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unique window into fundamental physics beyond the Standard Model. This article outlines recent
advancements in self-consistent hydrodynamic simulations for predicting GW spectra from FOPTs.
By deriving the equation of state directly from the effective potential and resolving the bubble
wall velocity and plasma hydrodynamics, our approach enables precise predictions that rely on
the effective potential of the input particle physics model. We demonstrate the methodology using
the |H|6 extension of the Standard Model, comparing results with conventional approaches, and
highlight implications for future space-based GW observatories such as LISA, DECIGO, and
BBO.
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1. Introduction

A decade after LIGO/Virgo’s first gravitational wave (GW) detection [1], we stand on the verge
of observing the stochastic gravitational wave background (SGWB). Recent Pulsar Timing Array
results hint at this milestone [2–5]. Cosmological first-order phase transitions (FOPTs) are a key
SGWB source which, at the electroweak scale, produce GWs detectable by space-based experiments
such as LISA, TianQin, and DECIGO [6–8]. FOPTs also probe beyond-the-Standard-Model (BSM)
physics, making phase transition gravitational waves (PTGWs) a novel tool for discovery.

Quantifying PTGWs requires understanding their production mechanisms: bubble collisions,
sound waves, and turbulence. Sound waves are often dominant for thermal FOPTs [9–11], but
precise modelling involves costly scalar+fluid lattice simulations [12–14]. These simulations rely
on adjustable parameters, such as bubble wall velocity 𝑣𝑤 , and simplified equations of state (EoS),
which introduce uncertainties [15–18].

To improve efficiency, methods such as hybrid simulations and sound shell models [15, 19, 20]
have been proposed. However, these rely on simplified EoS and manually set 𝑣𝑤 , which can lead to
deviations in the GW spectra. Recent studies suggest that sound wave spectra might exhibit double
broken-power laws and more intricate features [21].

This work introduces a deterministic framework for PTGW computation which is applicable
to any particle physics model. Starting with a Lagrangian that encapsulates the particle physics
of a given model, the effective potential 𝑉eff is derived to calculate the EoS and nucleation rate Γ.
Solving the equations of motion (EoM) for the scalar field and fluid determines 𝑣𝑤 and pre-collision
hydrodynamics. By generalising hybrid simulations, our method handles realistic EoS and post-
collision hydrodynamics. Finally, combining nucleation history and hydrodynamics yields the GW
spectrum. We demonstrate this approach with deterministic GW spectra for the SM+|𝐻 |6 model.
More details of the methodology can be found in references [22, 23].

2. Effective Potential

We consider the SM+|𝐻 |6 model, where a dimension-6 operator |𝐻 |6 is added to the SM
Lagrangian [24–28]. The Higgs potential is given by

𝑉 (𝐻) = 𝜇
(
𝐻†𝐻

)
+ 𝜆

(
𝐻†𝐻

)2
+ 1
Λ2

(
𝐻†𝐻

)3
, (1)

where Λ is the effective cut-off scale, and 𝜇, 𝜆 depend on Λ and SM parameters. This model
effectively represents features of new physics extensions like singlet or two-Higgs doublet mod-
els [29–32].

The tree-level potential is approximated as

𝑉eff (𝜙,𝑇) ≈ −1
3
𝑎𝑇4 + 𝜇

2 + 𝑐𝑇2

2
𝜙2 + 𝜆

4
𝜙4 + 1

8Λ2 𝜙
6, (2)

where 𝑎 = 𝑔∗𝜋2/30, 𝑔∗ ≈ 106.75, and 𝑐 incorporates gauge and Yukawa couplings [28]. This
potential includes the pure −𝑎𝑇4/3 term, crucial for hydrodynamics.
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3. Phase Transition Dynamics

The dynamics of a thermal first-order phase transition include bubble wall dynamics and plasma
hydrodynamics, described by the equation of state (EoS):

𝑝+(𝑇) = 1
3𝑎𝑇

4, 𝑝− (𝑇) =
1
3
𝑎𝑇4 − 𝜇2 + 𝑐𝑇2

2
𝜙2
𝑚 − 𝜆

4
𝜙4
𝑚 − 1

8Λ2 𝜙
6
𝑚, (3)

𝑒+(𝑇) = 𝑎𝑇4, 𝑒− (𝑇) = 𝑎𝑇4 + 𝜇
2 − 𝑐𝑇2

2
𝜙2
𝑚 + 𝜆

4
𝜙4
𝑚 + 1

8Λ2 𝜙
6
𝑚, (4)

where 𝑝±, 𝑒± are pressure and energy density in the high/low-temperature phases, and 𝜙𝑚(𝑇) is the
global minimum of 𝑉eff .

The nucleation rate is parameterised as [33, 34]

Γ(𝑡) ≈ 𝛽4
∗ exp [𝛽∗(𝑡 − 𝑡∗)], (5)

where 𝛽∗ = 𝑑𝑆𝐸/𝑑𝑡 evaluated at 𝑡 = 𝑡∗, and 𝑡∗ is the time corresponding to the reference temperature
𝑇∗. The bubble wall velocity, assumed steady-state [35, 36], characterizes wall dynamics and aids
in constructing nucleation history. This history is essential for understanding phase transition
hydrodynamics.

To determine the steady-state bubble wall velocity 𝑣𝑤 , we solve the energy-momentum tensor
(EMT) equations for the scalar field and plasma:

𝑇 𝜇𝜈 = 𝑇
𝜇𝜈

𝜙
+ 𝑇 𝜇𝜈

pl , (6)

where

𝑇
𝜇𝜈

𝜙
= 𝜕𝜇𝜙𝜕𝜈𝜙 − 𝑔𝜇𝜈

[
1
2
𝜕𝛼𝜙𝜕

𝛼𝜙 −𝑉0(𝜙)
]
, (7)

𝑇
𝜇𝜈

pl =
∑︁
𝑖

∫
𝑑3p̃

(2𝜋)3𝐸 𝑝̃

𝑝𝜇𝑝𝜈 𝑓𝑖 . (8)

Here, 𝑉0(𝜙) is the zero temperature potential, and 𝑓𝑖 is the particle distribution function. Across
the bubble wall, deviations from equilibrium are expressed as 𝑓𝑖 ≈ 𝑓

eq
𝑖

+ 𝛿 𝑓𝑖 , with 𝑓
eq
𝑖

=

1/(exp[𝑝𝜇𝑢𝜇/𝑇] ± 1). The plasma EMT is split into equilibrium and out-of-equilibrium parts:

𝑇
𝜇𝜈

pl = 𝑇
𝜇𝜈

eq + 𝑇 𝜇𝜈
oeq, (9)

where 𝑇 𝜇𝜈
eq is a perfect fluid and 𝑇 𝜇𝜈

oeq includes deviations from equilibrium. The out-of-equilibrium
EMT can be written as 𝑇 𝜇𝜈

oeq = 𝑇oeq,g𝑔
𝜇𝜈 + 𝑇oeq,𝑢 [36], where

𝑇oeq,g =
1
2

∑︁
𝑖

(𝑚2
𝑖Δ

𝑖
00 + Δ𝑖

02 − Δ𝑖
20) ,

𝑇oeq,𝑢 =
1
2

∑︁
𝑖

[
(3Δ𝑖

20 − Δ𝑖
02 − 𝑚

2
𝑖Δ

𝑖
00)𝑢

𝜇𝑢𝜈 + (3Δ𝑖
02 − Δ𝑖

20 + 𝑚
2
𝑖Δ

𝑖
00)𝑢̄

𝜇𝑢̄𝜈 + 2Δ𝑖
11(𝑢

𝜇𝑢̄𝜈 + 𝑢̄𝜇𝑢𝜈)
]
.

(10)
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Λ [GeV] 𝑇𝑛 [GeV] 𝛽𝑛/𝐻𝑛 𝑣𝑤 𝐿𝑤𝑇𝑛

BP1 740 95.58 17217 0.43 10.40

BP2 640 73.50 1806 0.99995 4.32

Table 1: Phase transition parameters for our two benchmark points of the SM+|𝐻 |6.

The total EMT conservation 𝜕𝜇𝑇 𝜇𝜈 = 0 leads to the equations of motion:

𝜕2
𝑧 𝜙 + 𝜕𝑉eff

𝜕𝜙
+
∑︁
𝑖

𝜕 (𝑚2
𝑖
)

𝜕𝜙

Δ𝑖
00
2

= 0, (11a)

𝜕𝑧 [𝑤𝛾2𝑣 + 𝑇30
oeq] = 0, (11b)

𝜕𝑧

[
1
2
(𝜕𝑧𝜙)2 −𝑉eff + 𝑤𝛾2𝑣2 + 𝑇33

oeq

]
= 0. (11c)

The Boltzmann equation governs 𝛿 𝑓𝑖 and Δ𝑖
𝑚𝑛:[

𝑝𝑧𝜕𝑧 −
1
2
𝜕𝑧 (𝑚2

𝑖 )𝜕𝑝𝑧
]
𝛿 𝑓𝑖 = Clin + S𝑖 , (12)

where S𝑖 is derived from equilibrium distributions, and Clin includes scattering processes such as
𝑡𝑡 → 𝑔𝑔 and 𝑡𝑔 → 𝑡𝑔 [36–38]. Solving these equations with the Chebyshev spectral method [39]
provides 𝑣𝑤 .

To determine 𝑣𝑤 , boundary conditions for eqs.(11a)-(11c) must be applied, based on the single-
bubble hydrodynamics governed by the EoS (10). Integrating eqs.(11a)-(11c) across the wall gives
the matching conditions [40, 41]:

𝑤+𝛾
2
+𝑣+ = 𝑤−𝛾

2
−𝑣−,

𝑤+𝛾
2
+𝑣

2
+ + 𝑝+ = 𝑤−𝛾

2
−𝑣

2
− + 𝑝− .

(13)

The SM+|𝐻 |6 model supports detonations (𝑣𝑤 = |𝑣+ |), deflagrations (𝑣𝑤 = |𝑣− |), and hybrid
modes (𝑣− = 𝑐𝑠,−) [22]. The detonation boundary conditions follow directly from eq.(13), while
deflagration and hybrid modes require solving fluid profiles between the bubble wall and the shock
front using 𝜕𝜇𝑇

𝜇𝜈
eq = 0.

For spherical bubbles at steady state, the fluid equations are:

2
𝑣

𝜉
= 𝛾2(1 − 𝑣𝜉)

[
𝜇2

𝑐2
𝑠 (𝑇)

− 1
]
𝜕𝜉 𝑣,

𝜕𝜉𝑇 = 𝑇𝛾2𝜇𝜕𝜉 𝑣,

(14)

where 𝜇(𝜉, 𝑣) ≡ (𝜉 − 𝑣)/(1 − 𝜉𝑣), 𝜉 ≡ 𝑟/𝑡, and 𝑐2
𝑠 (𝑇) = (𝑑𝑝/𝑑𝑇)/(𝑑𝑒/𝑑𝑇). At the shock front,

eqs.(13) determine its position. The shooting method provides boundary conditions for deflagrations
and hybrid modes. Using the profile ansatz 𝜙(𝑧) = 0.5𝜙0 [1 − tanh(𝑧/𝐿𝑤)], with 𝜙0 = 𝜙𝑚(𝑇−)
and 𝐿𝑤 the wall width, eqs.(11a)-(11c) are solved iteratively [36] to obtain 𝑣𝑤 and fluid profiles.
Table 1 summarises 𝑣𝑤 , 𝐿𝑤 , and other parameters for two benchmark points.
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Figure 1: Post-collision fluid profiles for BP1. Left: velocity. Right: enthalpy.

Figure 2: Snapshots of kinetic energy density evolution for BP1.

After bubble collisions, hydrodynamics evolves based on spherical symmetry. The scalar field
quickly disappears, shifting the fluid temperature ahead of the shell. Fluid equations become:

𝜕𝑡𝐸 + 𝜕𝑟𝑍 = −2
𝑟
𝑍,

𝜕𝑡𝑍 + 𝜕𝑟 [𝑍𝑣 + 𝑝] = −2
𝑟
𝑍𝑣,

(15)

where 𝑍 ≡ 𝑤𝛾2𝑣 and 𝐸 ≡ 𝑤𝛾2 − 𝑝. The Kurganov-Tadmor scheme [42] evolves these equations,
deriving 𝑇 from 𝐸 and 𝑍 , and 𝑣 from 𝑍 . Fig. 1 shows fluid profiles for BP1.

To calculate gravitational waves, the nucleation history combines individual bubbles. Assum-
ing perturbative behaviour [15, 22], hydrodynamic quantities are superimposed:

Δ𝑤

𝑤0
(𝑡, ®𝑥) ≃

∑︁
𝑖:bubbles

Δ𝑤 ®𝑛𝑖
𝑤0

(𝑡, | ®𝑥 − ®𝑛𝑖 |),

®𝑣(𝑡, ®𝑥) ≃
∑︁

𝑖:bubbles
®𝑣®𝑛𝑖 (𝑡, | ®𝑥 − ®𝑛𝑖 |).

(16)

Snapshots of the evolution of the energy density are shown in Fig. 2.
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Figure 3: GW spectra for benchmarks in Table 1. Solid lines show results from our scheme; dashed lines
use fitting formulae. Shaded regions represent detector sensitivities [44, 45].

3.1 Gravitational Wave Production

Gravitational waves are tensor perturbations ℎ𝑖 𝑗 of the Friedmann-Robertson-Walker metric,
sourced by 𝑇 𝜇𝜈 through the linearised Einstein equation, □ℎ𝑖 𝑗 = 16𝜋𝐺Λ𝑖 𝑗 ,𝑘𝑙𝑇

𝑘𝑙, where 𝐺 is the
Newtonian constant. Assuming a short source duration, the GW spectrum at production time is

Ω∗
GW(𝑞) ≡ 1

𝜌crit

𝑑𝜌GW

𝑑 ln 𝑘
≈ 4𝐻2𝜏sw

3𝜋2𝛽

𝑞3𝛽

𝑤2
∞VT

∫
𝑑Ω𝑘

4𝜋

[
Λ𝑖 𝑗 ,𝑘𝑙𝑇𝑖 𝑗 (𝑞, ®𝑘)𝑇∗

𝑘𝑙 (𝑞, ®𝑘)
]
𝑞= | ®𝑘 |

, (17)

where 𝑞 is the angular frequency, 𝑇𝑖 𝑗 is the energy-momentum tensor, and V,T are simulation
volume and time. The lifetime of sound waves is estimated to be 𝜏sw ≈ 𝑅∗/

√
𝐾fl, where 𝐾fl is the

kinetic energy fraction [43], and 𝑅∗ is the mean bubble separation.
For sound waves, 𝑇 𝑖 𝑗 (𝑡, ®𝑥) = 𝑤𝛾2𝑣𝑖𝑣 𝑗 is constructed from enthalpy and velocity fields (16).

Using the projected 𝑇 𝑖 𝑗 , the GW spectrum at production is obtained from eq. (17), and redshifting
gives the present spectrum:

ΩGW( 𝑓 ) = 3.57 × 10−5
(
100
𝑔∗

)1/3
Ω∗

GW(𝑞). (18)

The frequencies are redshifted as 𝑓 (𝑞) ∝ 𝑞, where 𝐻∗ is the Hubble parameter at 𝑇∗.
Figure 3 shows the GW spectra for benchmark points. For BP1, the spectrum is below the

sensitivity of future detectors. For BP2, the spectrum is within the sensitivity of BBO, DECIGO,
and Ultimate-DECIGO but outside the range of LISA’s due to higher phase transition strength.
Comparison with fitting formulae shows discrepancies in amplitude and shape, particularly for BP2,
where our method predicts more complex low-frequency features and a higher amplitude.

The dominant GW source remains sound waves, even for BP2 with ultra-relativistic 𝑣𝑤 . The
wall energy fraction is 𝐾wall ∼ 10−10, compared to 𝐾fl ∼ 10−4, demonstrating the negligible
contribution of the bubble wall to the GW signal. Limitations in computational resources restrict
our results to a specific frequency range, with unphysical rises outside this range indicating the
bounds of validity.
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4. Conclusions

We have developed a self-consistent framework for calculating GWs from FOPTs, addressing
key limitations of traditional approaches. Future work will extend this methodology to include
refined effective potentials and additional BSM models, paving the way for robust GW predictions
in the era of space-based observatories.

Precise PTGW calculations are essential for probing new physics with future space-based GW
experiments. Conventional methods suffer from inconsistencies, including the reliance on fitting
formulae with incompatible assumptions, simplified EoS treatments, and undetermined bubble wall
velocities.

To address these issues, we propose a framework based on hydrodynamic simulation for
consistent PTGW calculations in the SM+|𝐻 |6. Our approach directly uses the Lagrangian, avoiding
approximations. Compared to conventional methods, our results differ significantly in spectral shape
and amplitude. Future work could include refined effective potential calculations [46–50] based on
dimensional reduction [51, 52], enabling more robust PTGW predictions.
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