 𝜇2

)
. (1)

Contrary to the PDFs themselves, the splitting functions 𝑃𝑖 𝑗 (𝑦) are perturbative quantities. Here
we will focus on their Mellin transforms, i.e., on the operator anomalous dimensions,

𝛾𝑖 𝑗 (𝑁) = −
∫ 1

0
d𝑥 𝑥𝑁−1𝑃𝑖 𝑗 (𝑥) , (2)

which admit a perturbative expansion in terms of the reduced strong coupling constant 𝑎𝑠 = 𝛼𝑠/(4𝜋),

𝛾𝑖 𝑗 (𝑁) = 𝑎𝑠 𝛾
(0)
𝑖 𝑗

(𝑁) + 𝑎2
𝑠𝛾

(1)
𝑖 𝑗

(𝑁) + ... . (3)

In practice, they can be extracted from the renormalization of the partonic matrix elements of
the leading-twist operators in off-shell kinematics. When doing so, it is well-known that mixing
with non-gauge-invariant (alien) operators needs to be taken into account [4–9]. The latter receive
contributions from ghost fields on the one hand and field equations of motion on the other. Recently,
a method to consistently reconstruct the functional form of the aliens to any loop-order was derived
in [10]. In that approach, the aliens are derived using a generalized gauge symmetry of the QCD
Lagrangian, which is then promoted to a generalized (anti-)BRST symmetry. Each alien operator
features a coupling that corresponds to the renormalization constant that characterizes the mixing
of the physical operators into the alien. It turns out that these couplings obey certain constraints
which are 𝑁-dependent. In [10, 11], the latter were solved for fixed moments 𝑁 ≤ 20, leading to
expressions for all four-loop splitting functions up to 𝑁 = 20 [11–13, 15, 16] 2. The solution of the
constraints for arbitrary values of 𝑁 was presented in [17], and we briefly summarize the findings
of that work below.

2The 𝑛2
𝑓

contributions to the four-loop pure-singlet splitting functions were obtained in [14] using a method which
determines the alien counterterms directly [19].
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3. Solving the all-𝑁 constraints

To illustrate the functional form of the constraints on the alien couplings, and their power, we
consider the following ghost operators,

O (𝑁 ) ,𝐼
𝑐 = − 𝜂(𝑁) (𝜕𝑐𝑎) (𝜕𝑁−1𝑐𝑎) , (4)

O (𝑁 ) ,𝐼 𝐼
𝑐 = − 𝑔𝑠 𝑓

𝑎𝑏𝑐
∑︁

𝑖+ 𝑗=𝑁−3
𝜂𝑖 𝑗 (𝜕𝑐𝑎) (𝜕𝑖𝐴𝑏) (𝜕 𝑗+1𝑐𝑐) . (5)

Note that all Lorentz indices are contracted with an arbitrary lightlike vector, i.e.,

𝐴𝑎 = Δ𝜇𝐴
𝜇;𝑎, 𝜕 = Δ𝜇𝜕

𝜇 (6)

with Δ2 = 0. The operator O (𝑁 ) ,𝐼
𝑐 is required for the computation of the physical anomalous

dimensions already at LO [4], while O (𝑁 ) ,𝐼 𝐼
𝑐 starts contributing at NLO [4, 18]. The coupling

𝜂(𝑁) is currently known to 𝑂 (𝑎3
𝑠) [4, 18, 19]. Because of the generalized (anti-)BRST symmetry

mentioned above, the couplings 𝜂𝑖 𝑗 obey the following relations [10, 18]

𝜂𝑖 𝑗 +
𝑖∑︁

𝑠=0
(−1)𝑠+ 𝑗

(
𝑠 + 𝑗

𝑗

)
𝜂 (𝑖−𝑠) ( 𝑗+𝑠) = 0 , (7)

𝜂𝑖 𝑗 + 𝜂 𝑗𝑖 = 𝜂(𝑁)
[(
𝑖 + 𝑗 + 1

𝑖

)
+
(
𝑖 + 𝑗 + 1

𝑗

)]
. (8)

Note that eq. (7) is an example of a conjugation relation. This can easily be checked by applying
the sum in the second term to the whole expression, which leads to a mathematical identity. This
type of relation was already encountered in the computation of the anomalous dimensions of the
leading-twist operators in non-forward kinematics, in which case mixing with total-derivative op-
erators needs to be taken into account [20, 21]. From these studies, we know that conjugations
can help restrict the function space of the objects under consideration. To fully exploit this feature,
the conjugations should be evaluated analytically, which can be done using, e.g., the dedicated
Mathematica packages Sigma [22, 23] and EvaluateMultiSums [24, 25].

Another important consequence of the generalized (anti-)BRST symmetry is that it leads to
a particular hierarchy among the alien couplings. For example, eq. (8) allows us to write the
couplings 𝜂𝑖 𝑗 , which first appear at 𝑂 (𝑔𝑠), in terms of the leading-order coupling 𝜂(𝑁). In [17],
we established similar relations for the couplings of the operators that start contributing at higher
orders, thus allowing us to set up a bootstrap.

The power of these relations is that they allow us to severely restrict the functional form of the
alien couplings. In fact, we are able to fix the couplings up to a few a priori unknown parameters,
which can however be determined by computing a small number of fixed-𝑁 OMEs. This is to
be compared to the hundreds of such matrix elements one would have to compute without the
relations, assuming one could somehow guess the correct function space. We have performed
these computations for all one-loop alien operator couplings needed for the renormalization of the
physical operators up to four loops. The explicit results can be found in Section 3 of [17].
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4. Alien Feynman rules

With the couplings in hand, one can derive the Feynman rules of the alien operators. In [17],
we reproduced the known results for the alien vertices with up to three external legs, which have
been obtained via direct calculation in [18, 26, 27], as well as the four-point vertices computed
in [19]. In addition, in [17] we also derived the five-point vertices. We find that our results are
in perfect agreement with the direct calculation of the five-point vertices in [28], which appeared
shortly after [17].

5. Summary

We have computed the all-𝑁 expressions of the one-loop alien couplings which are necessary
for the renormalization of the leading-twist gauge-invariant operators that define the PDFs up
to four loops. This was achieved by exploiting powerful consistency relations which follow from
generalized (anti-)BRST symmetry. These relations involve conjugations, which restrict the function
space of the couplings. Furthermore, they showcase a hierarchy among the couplings, allowing
one to express higher-order couplings in terms of simpler lower-order ones. As an application, we
have determined the Feynman rules of the alien operators, and, when available, we find perfect
agreement with the literature. Our results will be helpful in pushing uncertainties related to PDF
evolution to the percent-level at current and future hadron colliders.
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