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The behaviour of the chiral condensate at finite temperature computed in AdS/QCD with a time-
dependent background is shown. Two different scenarios are analysed: in the first a general power-
law time dependence is assumed for the temperature, while in the second the energy-momentum
tensor at late times reproduces the one found in viscous hydrodynamics. Depending on how
quickly the temperature changes over time, the chiral transition shifts towards lower temperatures
if the system is cooling, and higher temperatures if it is heating. In some cases, oscillations around
the equilibrium values are observed before thermalization. A prethermalization stage is found in
the chiral limit if the initial condition is set at a temperature close to the critical one.
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1. Introduction

Heavy-ion collision (HIC) experiments at the LHC and RHIC have provided data for inves-
tigating the fundamental properties of the quark-gluon plasma (QGP) by studying the dynamical
evolution of the fireballs created in such collisions [1]. These experimental results are well described
by viscous hydrodynamics, indicating that the QGP behaves as a nearly perfect fluid with very low
viscosity shortly after the collision [2, 3]. However, the strongly interacting matter produced in HIC
experiments undergoes rapid expansion and cooling. During this evolution, out-of-equilibrium ef-
fects may become significant, especially under rapidly changing conditions, making the equilibrium
approximation inadequate for a realistic theoretical description. In this context, this paper explores
chiral symmetry breaking in a time-dependent background [4], where the temperature evolves from
a phase in which chiral symmetry is broken (low temperature) to a phase in which it is restored
(high temperature), and vice versa.

2. Model and results

The model used for this analysis is the AdS/QCD model introduced in [5] with a different metric.
In order to study QCD at finite temperature, a black hole is introduced in the five-dimensional AdS
spacetime. The metric in Eddington-Finkelstein coordinates reads

𝑑𝑠2 = −𝐴(𝑧, 𝑣)𝑑𝑣2 + Σ(𝑧, 𝑣)2𝑒𝐵(𝑧,𝑣)𝑑𝑥2
⊥ + Σ(𝑧, 𝑣)2𝑒−2𝐵(𝑧,𝑣)𝑑𝑦2 − 2

𝑧2 𝑑𝑣𝑑𝑧 , (1)

respecting spatial 3𝑑 translation invariance along the boundary directions {𝑥1, 𝑥2, 𝑦}, and 𝑂 (2)
rotation invariance in the plane 𝑥⊥ = {𝑥1, 𝑥2} [6]. The black-hole horizon is placed at 𝑧 = 𝑧ℎ, such
that 𝐴(𝑧ℎ, 𝑣) = 0. A background dilaton field 𝜙 = 𝑐2𝑧2 (independent of time) breaks conformal
invariance producing a four-dimensional confining theory on the boundary of the AdS space. To
compute the chiral condensate, a scalar field 𝑋 (𝑧, 𝑣) dual to the QCD 𝑞𝑞 operator is introduced:
𝑋 = 𝑒𝑖 𝜋 (𝑋0 + 𝑆)𝑒𝑖 𝜋 , with 𝑆 describing scalar mesons, 𝜋 describing pseudoscalar mesons, and the
vacuum expectation value 𝑋0 containing the chiral condensate [7, 8]. For 𝑛 𝑓 = 2 identical quarks,
𝑋0(𝑧, 𝑣) = 1

2𝑋𝑞 (𝑧, 𝑣)diag(1, 1). The action for this field is [9]:

𝑆 ∝
∫

𝑑5𝑥
√−𝑔 𝑒−𝜙 (𝑧)

[
(𝜕𝑀𝑋𝑞) (𝜕𝑀𝑋𝑞) + 𝑚2

5𝑋
2
𝑞 + 𝜆

4
𝑋4
𝑞

]
, (2)

with 𝑚2
5 = −3 − 𝜇2𝑧2. The parameters of the model were fixed in [5] fitting the hadron spectra in

the pseudoscalar, scalar, vector, and axial-vector sectors. The obtained values are 𝑐 = 440 MeV,
𝜇 = 1450 MeV, 𝜆 = 80. From the action (2), the equation of motion for the field 𝑋𝑞 is obtained

𝜕𝑀 (√−𝑔 𝑒−𝜙 (𝑧) 𝜕𝑀𝑋𝑞 (𝑧, 𝑣)) − 𝑚2
5
√−𝑔 𝑒−𝜙 (𝑧) 𝑋𝑞 (𝑧, 𝑣) −

𝜆

2
√−𝑔 𝑒−𝜙 (𝑧) 𝑋𝑞 (𝑧, 𝑣)3 = 0 . (3)

For small values of 𝑧, 𝑋𝑞 behaves as

𝑋𝑞 (𝑧, 𝑣) −−−→
𝑧→0

𝑚𝑞 𝛾 𝑧 + 𝜎(𝑣) 𝑧3 +
(
𝑐2𝑚𝑞𝛾 + (𝑚𝑞𝛾)3𝜆

4
− 1

2
𝑚𝑞𝛾𝜇

2
𝑐

)
𝑧3 log 𝑧 + O(𝑧5) (4)
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where 𝑚𝑞 is the quark mass, which is assumed to be constant, and 𝛾 =
√
𝑁𝑐/2𝜋 [10]. Moreover,

the solution must be regular at 𝑧 → 𝑧ℎ [10, 11]. These behaviours fix the boundary conditions for
𝑋𝑞. The chiral condensate can be extracted from the coefficient of the 𝑧3 term in the expansion (4):
⟨𝑞𝑞⟩ = 𝛾𝜎 [10].

As a first step, it is useful to summarize results for the chiral condensate at equilibrium, in
which the metric is AdS one with a static black hole, with

𝐴(𝑧, 𝑣) = 1/𝑧2(1 − 𝑧4/𝑧4
ℎ) Σ(𝑧, 𝑣) = 1/𝑧 𝐵(𝑧, 𝑣) = 0 . (5)

The temperature 𝑇 of the dual gauge theory is given by 𝑇 = 1/(𝜋𝑧ℎ). At low temperatures the
chiral condensate is finite and it starts decreasing as temperature rises, eventually vanishing at high
temperatures, where chiral symmetry is restored [4, 5]. In the chiral limit (𝑚𝑞 = 0) the transition
is second order, with critical temperature 𝑇𝑐 ∼ 163 MeV, while at physical values of the quark
masses it is a crossover, as expected in a two-flavor model. In the chiral limit the value of 𝜎 at zero
temperature is 𝜎0 = 0.0536 GeV3, corresponding to a chiral condensate ⟨𝑞𝑞⟩ = (245 MeV)3. For
𝑚𝑞 = 3.22 MeV, the value of 𝜎 at zero temperature is 𝜎0 = 0.0545 GeV3, corresponding to a chiral
condensate ⟨𝑞𝑞⟩ = (247 MeV)3.

Let us consider an out-of-equilibrium framework, in which the metric functions depend on time
as well, and study how the system relaxes towards equilibrium. Two different backgrounds, each
characterised by a different behaviour of the black-hole horizon with respect to time, are considered,
producing two different examples of variation of temperature with time.

In the first scenario, the metric functions are assumed to be the equilibrium ones (5), with 𝑧ℎ

changing linearly or quadratically with time:

𝑧ℎ (𝑣)/𝑧ℎ (0) = 1 ± Λℓ (𝑣/𝑧ℎ (0))𝑎 𝑎 = 1, 2 . (6)

Defining the effective temperature as at equilibrium 𝑇 (𝑣) = 1/(𝜋𝑧ℎ (𝑣)), one gets

𝑇 (𝑣)/𝑇 (0) = (1 ± Λℓ (𝑣/𝑧ℎ (0))𝑎)−1 . (7)

In both equations, if the sign is plus, 𝑧ℎ increases (temperature decreases) with time, so the system
is cooling; on the contrary, if this sign is minus, 𝑧ℎ decreases (temperature increases) with time, so
the system is heating. If the parameter Λℓ is large, the time variation of temperature is rapid.

The behaviour of the system also depends on initial conditions. We first consider a low initial
temperature (𝑇 (0) ∼ 80 MeV) at which the system is at equilibrium, and see how it evolves as
temperature is increased. Results are shown in Fig. 1. In all the considered cases chiral symmetry
is eventually restored and the chiral condensate smoothly goes to zero both when 𝑚𝑞 = 0 and for
finite 𝑚𝑞. As expected, the curves deviate more from equilibrium when 𝑧ℎ depends quadratically
on time and when the parameter Λℓ is bigger. In particular, in these cases small values of the chiral
condensate are reached at higher temperatures with respect to the static case.

Under the same conditions, if the initial state is perturbed from equilibrium, oscillations of
the chiral condensate around the equilibrium curve are also observed at first, as shown in Fig. 2.
For smaller values of Λℓ the oscillations are faster and the system reaches equilibrium at lower
temperatures.

3
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Figure 1: Time-dependent chiral condensate as a function of the effective temperature 𝑇 (𝑣) in Eq. (7)
(minus sign) for 𝑚𝑞 = 0 (left panel) and 𝑚𝑞 = 3.22 MeV (right panel), with the values of the parameters
(𝑎,Λℓ) indicated in the legend. Time increases from left to right. The initial condition is the solution at
equilibrium at 𝑇 (0) ∼ 80 MeV (𝑧ℎ (0) = 4 GeV−1). The values of the chiral condensate computed in the
static case are shown by the gray plain curve. 𝜎0 is the value of 𝜎 at 𝑇 = 0 at equilibrium.
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Figure 2: Time-dependent chiral condensate as a function of 𝑇 (𝑣) in Eq. (7) (minus sign) for 𝑚𝑞 = 0 (left
panel) and 𝑚𝑞 = 3.22 MeV (right panel), with the values of the parameters (𝑎,Λℓ) indicated in the legend.
Time increases from left to right. The initial condition is set at 𝑧ℎ (0) = 4 GeV−1 and it is given by Eq. (4)
with 𝜎 = 1/𝑧ℎ (0)3.

We now consider the case in which the initial temperature is close to the critical temperature,
with the system at equilibrium, and then it decreases with time. Fig. 3 shows that at first the system
tends to stay close to the initial condition, so 𝜎 remains small, and then it starts growing, following
the static curve. Eventually, the dynamical solution approaches the static one, and in this stage
oscillations can occur bringing the system towards equilibrium.

A similar behaviour is found if the initial temperature is higher and the initial condition is
perturbed from equilibrium, as shown in Fig. 4. Also in this case, major differences with respect to
the static case are found in the chiral limit.

Let us consider a different scenario, the one in which the energy-momentum tensor (EMT) of

4
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Figure 3: Time-dependent chiral condensate as a function of 𝑇 (𝑣) in Eq. (7) (plus sign) for 𝑚𝑞 = 0 (left
panel) and 𝑚𝑞 = 3.22 MeV (right panel), with the values of the parameters (𝑎,Λℓ) indicated in the legend.
Time increases from right to left. The initial condition is the solution at equilibrium at 𝑧ℎ (0) = 1.949 GeV−1,
corresponding to 𝑇 (0) ∼ 163 MeV.
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Figure 4: Time-dependent chiral condensate as a function of 𝑇 (𝑣) in Eq. (7) (plus sign), with the values of
the parameters (𝑎,Λℓ) indicated in the legend. Time increases from right to left. Left panel: 𝑚𝑞 = 0; initial
condition is given by Eq. (4) with 𝜎 = 0.1/𝑧ℎ (0)3 at 𝑧ℎ (0) = 1.7 GeV−1 (𝑇 (0) ∼ 187 MeV). Right panel:
𝑚𝑞 = 3.22 MeV; initial condition is 𝑋𝑞 = 0 at 𝑧ℎ (0) = 1 GeV−1 (𝑇 (0) ∼ 320 MeV).

the 4𝑑 gauge theory is the one obtained in viscous hydrodynamics through a Bjorken expansion,
with components [12]:

𝜖 (𝑣) =
3𝜋4Λ4

4(Λ𝑣)4/3

[
1 − 2𝑐1

(Λ𝑣)2/3 + 𝑐2

(Λ𝑣)4/3 + O
(

1
(Λ𝑣)2

)]
(8)

𝑝 ∥ (𝑣) =
𝜋4Λ4

4(Λ𝑣)4/3

[
1 − 6𝑐1

(Λ𝑣)2/3 + 5𝑐2

(Λ𝑣)4/3 + O
(

1
(Λ𝑣)2

)]
(9)

𝑝⊥(𝑣) =
𝜋4Λ4

4(Λ𝑣)4/3

[
1 − 𝑐2

(Λ𝑣)4/3 + O
(

1
(Λ𝑣)2

)]
, (10)

where 𝑐1 =
1

3𝜋
, 𝑐2 =

1 + 2 log 2
18𝜋2 , and Λ is a parameter. The effective temperature can be defined

5
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Figure 5: Time-dependent chiral condensate as a function of 𝑇 (𝑣) in Eq. (11) with 𝑚𝑞 = 0. Time increases
from right to left. Left panel: initial condition is given by Eq. (4) with 𝜎 = 10−5/𝑧ℎ (𝑣0)3 at 𝑧ℎ (𝑣0) = 1.9
GeV−1, corresponding to 𝑇 (𝑣0) ∼ 168 MeV (𝑣0 is the initial time). Right panel: initial condition is given by
Eq. (4) with 𝜎 = 10−3/𝑧ℎ (0)3 at 𝑧ℎ (𝑣0) = 2.5 GeV−1 (𝑇 (𝑣0) ∼ 127.3 MeV).

from the energy density 𝜖 (𝑣) = 3
4𝜋

4𝑇 (𝑣)4, getting

𝑇 (𝑣) =
Λ

(Λ𝑣)1/3

[
1 − 1

6𝜋(Λ𝑣)2/3 + −1 + log 2
36𝜋2(Λ𝑣)4/3 + O

(
1

(Λ𝑣)2

) ]
, (11)

so it decreases with time as 𝑣−1/3 plus viscous corrections. In this framework, for large Λ the
variation is slow.

The 5𝑑 metric that through holographic renormalization procedure gives the EMT in Eqs.
(8)-(10) has [13, 14]

𝐴(𝑧, 𝑣) =
1
𝑧2

(
1 − 4𝑧4

3
𝜖 (𝑣)

)
(12)

Σ(𝑧, 𝑣) =
1
𝑧
(𝑣 + 𝑧)1/3 (13)

𝐵(𝑧, 𝑣) =
𝑧4

3
(𝑝⊥(𝑣) − 𝑝 | | (𝑣)) −

2
3

log(𝑣 + 𝑧) . (14)

The following values of Λ have been obtained in [15] by studying with gauge/gravity duality
the thermalization of a system driven far from equilibrium by boundary sourcing [6], namely by
perturbing the boundary metric and investigating how the bulk metric evolves towards equilibrium:
Λ = 2.25 GeV in model A1, Λ = 1.73 GeV in model A2, Λ = 1.12 GeV in model B, and Λ = 1.59
GeV in model C. Results are similar to those obtained in the previous simplified model, as shown
in Fig. 5.

Finally, we have found that in thess kinds of systems a prethermalization stage, i.e. a quasista-
tionary state different from the true thermal equilibrium [16], can emerge. This behaviour can be
observed in the chiral limit if the initial temperature is close to the critical one [10], as shown in
Fig. 6, where the plateau indicates the prethermalization stage. Equilibrium is eventually reached.
The duration of the prethermalization phase depends on how fast the temperature changes with time
and how much the initial condition deviates from the equilibrium one.

6
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Figure 6: Time-dependent chiral condensate as a function of 𝑣 − 𝑣0, with 𝑣0 the initial time, in the hydrody-
namic model described by Eqs. (8)-(14) with 𝑚𝑞 = 0. The initial condition 𝑋𝑞 (𝑧, 𝑣0) = 10−4 (𝑧/𝑧ℎ (𝑣0))3 is
set close to 𝑇𝑐 at 𝑧ℎ (𝑣0) = 1.949 GeV−1. The results at equilibrium are shown by the dashed curves.

3. Concluding remarks

The evolution of the chiral condensate in a time-dependent background has been studied in an
AdS/QCD model at finite temperature for 𝑛 𝑓 = 2 identical quarks. Two different scenarios have been
considered: a power-law time dependence of the black-hole horizon 𝑧ℎ (𝑣), and the one foreseen by
viscous hydrodynamics. Two different initial conditions have been used: the equilibrium solution
and a perturbed profile. Deviation from equilibrium increases as the rate of temperature variation
over time becomes more pronounced. At low temperatures the chiral condensate oscillates around
the equilibrium value when the solution approaches the static one with an energy excess. For finite
quark mass, if temperature varies slowly with time, the chiral condensate evolves through quasistatic
transformations (i.e. adiabatically), so it gets almost the same values as in the static case, and this is
roughly independent of the initial condition, since thermalization is very quick. Major differences
with respect to equilibrium values are instead observed in the chiral limit (𝑚𝑞 = 0). Finally, a
prethermalization stage has been found in the chiral limit when the initial temperature is close to
the critical one.
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