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We summarize recent work applying on-shell amplitude techniques to compute classical observ-
ables in scalar-tensor theories of gravity. We study gravitational and scalar radiation from spinning
compact objects in two scenarios: theories without scalar hair where radiation is generated via
curvature couplings of the scalar with the Gauss-Bonnet and Chern-Simons invariants, and the-
ories with scalar hair where a direct conformal coupling leads to prolific dipole emission. Using
the Kosower-Maybee-O’Connell (KMOC) formalism, we directly compute waveforms at leading
order in the Post-Minkowskian (PM) expansion and the associated memory effects and radiated
power. We examine their velocity scaling in the Post-Newtonian (PN) limit and comment on their
phenomenological relevance. Throughout we use the spinor-helicity formalism and the unitary
factorization techniques to derive the necessary on-shell amplitudes, efficiently computing observ-
ables to all orders in spin and velocity, offering powerful tools for gravitational-wave astronomy.
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1. Introduction

The direct detection of gravitational waves has inaugurated a new era of precision tests for
General Relativity (GR) in its most dynamical and strong-field regime. Future experiments like
the Cosmic Explorer, the Einstein Telescope, and LISA will provide unprecedented sensitivity,
making the search for physics beyond GR a primary scientific objective. Scalar-tensor theories,
which introduce an additional light scalar degree of freedom, are among the best-motivated and
most studied extensions.

These theories predict novel phenomena, such as the emission of scalar radiation from binary
systems, which can dominate the energy loss and lead to distinct observational signatures. We,
hereby, summarize recent work [1, 2] applying modern on-shell amplitude techniques and the
KMOC formalism [3, 4] to efficiently compute the classical observables associated with this scalar
and gravitational radiation, providing new tools for the gravitational-wave astronomy toolkit.

2. Theoretical framework and methodology
Our analysis is built upon two complementary frameworks:

* Theories with Scalar Hair [1]: We model spinning compact objects endowed with scalar
hair, a reoccurring phenomenon in modified theories of gravity that introduce additional
massless scalar fields, by introducing a conformal coupling between the scalar and matter,
described by an effective metric g,, = exp [C (Mipl)]g,“,. This endows objects with a

9
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construction leads to prolific scalar dipole radiation, reproducing results of the literature from

monopole scalar charge ¢, where c is defined through C (Mipl) =14 c+—+.... The above

more traditional GR approaches in certain limits [5, 6].

¢ Theories without Scalar Hair [2]: We consider actions for theories like Scalar Gauss-
Bonnet (SGB) or Dynamical Chern-Simons (DCS) gravity. Here, the scalar field ¢ couples
non-minimally to the Gauss-Bonnet (RéB) and Chern-Simons/Pontryagin (Rés) invariants but
matter couples to gravity only minimally. The leading order contribution to the scalar-tensor
effective theory action in this case is:

L—\/—_M—‘EIR L2+ MPLylaR2 + GR2 1
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Excluding a coupling with the Ricci scalar R, which is heavily constrained by fifth force
measurements, the shift-symmetric couplings in Eq. (1) are the lowest order modifications
appearing in the scalar-tensor effective field theory (EFT). Moreover, in this class of theories,
certain compact objects like neutron stars (NSs) or non-spinning black holes (BHs) in DCS
do not develop a scalar charge, as the one examined in [1]. Nevertheless, there exists a leading
order contribution to scalar radiation through the coupling of the scalar with gravity, that is
present for any 2-body scattering.
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The computational engine for both scenarios is the KMOC formalism [3, 4]. This technique
provides a direct pathway from quantum scattering amplitudes to classical observables. The
fundamental object we compute is the spectral waveform f,(w), related to the five-point amplitude
for scalar (¢) or graviton (&) emission in a 2 — 3 scattering process involving massive particles of

arbitrary spin:
1
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where the integration measure incorporates the classical impact parameters b; and the on-shell con-

fr(w) = du M, .. 2)

ditions for the scattered objects and is given by du = 6*(w+wo—k)IT;=1 2 [e??™id*w;5(p;iw;)]. The
waveform in the time domain is then obtained via a Fourier transform, W, (¢) = / ‘é—fe‘i Wl f (w).
We construct the necessary five-point amplitudes recursively from on-shell three and four-point
amplitudes using unitarity and factorization along with the spinor-helicity formalism. A critical
aspect of this approach is the treatment of contact terms in the four-point amplitudes. These terms
are not fixed by factorization and represent a freedom in the effective description, parameterized by
Wilson coefficients c,ﬁ’”. In our work we provide a systematic classification of these terms [1, 2].

3. Amplitudes’ construction

The calculation of the five-point amplitude Mgl proceeds through a recursive construction
based on unitarity cuts. The amplitude is built from lower-point on-shell amplitudes, which serve
as building blocks. The fundamental elements are the three-point amplitudes, which for our theory
take the following forms.

For the matter sector with scalar hair, the crucial amplitude is the one from the conformal
coupling:

cn (21)57[21]5
Mp, 2502
., @SR [21]Sn-1/2(<21> + [21])

Mp; myon~?

M|lo,,20,,34] =-

M|le,.24,.34] =- , Sp=k+1/2, (3)
where k is a positive integer, and the subscript n labels different matter particles with m,, and c,
their associated masses and conformal couplings.

For the scalar-graviton sector relevant for the no-hair case, the key amplitudes are:

2&
M[1;2;34] =——(12)*,
[ h<h ¢] AQMPI< >
2a*
M[132;34] =—=—1[12]*. 4
[1425:34] AZMPI[ | “4)
where & = a + i@ encodes both the Gauss-Bonnet and Chern-Simons couplings.
The four-point amplitudes are then constructed by gluing these three-point amplitudes through
factorization channels. For instance, the amplitude for scalar emission from a matter line in
the no-hair case is obtained by gluing the ¢hh amplitude with the matter-graviton amplitude:

Res,2 oMu[132430,46, | = ~M[(-9)E1524| M4} 30,44, |-
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A similar procedure can be applied to the five-point case, with R = Reswzz_)OMd[(pl +
wo, (P2 + W2)a,(—P1)e, (—p2)s, (—k),] given by:

R== 3" MI(p1+wia,(=p1)s, (—K)r (W) IM[(p2 + W2)e, (—p2)a, (-w2)il,  (5)
i=h,¢

withr = h, ¢.
The classical limit in all steps is taken through the scaling:

pi — 1°p;, g, wi, k — ilw;, a; — hla;, (©6)

where g (w;) are the momentum transfers in the four (five) point amplitudes and a; are the classical
spin vectors for the massive particles.

A fundamental aspect of our amplitude-based approach is the systematic treatment of contact
terms. These are polynomial contributions to the amplitudes that are not determined by unitarity
and factorization alone. They represent an intrinsic ambiguity in the effective description of the
compact objects.

For example, the four-point amplitude M[1¢243 44 4] describing scalar scattering off a massive
particle gets contributions from classical contact terms at zeroth order in spin:

0)_2
MEO 1,24, .34, 40] = C’;w;" (7
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where C,(l ) is a dimensionless Wilson coefficient. At linear order in spin, we have:

o, (1) c\Vm?
ME T 1e,.25,.30.40] = —i Y (ga,). (8)
Pl

The same thing happens for the M [l(p,. 23, 3Z4¢] amplitude in the absence of scalar hair, which
gets only one contribution up to linear order in spin

A(1)

M 16,24, 3744] = - 55 Glpig3) Glpiail3).
P/
(1) i
M [10,24,3444] =2A2 [3Ip1913113]p1ail3]. )
Pl

In our analysis, all such effects from contact terms have been taken into account order by order
in the spin, by following a similar analysis to what was done in [7]. The physical interpretation
of the contact terms is that these coefficients parameterize our ignorance of the specific details of
the compact object solutions in the given theory. In the context of scalar-tensor theories, these
coeflicients are related to the "sensitivity" parameters that appear in the post-Newtonian formalism.
Given a specific theory one can perform a precise matching procedure - like the one in [8] - to
express them e.g. in terms of the BH parameters if the object is a BH
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4. Leading order radiation with hair

In Ref. [1], we effectively describe hairy compact objects by introducing a conformal coupling,
which induces a classical three-point amplitude between matter and the scalar, beind derived from

Eq. (3):
q. 3) e
M1, 24 34] = —cpn-—2 (10)
" Mp

This amplitude is spin-independent and non-vanishing in the soft limit (p3 — 0), in contrast to the

derivative-coupled case.
In the end, this coupling leads to scalar dipole radiation. We compute the resulting waveforms
and the power emitted during a hyperbolic encounter, through the following equations:

L )

dQ |al‘Wh| )

dP,

- = (W) (11)

In the non-relativistic limit, the total integrated power emitted in gravitational and scalar
radiation at zeroth-spin order is:

2.2
(0) mym, 2 3
P, =————=—(1+cic)v-+0(°),
h 6
807r3MPlb4
m2m2
PO = L2 (¢ —c)2+0(). (12)

¢ 307213 M8, b
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in 2o Sci=c)

The ratio 0~ o

which is thg primary signature for these theories. By applying the Kepler law for bound orbits

shows that scalar radiation dominates at low velocities (-1PN order),

(b~! ~ v?), we recover the well-known result for circular binaries:

©) _ 47rm%m§M§l(cl —)?

P o+ ) v +0(v?), (13)

matching our coefficients ¢y, c3 to well-known parameters in classical GR literature [5, 6], finding
perfect agreement and providing a strong cross-check of our amplitude-based formalism. At
subleading PN orders we find that we can also map the contact term C,EO) to the S parameter that
appears in the skeletonized approach to scalar-tensor theories. Furthermore, the presence of a
direct coupling of the scalar to matter leads to a non-zero scalar and gravitational memory effect
A¢,Ahg # 0.

5. Leading order radiation without hair

In Ref. [2], we study the case where the scattering objects possess no direct scalar charge. The

2
GB/CS

A key finding is the classical scaling of the relevant amplitudes. The fundamental amplitude

scalar radiation is sourced entirely by the gravitational sector via the ¢ R interactions.

for a scalar and a graviton to be emitted from a matter line behaves as M°1[1¢i2®l_3z4¢] —
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M [1([)[. Zéi3i4¢] in the classical limit. This is "softer" than the analogous amplitude in pure
GR, immediately implying that the tree-level scalar radiation is a higher-order effect.

This raises the question of resolvability: can this classical effect be distinguished from quantum
fluctuations? We find that a resolvable window exists if the coupling scale A is sufficiently low, i.e.,
macroscopic. The impact parameter must lie in the range:

Mp,

Ry < b x Rsm

(14)
For astrophysical BHs (m ~ M) and acoupling A~! ~ 0.1 km, this window is vast (bmax ~ 10! Ry),
confirming the phenomenological relevance of this channel.

We compute the scalar waveform W explicitly up to linear order in the objects’ spins. In this
case, the radiated power is highly suppressed compared to the case with hair. At zero and first

4

order in the spin it scales as PO ~ I‘;—Z and PV ~ b"—i, Py ~ v?2 and Py ~ v24, respectively, for

bound orbits). Another crucial result is that the low-frequency behavior of the spectral waveform

2

is suppressed, fs(w — 0) ~ w?, as a direct consequence of the shift symmetry ¢ — ¢ + C of the

Lagrangian. This also means the scalar memory effect vanishes at leading order, A¢ = 0.

6. Future directions

Our amplitude-based framework opens several promising directions for future research: Pri-
marily, our current work focuses on the leading post-Minkowskian order. Extending this to higher
orders, including loop corrections and studying other observables like the impulse or spin kick
would provide increasingly precise predictions for the observables (a first step towards that direc-
tion was already made in [9] using worldline methods). Our framework can also be extended to
include disformal couplings and massive scalar fields, to describe e.g. boson stars. Another obvious
next step is using insights from a modified version of black hole perturbation theory to match our
Wilson coefficients C,(,k) to specific BH solutions in scalar-tensor theories, similar to what was done
in pure GR in [7]. Lastly, it would be interesting to study more in detail the viability of theories
such as SGB and DCS and whether they can be consistently incorporated into known UV models,
see for example [10, 11].
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