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Non-singular matter bouncing cosmological setups are of particular interest since apart from
adressing the initial singularity problem they can give rise as well to a nearly scale-invariant
curvature power spectrum on scales 𝑘 < 104Mpc−1, favored by Cosmic Microwave Background
(CMB) experiments. Interestingly enough, one can find that within such non-singular bouncing
cosmological setups, curvature perturbations grow on super-horizon scales during the matter
contracting phase. In this work, we account for the evolution of cosmological perturbations
during the transition to the Hot Big Bang expanding Universe, finding at the end naturally enhanced
curvature perturbations on very small scales at horizon-crossing time during the expanding phase.
These enhanced cosmological perturbations can induce gravitational waves (GWs) due to second
order gravitational interactions and collapse as well to form primordial black holes (PBHs), with
the latter acting as one of the most viable dark matter candidates. Remarkably, we find an induced
GW background with a universal infrared (IR) frequency scaling of 𝑓 2, in excellent agreement with
the recently released nHz GW data by the NANOGrav collaboration, being potentially detectable
as well by other GW observatories such as LISA and ET, depending on the values of the bouncing
cosmological parameters at hand.
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1. Introduction

According to the recent release of the 15-year pulsar timing array (PTA) gravitational-wave data
by the NANOGrav Collaboration, there is strong evidence in favor of the existence of a gravitational-
wave (GW) background at the nHz frequency range [1], having initiating during the past two years
an enormous research activity focusing in the interpretation of this low-frequency GW background.
In particular, among many works in the topic, there have been proposed possible explanations of
the PTA nHz GW data within the context of supermassive black hole binaries loosing energy in the
form of gravitational waves [2–4] as well within cosmological setups like cosmic strings [5–13],
domain walls [14–21], primordial first-order phase transitions [22–37], inflation [38–45], scalar-
induced gravitational waves [46–55] as well as within other more exotic scenarios [56–60]. The
interested reader can study [61] for a recent review on the different possible interpretations of the
NANOGrav/PTA GW signal.

Within this work, we will focus on a non-singular bouncing cosmological scenario [62, 63]
which actually postulates a Universe being in a contracting phase before transitioning at some point
(bounce) to the expanding Hot Big Bang (HBB) era. Interestingly enough, non-singular bouncing
cosmology is free of the initial singularity problem present in inflationary cosmology [64] being
able to address as well the horizon and flatness problems [65]. It can also account for a nearly
scale-invariant primordial curvature power spectrum on large scales [66–68], being thus in excellent
agreement with CMB observational data [69, 70].

In order to realise a non-singular bouncing cosmological era, one must postulate an effective
violation of the null energy condition for a short time interval. This requirement can be naturally
achieved within the context of extended theories of gravity [71–73]. Among other modified
gravity setups, one can realise non-singular bounces within higher order gravity theories [74–76],
𝑓 (𝑅) [77, 78], 𝑓 (𝑇) [79] and 𝑓 (𝑄) gravity [80], within Ekpyrotic [81, 82] and Pre-Big-Bang [83]
scenarios, massive gravity [84], DHOST and cyclic [85–87] setups [88–90], as well with braneworld
cosmology [91, 92] and loop quantum gravity [93, 94].

In this work, we will study in a model-independent way the production of scalar-induced
gravitational waves (SIGWs) and primordial black holes (PBHs) within non-singular bouncing
cosmology 1 in relation with the NANOGrav nHz GW data, based on our previous work [101]. In
particular, we will focus on matter bouncing cosmological setups where one is inevitably met with a
scale-invariant curvature power spectrum on CMB scales and a growth of the primoridal curvature
perturbations on super-horizon scales during the matter contracting phase [97], leading ultimately
to an enhanced PBH formation on small scales and an abundant production of scalar-induced
gravitational waves (SIGWs).

The paper is organised as follows: In Sec. 2, we study in a model-independent way the back-
ground and the perturbation evolution within non-singular matter bouncing cosmology, deducing
ultimately the primordial curvature power spectrum at horizon crossing time during the HBB ex-
panding era. Followingly, in Sec. 3, we investigate the production of PBHs and compute their
relative contribution to dark matter within the framework of peak theory. Then, in Sec. 4, we

1We need to note here that there have been already some first works connecting PBHs with bouncing cosmology both
at the analytical [95–98] as well as at the numerical level [99]. PBH production was explored as well during the HBB
era but solely within the context of 𝑓 (𝑅) theory of gravity [100].
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explore the GW background induced at second order in cosmological perturbation theory by scalar
metric perturbations (SIGWs) during the HBB expanding era, in relation with the recently released
NANOGrav nHz GW data checking also its detectability by future GW observatories such as LISA
and ET. Finally, in Sec. 5 we conclude.

2. Non-singular bouncing cosmology

We consider here a non-singular bouncing model which experiences initially a matter-dominated
contracting phase, passes then through a non-singular bounce, and transitioning ultimately finally
into the HBB expanding phase, being radiation-dominated. The bouncing phase starts and end at
𝑡− and 𝑡+ respectively with 𝑡 = 0 being the cosmic time when the Hubble parameter becomes zero,
i.e. 𝐻 = 0 (bouncing point).

Regarding the background dynamical evolution, one can show that under the assumptions
mentioned above the scale factor can be phenomenologically written in every cosmic epoch as
follows: [102, 103].

(i) Contracting Phase (𝑡 < 𝑡−):

𝑎(𝑡) = 𝑎−

(
𝑡 − 𝑡−
𝑡− − 𝑡−

)2/3
, (1)

with 𝑎− being the scale factor at the end of the matter contracting phase/beginning of the bouncing
phase, i.e. at 𝑡 = 𝑡−. If 𝐻− stands for the Hubble parameter at 𝑡−, one then gets that 𝑡− − 𝑡− = 2

3𝐻−
.

Note that 𝑡− in Eq. (1) is a negative integration constant introduced here so as to achieve an analytic
continuation of 𝐻 at 𝑡−.

(ii) Bouncing Phase (𝑡− ≤ 𝑡 ≤ 𝑡+):

𝑎(𝑡) = 𝑎b𝑒
Υ𝑡2

2 , (2)

with 𝑎b being the scale factor at 𝑡 = 0 and Υ a model parameter depending on the particulars of the
underlying theory of gravity being responsible for the bounce. Imposing analytic continuation of
𝑎 at 𝑡− one finds that 𝑎− = 𝑎b exp[Υ𝑡2−/2], while the Hubble parameter during the bouncing phase
reads as

𝐻 (𝑡) = Υ𝑡 . (3)

(iii) Hot Big Bang Expanding Phase (𝑡 > 𝑡+):

𝑎(𝑡) = 𝑎+

(
𝑡 − 𝑡+
𝑡+ − 𝑡+

)1/2
, (4)

with 𝑡+ = 𝐻+/Υ and 𝑡+ − 𝑡+ = 1
2𝐻+

. Requiring again the scale factor to be continuous at the end of

the bouncing phase/beginning of the HBB era, i.e. at 𝑡 = 𝑡+, one acquires 𝑎+ = 𝑎b𝑒
Υ𝑡2

+
2 .

Going at the perturbative level, one should highlight that an initial sub-horizon mode 𝑘 crosses
the cosmological horizon during the contracting phase, re-enters again in and around the bouncing
phase and, after re-crossing the cosmological horizon gets again in causal contact with the observable
Universe during the HBB phase. In the following sections, being agnostic on the underlying gravity
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theory driving the bounce, we study the dynamics of the perturbations during each of the three
aforementioned cosmic eras in a model-independent way.

We will work in terms of the Fourier mode of the Mukhanov-Sasaki (MS) variable 𝑣𝑘 , being
associated to the comoving curvature perturbationR𝑘 as 𝑣𝑘 = 𝑧R𝑘 where 𝑧 = 𝑎

√
𝜌+𝑝

𝑐𝑠𝐻𝑀Pl
. 𝑐s denotes the

curvature perturbation sound speed and 𝑀Pl the reduced Planck mass, while 𝜌 and 𝑝 are the energy
and pressure densities, correspondingly. Introducing the conformal time 𝜂 defined as d𝜂 ≡ d𝑡/𝑎,
the evolution of 𝑣𝑘 will be governed by the following equation:

𝑣′′𝑘 +
(
𝑐2

s 𝑘
2 − 𝑧′′

𝑧

)
𝑣𝑘 = 0 , (5)

Imposing thus vacuum Bunch-Davies initial conditions deep in the sub-horizon regime, i.e. 𝑣𝑘 (𝑘 ≫
𝑎𝐻) ≃ 𝑒−𝑖𝑘𝜂√

2𝑘
, one finds that 𝑣𝑘 during the matter contracting phase can be recast as

𝑣m
𝑘 =

√︁
𝜋(−𝜂)

2
𝐻

(1)
3/2 [𝑐𝑠,𝑚𝑘 (−𝜂)] , (6)

where 𝐻
(1)
3/2 is the 3

2 -order Hankel function of the first kind. Thus, the reduced curvature power

spectrum PR (𝑘), related to R(𝑘) as PR (𝑘) ≡ 𝑘3

2𝜋2 |R𝑘 |2, will read as

PR (𝑘) =
𝑘3

2𝜋2

����𝑣𝑘𝑧 ����2 =
𝑐2

s,m𝑘
3(−𝜂)

24𝜋𝑀2
Pl𝑎

2

���𝐻 (1)
3/2 [𝑐s,m𝑘 (−𝜂)]

���2 . (7)

As one can see from Eq. (7), on large scales, i.e. 𝑐s,m𝑘 ≪ |𝑎𝐻 |, we get an almost scale invariant
but dynamical PR (𝑘), reading as PR (𝑘) ≃ 𝑎3

−𝐻
2
−

48𝜋2𝑐s,m𝑀2
Pl𝑎

3 , something which is in contrast with the
conservation of the curvature perturbations on superhorizon scales in an expanding Universe. More
specifically, within non-singular matter bouncing cosmology, one gets a curvature power spectrum
PR (𝑘) growing with time, since during the matter contracting phase 𝑎 is decreasing with time. On

small scales, i.e. 𝑐s,m𝑘 ≫ |𝑎𝐻 |, we obtain from Eq. (7) that PR (𝑘) ≃ 𝑎3
−𝐻

2
−

12𝜋2𝑐s,m𝑀2
Pl𝑎

3

(
𝑐s,m𝑘

𝑎𝐻

)2
.

Requiring at the end continuity of 𝑣𝑘 and 𝑣′
𝑘

at 𝑡 = 𝑡− and 𝑡 = 𝑡+, one can obtain in the limit of a
short duration bouncing phase the MS variable 𝑣𝑘 during the HBB radiation-dominated phase, 𝑣RD

𝑘
.

Finally, after a long but straightforward calculation [See [101] for more details] and accounting
also for the conservation of the curvature perturbation on super-horizon scales during an expanding
phase, the primordial curvature power spectrum PR (𝑘) at horizon crossing time, i.e. 𝑘 = 𝑎𝐻,
during the HBB expanding era will read as

PR (𝑘) ≃ 0.7Υ8 cos2 𝐴2

𝑐3
s,m𝐻

4
−𝐻

2
+𝜋

2(𝐻2
+ + 2Υ)4

−
1.4𝐵2√𝑐s,m Υ17/2 cos 𝐴 sin 𝐴

√
𝑘

𝑐3
𝑠,𝑚𝐻

4
−𝐻

2
+𝜋

2(𝐻2
+ + 2Υ)4

+
Υ5

[
0.7𝑐s,m𝐻

3
− sin 𝐴2 + 0.9𝐵2Υ cos 𝐴

(
− 2Υ2 cos 𝐴

𝐻+ (𝐻2
++2Υ) +

√
Υ sin 𝐴

)]
𝑘

4𝑐3
s,m𝐻

5
−𝐻

2
+𝜋

2
(
1 + 𝐻2

+
2Υ

)2
(𝐻2

+ + 2Υ)2
,

(8)
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Figure 1: The solid blue curve corresponds to the full curvature power spectrum, for 𝐻+ = 10−10𝑀Pl, 𝐻− =

6×10−11𝑀Pl and Υ = 1.7345×10−10𝑀2
Pl. The dashed green curve corresponds to the analytic approximation

for PR (𝑘) up to linear order in 𝑘 , while the dashed red curve depicts the analytic approximation for PR (𝑘)
up O(𝑘9/2).

where 𝐴 = (𝐻− +𝐻+)/
√
Υ and 𝐵 =

√︁
𝐻−/Υ . From Eq. (8), one can infer that the first term gives us

a scale-invariant power spectrum on large scales, favored by CMB observational probes, while the
second and the third terms lead to an enhancement of PR (𝑘) on small scales, responsible for PBH
formation and SIGW production. From Fig. 1, it is shown clearly, that the analytic approximate
expression (8) for PR (𝑘) (green dashed curve) can reproduce quite well the full numerical result
(blue curve) at least within the perturbative regime, i.e. where PR (𝑘) < 1. As we start to probe the
non-perturbative regime for high values of 𝑘 , one needs to expand PR (𝑘) to higher orders in 𝑘 so
as to account for the full non-perturbative behavior.

At this point, we need to stress that the enhancement of curvature perturbations on small
scales is a generic feature of any non-singular matter bouncing cosmological setup. This is can
be understood by the the growth of the curvature perturbations on super-horizon scales during
the matter contracting phase, independently of the parametrisation of the scale factor during the
bouncing phase [See Eq. (7)]. Notably, when passing from a contracting to an expanding phase,
both the amplitude and the shape of the curvature power spectrum remain unchanged due to a
no-go theorem [104, 105], independently of the duration of the bouncing phase. One then can get
a generic non-“fine-tuned" mechanism for the growth of curvature perturbations on small scales,
responsible for PBH formation and an abundant production of induced GWs.

5
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3. Primordial black hole formation in the expanding Hot Big Bang era

Having obtained above an enhanced PR (𝑘) on small scales, one is met inevitably with the
formation of PBHs when the energy density contrast 𝛿 of a local overdensity region becomes
greater than a critical threshold value 𝛿𝑐. Since PBHs constitute a viable non-particle candidate for
dark matter, we can compute firstly the PBH abundance and the relevant contribution of PBHs to
the present dark matter density.

In order to perform such an analysis we need to relate first the energy density contrast 𝛿 with
the comoving curvature perturbation R. In the linear regime, i.e. R ≪ 1, one can show that 𝛿 and
R are related as

𝛿𝜌

𝜌b
≃ − 1

𝑎2𝐻2
2(1 + 𝑤)
5 + 3𝑤

∇2R(𝑟) =⇒ 𝛿𝑘 =
𝑘2

𝑎2𝐻2
2(1 + 𝑤)
5 + 3𝑤

R𝑘 , (9)

where one may notice the presence of a natural 𝑘2 damping relevant for the large scales that cannot
be observed.

However, since the process of formation of PBHs is a fully non-linear process one need to
account for the full non-linear relation between 𝛿 and R. Interestingly enough, one can infer that
the smoothed energy density contrast, 𝛿m, relates with the linear energy density contrast 𝛿𝑙, given
by Eq. (9), as [106, 107]

𝛿m = 𝛿𝑙 −
3
8
𝛿2
𝑙 , (10)

where sub-horizon scales have been smoothed out so as to account for the cloud-in-cloud problem,
while larger scales are suppressed due to the 𝑘2 damping seen in Eq. (9). The smoothed linear
energy density contrast, 𝛿𝑙 can be defined as

𝛿𝑅𝑙 ≡
∫

d3®𝑥′𝑊 (®𝑥, 𝑅)𝛿(®𝑥 − ®𝑥′), (11)

where 𝑊 (®𝑥, 𝑅) stands for a Gaussian window function, written in 𝑘 space as [108]

𝑊̃ (𝑅, 𝑘) = 𝑒−𝑘
2𝑅2/2, (12)

with 𝑅 denoting the smoothing scale, roughly equal to the comoving horizon scale 𝑅 = (𝑎𝐻)−1 for
nearly monochromatic PBH mass distributions. From Eq. (9), one can define as well the smoothed
variance of 𝛿 as

𝜎2 ≡ ⟨
(
𝛿𝑅𝑙

)2
⟩ =

∫ ∞

0

d𝑘
𝑘
P𝛿𝑙 (𝑘, 𝑅)

=
4(1 + 𝑤)2

(5 + 3𝑤)2

∫ ∞

0

d𝑘
𝑘
(𝑘𝑅)4𝑊̃2(𝑘, 𝑅)PR (𝑘),

(13)

where P𝛿𝑙 (𝑘, 𝑅) and PR (𝑘) denote correspondingly the reduced energy density and curvature
power spectra.

With regard to the PBH mass, the latter is of the order of the mass within the cosmological
horizon when PBHs form, i.e. at horizon crossing time, denoted as 𝑀H, while its full mass spectrum
will obey to the following critical collapse scaling law: [109–112],

𝑀PBH = 𝑀HK(𝛿 − 𝛿c)𝛾 . (14)

6
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In the above expression, 𝛾 is a critical exponent, depending on the equation-of-state (EoS) paremeter
at the time of PBH formation. For radiation, 𝛾 ≃ 0.36. On the other hand, the parameter K depends
both on the EoS parameter as well as on the shape of the collapsing overdensity region. In what
follows, we will consiser a typical value forK ≃ 4 based on numerical simulations of PBH formation
during the radiation-dominated era [111].

Concerning now the PBH formation threshold value, 𝛿c, it will depend, in general, on the shape
of the collapsing curvature perturbation profile [113, 114] as well as on the EoS parameter at the
time of PBH formation [115–117]. Since in our case, we consider spherical gravitational collapse
of PBHs during the RD era, we will study only the effect of the profile shape of the collapsing
curvature power spectrum on 𝛿c, following closely the analysis described in in [114].

One then can straightforwardly show within the context of peak theory that the abundance
ΩPBH(𝑀), of PBHs with mass 𝑀 , can be recast as

ΩPBH(𝑀) =
∫ 4

3𝜎

𝜈c

d𝜈
K

4𝜋2

(
𝜈𝜎 − 3

8
𝜈2𝜎2 − 𝛿c

)𝛾
𝜇3𝜈3

𝜎3 𝑒−𝜈
2/2, (15)

where 𝜈c = 𝛿c,𝑙/𝜎, 𝛿c,𝑙 =
4
3

(
1 −

√︃
2−3𝛿c

2

)
and 𝜇 stands for first moment of the smoothed curvature

power spectrum, being defined as

𝜇2 =

∫ ∞

0

d𝑘
𝑘
P𝛿𝑙 (𝑘, 𝑅)

(
𝑘

𝑎𝐻

)2

=
4(1 + 𝑤)2

(5 + 3𝑤)2

∫ ∞

0

d𝑘
𝑘
(𝑘𝑅)4𝑊̃2(𝑘, 𝑅)PR (𝑘)

(
𝑘

𝑎𝐻

)2
.

(16)

Defining then, the contribution of PBHs to the dark matter abundance, 𝑓PBH, as

𝑓PBH ≡
ΩPBH,0

ΩDM,0
, (17)

where the subscript 0 refers to our present epoch, one finds straightforwardly that 𝑓PBH will read as

𝑓PBH =

(
𝛽(𝑀)

3.27 × 10−8

) (
106.75
𝑔∗,f

)1/4 (
𝑀

𝑀⊙

)−1/2
, (18)

where 𝑀⊙ stands for the mass of the sun and 𝑔∗,f for the number of relativistic degrees of freedom,
which for our case, considering PBHs in the very early Universe, is of the order of 100 [118].

In Fig. 2, we depict the PBH energy density contribution to dark matter 𝑓PBH as a function of the
PBH mass for two different fiducial sets of the theoretical parameters involved, namely the Hubble
parameter at the onset of HBB phase, 𝐻+, the Hubble parameter at the end of the matter contracting
phase 𝐻−, and the bouncing parameter Υ. We also superimpose observational constraints on
𝑓PBH from evaporation (blue region) [119–123], microlensing (red region) [124–127], GW (green
region) [128, 129] and CMB (violet region) [130] observational probes.

As one may infer from Fig. 2, we can produce PBH masses spanning many orders of magnitude,
depending on the values of 𝐻+, 𝐻− and Υ. As we mentioned above, the PBH mass 𝑀PBH will be
of the order of the mass within the cosmological horizon at horizon crossing time during the HBB

7
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Figure 2: The energy density contribution of PBHs to dark matter, expressed here as 𝑓PBH = ΩPBH,0/ΩDM,0
as a function of the mass of PBHs. The colored regions are excluded from evaporation (blue region),
microlensing (red region), gravitational-wave (green region) and CMB (violet region) observational probes.
The data for the constraints on 𝑓PBH were obtained from [131].

expanding era [See Eq. (14)]. One then obtains straightforwardly that 𝑀PBH will scale with 𝐻+,
𝐻−, Υ and the comoving scale 𝑘 as

𝑀PBH ≃ 𝑀H =
4𝜋𝑀2

Pl

𝐻hc(𝐻+, 𝐻−,Υ, 𝑘)
=

𝜋𝑀2
Pl𝐻+

(
𝐻2

+ + 2Υ
)2

Υ2𝑘2 , (19)

where 𝐻hc is the Hubble parameter at horizon crossing time during the HBB era.

Notably, as one can see from Fig. 2 for 𝐻+ = 10−4𝑀Pl, 𝐻− = 6 × 10−5𝑀Pl and Υ = 5.3658 ×
10−15𝑀2

Pl, we can easily produce PBH masses of the order of one solar mass, being the typical
black hole progenitor masses probed by LIGO-VIRGO-KAGRA (LVK). On the othe hand, for
𝐻+ = 10−10𝑀Pl, 𝐻− = 6 × 10−11𝑀Pl and Υ = 1.7345 × 10−25𝑀2

Pl, one produces PBHs within the
observationally unconstrained asteroid-mass window with 𝑓PBH ≃ 1, accounting thus for the totality
of the dark matter

We need to highlight here that in order to stay within the linear regime, we impose a non-linear
cut-off scale 𝑘NL depending on 𝐻+, 𝐻− and Υ such as that PR (𝑘NL) = 0.1. Considering scales
smaller that the non-linear cut-off, i.e. 𝑘 > 𝑘NL, one enters into the regime where cosmological
perturbation theory is not valid anymore and no analytic treatment of our calculation can be adopted.
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4. Scalar induced gravitational waves

Let us now investigate in this section the generation of GWs induced by second order gravita-
tional interactions by enhanced scalar/curvature perturbations [132–135] [See [136] for a review].
Working in the Newtonian gauge 2, the perturbed Friedman-Lemaître-Robertson-Walker (FLRW)
metric can be recast as

d𝑠2 = 𝑎2(𝜂)
{
−(1 + 2Φ)d𝜂2 +

[
(1 − 2Φ)𝛿𝑖 𝑗 +

ℎ𝑖 𝑗

2

]
d𝑥𝑖d𝑥 𝑗

}
, (20)

where Φ stands for the first-order scalar perturbation while ℎ𝑖 𝑗 denotes the second-order tensor
perturbation. One then can straightforwardly derive the equation of motion in the Fourier space
which will read as [144, 145]:

ℎ
𝑠,′′
𝒌

+ 2Hℎ
𝑠,′
𝒌

+ 𝑘2ℎ𝑠𝒌 = 4𝑆𝑠𝒌 , (21)

where 𝑠 = (+), (×) denotes the two GR tensor polarisation modes and 𝑆𝑠
𝒌

accounts for a source
term written as [146, 147]

𝑆𝑠𝒌 =

∫
d3𝑞

(2𝜋)3/2 𝑒
𝑠 (𝒌, 𝒒)𝐹 (𝒒, |𝒌 − 𝒒 |, 𝜂)𝜙𝒒𝜙𝒌−𝒒 , (22)

with 𝑒𝑠 (𝒌, 𝒒) ≡ 𝑒𝑠
𝑖 𝑗
(𝒌)𝑞𝑖𝑞 𝑗 and 𝑒

(𝑠)
𝑖 𝑗

standing for two GR polarisation tensors defined as

𝑒
(+)
𝑖 𝑗

(𝒌) ≡ 1
√

2

[
𝑒𝑖 (𝒌)𝑒 𝑗 (𝒌) − 𝑒𝑖 (𝒌)𝑒 𝑗 (𝒌)

]
, (23)

𝑒
(×)
𝑖 𝑗

(𝒌) ≡ 1
√

2

[
𝑒𝑖 (𝒌)𝑒 𝑗 (𝒌) + 𝑒𝑖 (𝒌)𝑒 𝑗 (𝒌)

]
, (24)

where 𝑒𝑖 (𝒌), 𝑒𝑖 (𝒌) and 𝒌/𝑘 form an orthonormal basis. In Eq. (22), we express Φ as Φ𝑘 (𝜂) =

𝑇Φ(𝑥)𝜙𝑘 with 𝑥 = 𝑘𝜂, where 𝜙𝑘 denoting the value of Φ at some reference time 𝑥0, here taking it
to be the horizon crossing time, while 𝑇Φ(𝑥) is a transfer function.

One then can solve Eq. (21) with analytical methods, with its solution reading as [146]

ℎ𝑠𝒌 (𝜂) =
4

𝑎(𝜂)

∫ 𝜂

𝜂d

d𝜂 𝐺𝑠
𝒌 (𝜂, 𝜂)𝑎(𝜂)𝑆

𝑠
𝒌 (𝜂), (25)

where 𝐺𝑠
𝒌
(𝜂, 𝜂) stands for the Green function, derived from the homogeneous equation

𝐺
𝑠,′′
𝒌

(𝜂, 𝜂) +
(
𝑘2 − 𝑎′′

𝑎

)
𝐺𝑠

𝒌 (𝜂, 𝜂) = 𝛿 (𝜂 − 𝜂) , (26)

with the boundary conditions lim𝜂→𝜂̄ 𝐺
𝑠
𝒌
(𝜂, 𝜂) = 0 and lim𝜂→𝜂̄ 𝐺

𝑠,′
𝒌
(𝜂, 𝜂) = 1.

At the end, we can deduce the tensor power spectrum Pℎ (𝜂, 𝑘) defined with the use of the
equal-time two-point correlation function for the tensor perturbations as

⟨ℎ𝑟𝒌1
(𝜂)ℎ𝑠,∗

𝒌2
(𝜂)⟩ ≡ 𝛿 (3) (𝒌1 − 𝒌2)𝛿𝑟𝑠

2𝜋2

𝑘3
1
P (𝑠)
ℎ

(𝜂, 𝑘1), (27)

2As proved in [137–143], there is no gauge dependence of SIGWs produced during a RD era, like in our case, due to
the exponential decay of the scalar perturbations, in the late-time limit.
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where again 𝑠 = (×) or (+). Ultimately, the tensor power spectrum will be related with the GW
spectral abundance defined as ΩGW(𝜂, 𝑘) ≡ 1

𝜌̄tot

d𝜌GW (𝜂,𝑘 )
d ln 𝑘

. On sub-horizon scales, where we use
the flat spacetime approximation [148], one can show that ΩGW(𝜂, 𝑘) will read as

ΩGW(𝜂, 𝑘) = 1
24

(
𝑘

H(𝜂)

)2
P (𝑠)
ℎ

(𝜂, 𝑘). (28)

After a long but straightforward calculation, the tensor power spectrum Pℎ (𝜂, 𝑘) will be recast
as [see [146, 147] for more details]

P (𝑠)
ℎ

(𝜂, 𝑘) = 4
∫ ∞

0
d𝑣

∫ 1+𝑣

|1−𝑣 |
d𝑢

[
4𝑣2 − (1 + 𝑣2 − 𝑢2)2

4𝑢𝑣

]2

× 𝐼2(𝑢, 𝑣, 𝑥)PR (𝑘𝑣)PR (𝑘𝑢) , (29)

where 𝐼 (𝑢, 𝑣, 𝑥) denotes a kernel function, which contains information on the equation of state of
the Universe during the era of GW production. In the case of a RD dominated epoch, like the HBB
expanding phase, the GW spectral abundance ΩGW at horizon crossing time, will read as [146]

ΩGW(𝜂hc, 𝑘) =
1
12

∫ ∞

0
d𝑣

∫ 1+𝑣

|1−𝑣 |
d𝑢

[
4𝑣2 − (1 + 𝑣2 − 𝑢2)2

4𝑢𝑣

]2

× PR (𝑘𝑣)PR (𝑘𝑢)
[
3(𝑢2 + 𝑣2 − 3)

4𝑢3𝑣3

]2

×
{[
−4𝑢𝑣 + (𝑢2 + 𝑣2 − 3) ln

����3 − (𝑢 + 𝑣)2

3 − (𝑢 − 𝑣)2

����]2

+ 𝜋2(𝑢2 + 𝑣2 − 3)2Θ(𝑣 + 𝑢 −
√

3 )
}
,

(30)

where hc stands for horizon-crossing time during the HBB era.
Finally, accounting for entropy conservation between horizon-crossing time and the present

epoch, one obtains that

ΩGW(𝜂0, 𝑘) = Ω
(0)
𝑟

𝑔∗𝜌,f

𝑔∗𝜌,0

(
𝑔∗S,0

𝑔∗S,f

)4/3
ΩGW(𝜂f , 𝑘), (31)

where the subscript 0 denotes the present era while 𝑔∗𝜌 and 𝑔∗S stand for the energy and entropy
relativistic degrees of freedom. For our numerical purposes, we take Ωrad,0 ≃ 10−4 [149], 𝑔∗𝜌,0 ≃
𝑔∗S,0 = 3.36, 𝑔∗𝜌,f ≃ 𝑔∗S,f = 106.75 [118].

In Fig. 3, we show the current SIGW signal within non-singular matter bouncing cosmology
as a function of the frequency 𝑓 defined as 𝑓 ≡ 𝑘

2𝜋𝑎0
, for different sets of our theoretical parameters

involved, namely 𝐻+, 𝐻−, and Υ. Furthermore, we superimpose the GW sensitivity bands of the
future GW observational missions, namely the Square Kilometer Arrays (SKA) [150], the Einstein
Telescope (ET) [153], the Big Bang Observer (BBO) [152] and the Laser Inferometer Space Antenna
(LISA) [151].

As one may infer from Fig. 3, at first ΩGW ∝ 𝑓 2 and then it decreases abruptly at an ultra-
violet (UV) cut-off frequency 𝑓UV ∼ 𝑘NL

2𝜋𝑎0
, associated to the non-linear cutoff introduced in Sec. 2

where PR (𝑘NL) = 0.1. Beyond this UV frequency perturbation theory breaks down making us
loosing the analytical treatment of the present calculation. At these small scales (high frequencies),
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Figure 3: The SIGW signal within non-singular matter bouncing cosmology for different values of the
parameters 𝐻+, 𝐻− and Υ. We superimpose as well the frequency detection sensitivity bands of SKA [150],
LISA [151], BBO [152] and ET [153] GW probes.

one is encountered with early structure formation leading to an abundant induced GW production.
However, to probe such high-frequency induced GWs beyond the non-linear cut-off scale, it is
necessary the running of fully numerical simulations [154, 155], something going beyond the scope
of the present research work. Regarding now the scaling 𝑓 2 of the GW signal in the infrared (IR)
frequency range, it is expected since as one can see from Eq. (30), ΩGW ∝ P2

R . Therefore, since
PR ∝ 𝑘 (See Eq. (8)), one gets ΩGW ∝ 𝑘2 ∝ 𝑓 2.

In Fig. 4 we show as well the SIGW signal for 𝐻+ = 8 × 10−3𝑀Pl, 𝐻− = 4 × 10−3𝑀Pl and
Υ = 9 × 10−12𝑀2

Pl, superimposed with the recently Pulsar Time Array (PTA) GW data released
by NANOGrav [1]. As one may see, our GW prediction for the fiducial values of 𝐻+, 𝐻− and Υ

reported above, peaks at nHz and it can explain quite well the PTA GW data. Remarkably, the
frequency slope +2 predicted within our non-singular matter bouncing scenario, is well within the
error-bars of the frequency slope reported by the NANOGrav collaboration [1], i.e. 𝑛T = 2.08± 0.3
for a power-low GW fitting formula of the form ΩGW ∝

(
𝑘
𝑘0

)𝑛T
.

Induced GWs produced within non-singular matter bouncing cosmology can then serve as one
of the possible new physics explanations for the NANOGrav/PTA GW signal. A more rigorous
likelihood analysis needs to be performed however in order to deduce the 𝐻+, 𝐻− and Υ values best
fitting the NANOGrav/PTA GW data, being beyond the scope of the present study.
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Figure 4: The SIGW signal within non-singular matter bouncing cosmology for 𝐻+ = 8 × 10−3𝑀Pl,
𝐻− = 4 × 10−3𝑀Pl and Υ = 9 × 10−12𝑀2

Pl, in comparison with the NANOGrav GW data [1].

5. Conclusions

The non-singular bouncing scenario constitutes an attractive early Universe cosmological
paradigm. It is free of the initial singularity problem being capable as well to account for the
flatness and horizon problems of HBB cosmology. Moreover, it is consistent with the large scale
structure observational data, giving rise to a scale-invariant curvature power spectrum on large
scales probed by CMB experiments.

Notably, in this work we found that the no-singular matter bounce cosmological scenario can
naturally give rise to enhanced curvature perturbations on small scales crossing the cosmological
horizon during the HBB expanding phase. This is mainly due to the fact that curvature perturbations
grow on super-horizon scales during the matter contracting phase freezing then in the subsequent
bouncing and HBB expanding epochs. This result was found to be quite generic independently of
the underlying gravity theory driving the bouncing phase.

Interestingly enough, these enhanced cosmological perturbations can collapse to form PBHs.
Depending on the values of the theoretical parameters involved namely the Hubble parameter at the
onset of HBB phase, 𝐻+, the Hubble parameter at the end of the matter contracting phase 𝐻−, and
the bouncing parameter Υ, one can give rise to PBHs in different mass ranges, in particular within
the observationally unconstrained asteroid-mass range, where PBHs can account up to the totality
of the dark matter.

Remarkably, these enhanced cosmological perturbations can induce as well gravitational waves
(GWs) at second order in cosmological perturbation theory with a universal infrared (IR) frequency

12



P
o
S
(
C
O
R
F
U
2
0
2
4
)
2
2
6

Gravitational wave signatures of non-singular matter bouncing cosmology in NANOGrav and beyond
Theodoros Papanikolaou

scaling of 𝑓 2, in excellent agreement with the recently released nHz GW data by NANOGrav/PTA
collaboration. This SIGW signal can be potentially detectable as well by other GW observatories
such as LISA and ET, depending on the values of the bouncing cosmological parameters at hand,
acting thus as a novel portal giving us access to the conditions prevailing the Universe at its very
first moments.
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