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1. Introduction

Most modern considerations in theoretical physics assume that the physical world is :

(1) field-theoretic, (2) smooth, (3) containing fermions, (4) local, (5) gauged, and last but not least
(6) non-perturbative. In more detail, this is means that nature is to be described fundamentally by
bosonic and fermionic fields, whose dynamics are prescribed by local Langrangians and (classically)
by their induced (on-shell) Euler-Lagrange partial differential equations. The totality of (off-shell)
field configurations is implicitly assumed to be a (necessarily infinite-dimensional) “smooth space”,
in such a manner so that one may perform the standard operations of variational calculus as if it were
a finite-dimensional manifold. When fermions are included, this “smooth space” should be such that
the anticommuting nature of fermionic fields is manifest as if they were odd coordinates on a (finite-
dimensional) super-manifold'. Moreover, when gauge fields are taken into account the (smooth)
field space should manifestly encode (finite/non-perturbative) gauge transformations as (internal)
symmetries (= isomorphisms) between gauge equivalent field configurations”. Finally, this notion
of field space should also be non-perturbative, i.e., naturally encode all non-trivial topological
sectors of field configurations®, by necessity towards the hope of constructing a non-perturbative
quantization / path integral scheme.

This exposition may be viewed as an introduction to the series recently initiated with [GS25],
to be followed by [GS25b][GS25c] and [GSS26], with the aim of rigorously describing all of
these aspects under a common mathematical theory, in a manner that is approachable by both
mathematicians and theoretical physicists*. Along the way, we provide a partial survey of results
that have appeared in [GS25], and further results that will appear in the following parts of the series.

1 Although obvious to experts, we stress here that this is already necessary at the kinematical level, that is, even if
supersymmetry is absent in the dynamics under study.

2 Accordingly, considerations of higher gauge fields dictate that the corresponding field space should also manifestly
encode higher gauge transformations as higher (internal) symmetries (= higher morphisms) between lower order gauge
transformations and so on.

3Since these exist in nature, i.e., as monopoles, instantons, solitons, skyrmions etc.

4This series is in turn inspired by the ideas of Schreiber [Sc13a] and the early live lecture notes [Sc22] with a viewpoint
towards perturbative quantum field theory.
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Elaborate mathematical frameworks have already been developed to describe separately each
of these aspects. For instance, an appropriate® notion of smoothness of bosonic field spaces, i.e.,
o —model mapping spaces of the form
C*(M, N)

where M, N are two smooth manifolds, or more generally spaces of sections

Uy (F)
of a fiber “field bundle” FF — M, has been formalized via Fréchet manifold theory [KM97][Ha82]).
This involves elaborate functional analysis which is mostly useless for practicing theoretical physi-
cists. Moreover, it actually applies only when the base spacetime M is compact®, which is clearly

undesirable from a physical perspective. On the other hand, the locality aspect of field theory has
been pinpointed in the structure of the infinite jet bundle

IS F

and its corresponding variational bi-complex Q**(Jy; F) of differential forms [An89][Sau89]. The
standard (algebraic) manipulations of variational calculus for bosonic fields may be delegated to
corresponding operations on the variational bi-complex, with the resulting expressions being “pulled
back” to the field space via the jet prolongation map

Nevertheless, the infinite dimensional jet bundle J3; F' has traditionally been treated only as a formal
space, i.e., a formal limit of finite dimensional smooth manifolds (the finite jet bundles J 1’\} F), simply
by declaring what the set of smooth real-valued functions C*(J; F) on it should be. That is, it
has not been treated as a smooth space on the same footing as the field spaces which are of actual
physical interest’. As we shall indicate in Sec. 2, all of these difficulties are circumvented if one
instead works within the sheaf topos of Smooth Sets, while also faithfully subsuming the Fréchet
descriptions, following the fully detailed account given in [GS25].

Analogously, field spaces that include fermions have been advocated to be treated as certain
kinds of infinite-dimensional supermanifolds [Schm97] [Hal4], but this approach is burdened by the
same and more technical difficulties as in the purely bosonic case. Of course, the main conceptual
issue for fermions at the classical level is to make mathematical sense of the anticommuting symbol
¥, appearing for instance in expressions such as the Dirac Lagrangian

Lpirae = Wy 0,p) - d*x

entering the total Standard Model Lagrangian, or even that of the dimensionally reduced toy example
of a fermionic particle on the real (time) line

LFCI‘.P&IL = l// azl,// -dt s

5 Appropriate in that, at the very least, it satisfies the “Exponential Law”; Namely, it should be such that there is a
canonical identification of smooth maps {f : £ — C*(M, N)}, from any manifold X, with smooth maps of manifolds
C®(2xX M, N).

6Generalizations of such smooth structures via (non-Fréchet) infinite-dimensional charts exist for the case of non-
compact M, but are burdened with further technicalities and unnatural choices [KM97, Ch. IX].

"It is true, however, that the infinite jet bundle may be treated a special kind of a Fréchet manifold, even if M is
non-compact [Ta79][KS17][GS25].
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and further any polynomial expression involving ¢ and its derivatives (such as “observables”). An
alternative route to make sense of fermionic field spaces and such expressions, which is closer
to the practice of the physics literature, has been via supplying arbitrary amount of “auxilliary
odd coordinates” in an appropriate “functorial” manner [Mo84] (following [DW84][Ro07] in finite
dimensions). The mathematical origin of this approach has been given a rigorous “functor of
points” explanation in [Sac08] (see also [Fr99] for motivation), in a similar vein to what we shall
describe. We note, however, the fact that this approach to the fermionic structure of field spaces
should mathematically be on precisely the same level as their smooth structure was only recently
amplified in [Sc13a, §4.6][Sc21, §3.1] (to be fully developed in [GS25c]). Indeed, as we will briefly
describe in Sec. 3, working directly within the sheaf topos of Super Smooth Sets bypasses all such
issues in a straightforward manner.

Having made the step to describe the fermionic structure of field spaces, it turns out that
making mathematical sense of the infinitesimals as commonly used in physics (e.g. in defining
tangent vectors on manifolds, infinitesimal transformations of fields and perturbation theory via
(nilpotent) formal parameters), is straightforward and follows analogously. We briefly indicate how
this works and mention a few rigorous results obtained in this setting in Sec. 4, with the full details
to be brought forth in [GS25b].

Regarding the rigorous description of internal symmetries, it has become by now clear that
the natural framework for describing non-perturbatively (higher) gauge fields is that of (higher)
groupoids (see e.g. [Sc21, §2] for gauge fields as groupoids and [We96] for a a general exposition
to groupoids). For the purposes of field theory, these can similarly be augmented in the context of
(higher) sheaf topos theory with the necessary smooth and super structure, i.e., as (higher) Super
Smooth Groupoids. We indicate the basics of how this works in an intuitive manner in Sec. 4; we
do so by avoiding the technical details involved in this short exposition (for more details see [Sc13a]
[Sc18][FSS23] [Sc24], to be fully expanded in [GSS26]).

Intuitive approach to sheaf topos theory

The common mathematical framework that naturally incorporates all of the above aspects —
“sheaf topos theory” — has been implicitly known to a few experts in mathematical physics, but as
far as we are aware it has not been fully and explicitly expanded upon in a manner that is accessible
to the theoretical physicist’s practice. Here we immediately give away the main conceptual shift
in intuition which then allows one to leisurely follow the development of the theory. Namely,
one should firstly revise what the core notion of a “space” should comprise of. Following the
original idea of Grothendieck (see e.g. [Gro73], then in the context of algebraic geometry), we
shall advocate studying field theoretic spaces via what is commonly known in mathematics as the
“functor of points approach”.

In simple terms, one should not in general restrict a space to be a set of points supplied
with extra structure (cf. topological spaces, smooth manifolds, super manifolds etc.). Instead, a
geometrical space should be defined entirely operationally, by giving meaning to what it means to
“probe” the would-be space with simpler test spaces whose nature we are already familiar with. In
other words we shall know, or better define such a generalized space X by consistently answering
the question:
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“What are the ways we can probe the would-be space X with a collection of simple
probe spaces C?"

We will see that this change in perspective will naturally yield a rigorous definition, which
will naturally incorporate the field spaces appearing in physics as such generalized spaces. Before
that, however, we should note immediately that this manner of thinking is not far from that of
experimental physics (e.g. probing materials with particles etc.). Moreover, it is also quite
similar to the intuition arising in string theory, where a background spacetime should be “whatever
the particles/strings/branes detect” as they transverse through it. Let us now show how careful
consideration of the above proposition directly results in the definition of such a generalized notion
of space as a “(pre)-sheaf” on a chosen category® of probe spaces.

Generalized spaces as Sheaves on a category of probes

* Firstly, to say we understand the nature of a collection of probe spaces means that we know
how to map between them while “preserving whatever internal structure they have”. In
mathematical terms, we assume our probes C form a category. For instance, this may be
the category Top of topological spaces with morphisms being continuous maps, and more
appropriate to our context the category of smooth manifolds SmthMfd with morphisms being
smooth maps, or supermanifolds SupMfd with morphisms being maps of supermanifolds;
or even their full subcategories consisting of only the corresponding model Cartesian spaces
CartSp — SmthMfd and super-Cartesian spaces SupCartSp < SupMfd (i.e., local charts).
Although we will phrase the discussion below abstractly for an arbitrary category of probes
(towards our end-goal of further generalizations indicated in Sec. 4), the physics inclined
reader may keep in mind the category C of probes to be either of the familiar CartSp or
SupCartSp. Indeed, these examples of probes suffice both for intuition and the field theoretic
spaces we shall describe in Sec. 2 and Sec. 3.

* Next, to say we know “the ways that we can probe” our would-be space X with a probe space
X € C, we are required at the bare minimum to prescribe a set

X(X) = Plots(Z, X) € Set, (D

for each X € C. Of course, we think of these as mappings of X into X, hence identifying the
set of Z-shaped plots in X. Suggestively, we schematically denote elements of these sets

¢ € X(2),

i.e., X-shaped plots, as arrows’ from % to X

s-shaped plot

“op 1 X

> X7 )

8Recall, a category C consists of a collection of objects Cy together with a collection of morphisms (i.e., directed
arrows) Hom¢ (21, p) for any two objects £1, £y € Cyp, such that identity morphisms exists and one may (associatively)
compose morphisms with common target and source. For an introduction to the basics of categories, functors and
(co)limits see for instance [Ge85, §2] which is aimed at mathematical physicists. Further details may be found in lecture
notes such as [Aw06][Sc18] and also [nlab : Geometry of physics-categories and toposes].

9For the moment these are not actual morphisms in some category, since as of yet the probe spaces and the would-be
generalized spaces have not been identified to inhabit a common category, hence the quotation marks.


https://ncatlab.org/nlab/show/geometry+of+physics+--+categories+and+toposes
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For instance, if C = Top and ¥ = S! is the circle then X (S') is interpreted as the continuous
circle-shaped plots in X. If instead C = CartSp and £ = R! then X(RR!) is the smooth
path-shaped plots in X. If further, C = SupCartSp and £ = R!! is the fermionic line, or
better the odd infinitesimal point, then X (R%!") is the fermionic lines, or odd points in X.

* By assumption, however, we already have a well-understood notion of morphisms Home (21, X5)
between any two of our probe spaces in C. For this to be consistent with our above interpre-
tation of plots of X as arrows valued in X, there should be a way to “compose” any

morphism in C

f ¥ > .

with any X-shaped plot ¢y : ¥ — X to produce a new X’-shaped plot

f )
13 Z/ > > > X i . (3)
map of probes s-plot
L oz T
composite X’-shaped plot

At this point, one might naively think that for this to make sense, X ought to be an object in
our original probe category C, i.e., a plain probe space. Of course this is undesirable towards
our goal of describing more general spaces, and crucially, this is not the case! Indeed, all the
above schematic picture requires at a rigorous level is that: For any map of probes f : ¥’ — X
there exists a corresponding “pullback™ map [ of sets which sends Z-plots to X’-plots of X

fx © Plots(Z, X) — Plots(X’, X),
or equivalently denoted in the notation of (1) as
X(f)=fy + X(E)—X(E), 4
which respects the identity and associativity of composition in C, i.e.,
X(idg) = idxxz) and  X(fog) = X(g) o X(f)
for all probes X, %/, %" € C and all maps of probes g : £/ — ¥/, f : ¥ — X.

To summarize, what we have described so far as our would-be generalized space X is simply a
system of X-shaped plots for each probe space X € C, together with “pullback” maps for every
map between of probes such that the arrow/plot interpretation from Eqs. (1) and (3) is consistent.
In mathematical terms, this is nothing but the data defining a (contravariant) functor between
categories'’ of probes and sets

X : C® — Set. 5)

Following the nomenclature from similar functors arising in topology'', such a functor is referred
to as a presheaf of sets on the category C and the collection of such presheaves is denoted as

PreSh(C) .

10The superscript “op” here means opposite, encoding the fact that morphisms f : £ — ¥’ change direction under X
hence “pulling back” plots.

110n a fixed topological space (or manifold) M, presheaves X in the traditional sense are identified with functors
X : Open(M) — Set with the source category being that of open sets with restrictions as maps.
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Glueing via the sheaf condition

There is one final familiar property that naturally arises in field-theoretic spaces of interest,
and also in different fields of mathematics (e.g. topology, algebraic geometry etc.), which we shall
require of our notion of spaces: This is a glueing condition formally known as the “sheaf” condition.
We shall not need to give the fully general and technical definition for arbitrary presheaves X over
arbitrary probe categories C, as the condition for the actual probe categories relevant to field theory
is relatively simple instead (cf. Def. 2.1 onwards). Nevertheless, the intuition behind this condition
is that given a collection

{¢Ei € X(Zi)}iel

of plots over “smaller” probe spaces {Z; };<7, which happen to cover a “larger” probe space X such
that they “agree on overlaps”, then we should be able to glue these smaller plots to a unique larger
plot

¢x € X(Z).

For this to make sense formally, one has to carefully define a consistent notion of “coverage” of each
probe X by families {f; : £; — X};<; of maps from other probes in C (see e.g. [Jo02][MLM94]).
A category C supplied with a coverage is known as a “site”. The sheaf condition on a presheaf X is
then the demand that for any such cover, the corresponding pullback (restriction) map is injective

(X(f))iep : X(®) — | | X (=)
iel
and surjective on those families that agree on “intersections” (assumed to be included as probes via
the definition coverage).
We thus reach our definition of generalized spaces probe-able by a category of simpler test
spaces C, as those presheaves on C whose plots satisfy the prescribed glueing condition, i.e., as
sheaves on C

X € Sh(C) < PreSh(C).

Maps of generalized spaces as natural transformations

Having defined our notion of generalized spaces, it remains to identify the correct notion of
maps between any two such spaces X and Y. As usual in mathematics, this notion of a map should
preserve the “internal structure” of the objects, and as such naturally follows our intuitive discussion
above. Indeed, since our spaces are completely determined by their consistent system of X-shaped
plots, for each X € C, the only possible data that a map

h: X —Y
may involve is a corresponding system of maps of sets between X-plots of X and X-plots of Y
hz : X(Z) —)y(Z)

The only condition is that such a system must be consistent with respect to pullback of probes, in
that pulling back along a map f : ¥’ — X and then applying hs- is precisely the same as first
applying ks and then pulling back along f

hgr o X(f) = X(f)ohs : X(E)—Y(E). (6)
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In other words, the diagram

X() s Y
lX(f) ly(f)
X(¥) by Y ()

should commute for all £, € C and f : £ — X. In mathematical terms, by following the
plot-wise intuition we have arrived at nothing but the definition of a natural transformation between
the functors X and VY,

HomSh(c)(X, Y) = Nat(X, V). @)

Summarizing, by merely attempting to consistently follow the idea that spaces should be
determined by the ways one can probe them with simple test spaces of C, satisfying a certain gluing
condition on their plots, we have arrived at a definition of a whole category of such generalized
spaces being sheaves on C

Sh(C) < PreSh(C),

a (full) subcategory of presheaves on C. Categories of sheaves, i.e., generalized spaces from our
perspective, enjoy a lot of positive categorical properties (e.g. limits, colimits and mapping spaces
exist etc.), which is indeed what makes them so useful in their mathematical physics applications.
The study of the abstract properties of such categories goes under the name (sheaf) topos theory,
with any category equivalent to a sheaf category being called a topos'?.

Probes as generalized spaces and Consistency of plot-interpretation

So far we advocated viewing the sets X(X) defining a (pre)sheaf X as the ways to plot
inside X, and schematically represented these as arrows “¢y : £ — X”. Having bootstrapped our
definition of generalized spaces X as such, it turns out that this picture actually becomes rigorous
— after canonically identifying each of our probes ¥ with their generalized space avatars y(X). In
more detail, fixing some ¥ € C we know what it means to map into it by any other probe £’ € C
using the notion of morphisms in the probe category C. That is, we may define a generalized space
y(Z)!3 by declaring its X’-plots to be

y(E)(Z) = Homc (¥, %),

with the corresponding pullback maps along probes g : £ — X’ given canonically by precompo-
sition of maps in C

y(Z)(g) :=¢g" : Hom¢ (¥, ) — Homc (X, X)
fr—ogof.

12Up to a few technical properties required from the category C and its coverage that we need not go into here. The
reader interested into the full details and technicalities of topos theory may consult [JoO2][MLM94].

31t is not in general true that all such “representable” presheaves will satisfy the corresponding sheaf condition,
for an arbitrary coverage on a category C. Nevertheless, this is true in all cases relevant to field theory (one says the
corresponding coverages are “subcanonical’’), and we shall assume as such in this exposition.
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Having realized any probe X as a special kind of generalized space
y(£) € Sh(C)

at the same level of any other generalized space X € Sh(C), there is now an actual notion of mapping
from y(X) into X. Namely, we may consider the set of morphisms (7) as natural transformations

Homgp(c) (y(X), X)

which are perfectly justified to be considered as “plots” of X into X. It turns out that this bona fide
notion of X-plots we have bootstrapped coincides precisely with the defining notion of Z-plots of X

X(Z).

Indeed, this is nothing but the content of the famous Yoneda Lemma in disguise, which yields a
canonical bijection (see e.g. [Aw06, §8])

Homgy(c) (¥(2), X) ———— X(Z) = Plots(Z, X) . ®)

h | hz o ldz

Furthermore, applying this same bijection for the special case where X = y(X’) is also a probe
space yields

Homgyc) (y(2), y(£')) ——— y(£)(2) := Hom¢ (X, T), )

i.e., the two notions of maps between probes canonically coincide. In other words, no morphisms
are lost and no new morphisms arise when probe spaces are viewed as generalized spaces! One
says that the category C is fully faithfully embedded in its sheaf category Sh(C) via the Yoneda
embedding map

y:C < Sh(C). (10)

To recap, we have defined our generalized spaces X by merely assuming they are fully described
by a system X-plots X (X) for some prescribed category of probes £ € C, and so arrived at a category
Sh(C) of all such generalized spaces with a canonical notion of morphisms between them. It just so
turns out, however, that the category of probes C is naturally included (9) in that of its generalized
spaces, whereby the set of X-plots of X is indeed identified (8) with the set of maps from (the
generalized incarnation) of ¥ into X. This fully justifies our initial schematic intuition (1) of
viewing X (X) as arrows, or plots, of X into X.

By prescribing a different category C’ of probe spaces with well-understood structural aspects
of different nature as required by the situation at hand, along with an appropriate coverage (glueing
prescription), we may define (= probe) the correspondingly structured generalized spaces as its
sheaf category Sh(C’). We now move on to show how this works in practice in our physical
problems of interest, using the familiar probe categories of Cartesian spaces R¥ € CartSp for
bosonic field theory and then further of super-Cartesian spaces R¥1¢ € SupCartSp when fermions

are included. We close by indicating further generalizations'*

using probes of infinitesimal disks
D™ for the description of infinitesimal/perturbative structure, and abstract simplices A for that of

higher gauge structure.

14Apart from these well-established aspects of the physical world, the probe-wise approach to field spaces applies in
more speculative theoretical considerations such as that of braided noncommutative field theories [CGRS20b][CGRS21],
by choosing the probe spaces to be a category of appropriate non-commutative nature as indicated in [GSz22, §4.9].
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2. Bosonic field spaces and Variational calculus via Smooth Sets

Let us briefly recall the textbook prescription of variational calculus for local field theory (see
e.g. [BaO7]).

* The kinematical data of a (bosonic) field theory is given by a field (fiber) bundle 7 : F — M
of smooth manifolds over a d-dimensional spacetime M. The (off-shell) field space is given
by sections of the field bundle

F=Ty(F)={¢:M > Flnog¢=idy},

which is actually (a priori) only a set with no further structure. For instance, taking F to be
the trivial bundle M X N recovers the o-model field space C* (M, N) with target N. Taking
instead F' = T*M to be the cotangent bundle recovers the field space of electromagnetism as
U(1)-gauge potential'® 1-forms Q(IIR(M).

* The dynamics of a field theory at hand is determined by a local Lagrangian
L:F—QYM).

The locality of the Lagrangian means that its value at a field configuration ¢ € # may be
written in a local chart as a function of the field and its derivatives

L(#) = L(x*, ¢, {01¢“}i11<k) = L(x*, ¢°, {0r¢“ }1<k) - dx’ -+~ dx? .
Phrased in global terms, this means that a local Lagrangian is given by the composition
L =Lojv
of the jet prolongation map
P Tu(F) — I (JTF),

taking field configurations ¢ to the corresponding sections of the infinite jet bundle'’, with a
Lagrangian bundle map

L AT M .
\ M /

IS F

* The space of on-shell fields
Fer —F

15For simplicity we assume it is oriented. It may be further supplied with extra background structure fields.

16 As defined, however, this field space includes only the frivial topological sector over M. Properly including all
sectors together with their gauge transformations defines a groupoid instead (see Sec. 4).

17physical Lagrangians usually factor through a finite order jet bundle J}y F. However, for the purposes of variational
calculus and the variational bicomplex it is convenient to pull these back up to the infinite jet bundle ab initio (see e.g.
[An89][Sau89][Zu86][GS25]).

10
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is defined as the set of extrema of the corresponding action functional'®
S = / oL : F—R,
M

i.e., those field configurations ¢ over which arbitrary “infinitesimal variations” of the action
functional vanish
113 (SS| ¢ — 0 2 .

Using the locality of the Lagrangian, the variational principle is the formal integration by
parts'? to isolate the “infinitesimal variation” of the field ¢ so that

5Slo =+ = [ @©L@).50). an
M
Here &L is the corresponding Euler-Lagrange differential operator expressed locally as

(5£(x“,{61¢b}|1|sk)

= 0
_ _1\/HI
ELL(#) = ) (D=5

[1]=0

, 12
5(016%) (12)

which upon careful consideration [GS25, §5] is globally identified as a map of sections
EL=ELoj® : F — Ty (V'F ® AT*M)

where V*F — F is the (dual) vertical bundle of F over M, and EL : Jj; F — V*'F ® AT M
is abundle map over F. Analogously, the “infinitesimal variation” §¢ is identified as a section

§¢ € Ty(VF)

of the vertical fiber bundle VF — F over M, covering the original field ¢ : M — F. It
follows that the natural pairing (—, —) is the one induced by the fiber-wise non-degenerate
duality pairing of VF with V*F. Thus a field ¢ is an extremum or critical point of the action
S = fM o £, if and only if it satisfies the Euler—Langrange equations of motion>"

EL(P) =04 € Ty(VFeATM).

The task is now to make rigorous sense of the above as “smooth” spaces and maps, together with
the variational procedure, in a manner which parallels extremality/criticality condition of functions
on a smooth finite dimensional manifold X. Recall that for any smooth map f : £ — IR of finite-
dimensional manifolds, the usual derivative of the composition with any smooth curve y; : R! — X
may be written as

Or(foye)li=0 = (df|ya Y0) - (13)

8Integration over M makes sense only if spacetime is compact, or if the fields have compact support. Generally, one

integrates over covering families of compact submanifolds K; < M to define a family of action functionals / charges
Sk, . The extremality condition is then expressed jointly for all such functionals.

19The formal integration manipulation may be identified with a corresponding rigorous algebraic manipulation in the
variational bicomplex of the infinite jet bundle JX';IF [An89][Sau89]. See also [GS25, §5] for a modern review linking it
to our sheaf theoretic context.

20Here 04 denotes the composition of the field ¢ : M — F with the zero section O : F — V*F ® AT*M over F.

11
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Here yo € T, X is the corresponding tangent vector at the origin of the curve, i.e., an “infinitesimal
variation” around y = yo, df : £ — T*X is the differential I-formof fand (, ) : T;EXTyEZ - R
is the canonical pairing between tangent and cotangent vectors. Thus the derivative at y vanishes
for all infinitesimal variations, i.e., the point y € X is an extremum of f if and only if

dfly = 0uf(y) - dx* = 0. (14)

This identifies the critical locus of f with the intersection set of d f with the zero-section Oy, inside
T*Z, i.e., the “pullback” construction

Crit(f) ——— %

B

X —T*%.

The formulaic analogy of (13) and (14) to the field theoretic case of (11) and (12) is evident,
which suggests to identify the space of infinitesimal variations I'y; (VF) with the “fangent bundle
to field space”

TF =Ty (VF) — F, (15)

under the projection given by postcomposition of sections with VF — F, and similarly the space
the Euler—Lagrange operator takes values in with the “variational cotangent bundle to field space”

T F = Ty (V'FO AT M) — F. (16)
This yields the space of on-shell fields g, i.e., the critical locus of the action functional, as the
intersection set of &L with the zero-section O inside 7,

Fer = Crit(S) F

&L a7
7{ o T;;rl? .

For this field theoretic analogy to rigorously follow as with the finite-dimensional line of reasoning,
we need the following requirements.
Requirements of generalized smooth spaces from bosonic field theory

(i) Sections of bundles such as the field space & = I'y;(F), top-forms Q4 (M) = T'p; (A9T*M)
or those defining the variational cotangent bundle T}, F = 'y (V*F ® AYT*M) should all
have a natural smooth structure. Furthermore, the infinite jet bundle Jy; F itself and its space
of sections I'ys(J*F) should be smooth spaces of the same nature, i.e., live in the same
category of generalized smooth spaces as with the former.

(ii) The Lagrangian bundle maps L : J, F — AIT*M, jet prolongation j® : T'p(F) —
'y (J®F) and integration maps fM : Q4(M) — R should preserve the corresponding
smooth structures, i.e., should consistute smooth maps in this category of generalized smooth
spaces. In particular this will imply that the composed local Lagrangian £ = L o j* and
action functional § = / y © L are also smooth maps.
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(iii) The smooth structure should encode the appropriate notion of a smooth path of fields
¢ : R' — F,
so that in particular the composition
So¢p; :R—F — R

is a smooth map in the usual sense of analysis. Notice this assumes that the real line
and further Cartesian spaces R¥ should also be viewed as such generalized smooth spaces
themselves. The infinitesimal variation of the action functional at ¢ = ¢¢ should then be
rigorously defined via the usual derivative, and the variational principle should be rigorously
derived via the former, so that

3(Sod)lio = - = /M<81:(¢>,¢o>,

where ¢o = 0;¢¢li=0 € TyF — I'npy(VF) defines the corresponding tangent vector over
¢ € ¥, i.e., an infinitesimal variation at ¢.

(iv) Furthermore, motivated by the study of on-shell constructions and observables (conserved
currents, charges etc.), the resulting space of on-shell fields Fg» should inherit a natural
smooth subspace structure, in that the intersection (pullback, limit) construction (17) exists
in the category of these generalized smooth spaces.

At this point we invoke our discussion of generalized spaces as being probe-able by simpler
test spaces from Sec. 1. Since we want to encode the notion of smoothness, we take our category
of (smooth) probes to be the smooth Cartesian spaces R,

CartSp — SmthMfd,

with the coverage to be that of (differentiably) good open covers. In detail, such a covering of any
R* € CartSp is given by a family of maps

{: : Rf > RY} (18)

iel
from Cartesian spaces of the same dimension, with the property that they are diffeomorphisms onto
their open image U; := Li(]Rf) c RR* and such that the intersection of any two images U;; = U; N U;
are in turn diffeomorphic to R¥ (or empty).

This immediately yields our definition of generalized smooth spaces.

Definition 2.1 (Smooth Sets). The category of smooth sets is the category of sheaves over Cartesian
Spaces
SmthSet := Sh(CartSp),

with respect to the (differentiably) good open coverage.

13
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By the very definition of the good open coverage (18), it is not hard to see that a generalized
smooth space
X : CartSp®® — Set

satisfies the corresponding sheaf condition, i.e., is a smooth set, if and only if
X(RF)
is a sheaf on the manifold R¥ in the usual sense of topology, for each R¥ e CartSp.

Example 2.2 (Manifolds as smooth sets). Any smooth manifold £ € SmthMfd, such as for instance
the real line R, a spacetime M or the total space of a field bundle F, may be viewed as a smooth set
via the Yoneda embedding (10) by setting its smooth R*-plots to be the set of smooth maps into X,

y(Z)(RF) = Homgmmmra(RF, X).

More precisely this is the restricted — but still fully faithful — Yoneda embedding along
¢ : CartSp = SmthMfd. What makes this work is the fact that any manifold admits (by definition)
a differentiably good open cover by Cartesian spaces. This yields an equivalence between the
sheaf categories ¢* : Sh(SmthMfd) — Sh(CartSp). Intuitively, this is the statement that to know a
Y-plot of X for an arbitrary probe-manifold X is equivalent to knowing its value along a cover of
probe-chart restrictions ¢ : R¥ < ¥ (by glueing these in the traditional sense).

Example 2.3 (Infinite jet bundles as smooth sets). Since any finite order jet bundle Ji, F is a
smooth manifold, we may consider its avatar as a smooth set y(J, ) € SmthSet as per the previous

t21

example. We may then define the limit~" of these smooth sets as n — oo

YUGF) = HmimhSetygn ),

which amounts to prescribing the smooth R*-plots of y(J3; F) to be families of R*-plots into each
Jy, F (= maps of smooth manifolds)

YIS F) (R = {{sfl R S Uy F | at osk= s,’i_l}neN} , (19)

which are compatible along the projections n)) | : J, F — JI’\‘,I_lF . In particular an infinity jet
Jp® € JyF,ie., ax-plotiny(Jy F), is equivalently represented by the compatible family of n-jets
{jp® = mn(j,;)}nen, as expected by the underlying set-theoretic limit.

Pullback of plots (4) along a map of probes f : R¥ — R for the infinite jet bundle is defined
by pulling back each member of the defining family (19) of an R¥-plot sX, € vy F) (R¥). Lastly,
note that the infinite jet bundle this comes with obvious plot-wise projections for each n € IN

T 2 YUy F) — yUyF). (20)

which is then manifestly compatible with pullback along probes (6), thus defining a (smooth) map
of smooth sets.

21 Abstractly, this is the statement that limits in any sheaf category are computed probe-wise via limits in Set.
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By the Yoneda embedding (10), it follows that traditional real-valued smooth functions f :
Jy F — N on each finite order jet bundle are uniquely identified with maps of smooth sets

fe i yUyF) — y(N),

all of which may be pulled back along the projection (20) to identify the set of globally finite order
JSunctions on J, F [An89][Sau89] as a subset of (smooth) maps between smooth sets

Con(UpF . N) = Homsmmse (y(J3; F), y(N)) 2n

Carefully carrying this identification through [GS25, §3-5], the variational bi-complex Q**(J; F)
and the corresponding results from [An89][Sau89] may be rigorously interpreted as taking place in
the bona-fide category of generalized smooth spaces of smooth sets.

Example 2.4 (Field spaces as smooth sets). Let us now show how a set of sections of a fiber
bundle, such as a field space with underlying set of off-shell field configurations I'ys (F) determines
a corresponding smooth set. We are after an assignment

R* — F(R¥)

of smoothly R¥-shaped plots in our field space. But we do have an intuitive notion of smoothly
R*-parametrized field configurations, namely R*-parametrized sections of the field bundle. Thus
we set

F(R¥) = {¢*:R¥XM — F|mo¢*=pr}, (22)

where R¥ € CartSp and pr, : R¥ x M — M is the projection onto M. In other words, we take
RX-plots of fields to be smooth maps of manifolds ¢* : R¥ x M — F such that

ok F

|

REx M —22 o m

commutes. For example, the point *-plots of F encode the set of off-shell field configurations
F (%) = Ty (F), while the line R!-plots of ¥ encode the notion of smoothly R!-parametrized
family of field configurations.

As one can easily guess, for any map of probes f : R — RX the corresponding pullback of
plots is given by

F(f) = (fxidy)* : FRY — F(RY)
¢* — ¢* o (f xidpy)

Lastly, it is easy to see that such presheaves ¥ satisfy the glueing sheaf condition on each probe R,
hence defining actual smooth sets. Note also, in the particular case of a trivial fiber bundle M X N
corresponding to a o-model field space, then R¥-plots of fields reduce to smoothly R¥-parametrized

maps from M into N, i.e.
k

RExM —2 5N (23)
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Of course, the above example does not only apply to sections of the field bundle, but to sections
of any fiber bundles over M, such as that of top forms AYT*M and the induced bundles VF and
V*F®AYT*M. That is, the same construction yields the corresponding smooth sets of the top-forms
on M, tangent bundle (15) and variational cotangent bundle (16) on ¥

Q4(M), TF, T*F € SmthSet.

Moreover, it applies almost verbatim to the case of sections of the infinite jet bundle 'y, (J*F),
yielding the corresponding smooth set of sections

F*° e SmthSet (24)

Namely, the R¥-plots of F*

7 (RY)
must be considered as R¥-parametrized sections of bundles smooth sets, i.e. maps ¢* : y(R¥ x
M) — y(J3, F) such that the diagram

;5,{ YUy F)

=

V(R x M) —22— y(M)

commutes. In turn, by the Yoneda embedding (10) and the family-wise plot definition of the infinite
jet bundle (Ex. 2.3), such maps may be represented by R¥-parametrized families of sections of
finite order jet bundles

&7( = {%:kaM—n];’/IF | 7rMo$§:pr2andnz_logﬁzgﬁ_l}nen\I
compatible along the projections 7} | : Jy, F — J 1’\‘4‘1F .

Remark 2.5 (Internal Hom mapping space construction). It is a fact that any (pre)sheaf category
Sh(C) < PreSh(C) enjoys a canonical mapping space construction that goes under the name
“Internal Hom functor” (see e.g. [MLMO94]). This is an operation that yields a generalized space
(of mappings) between any two given generalized spaces X, Y € Sh(C)

[X,Y] € Sh(C).

When this abstract categorical construction is applied in the case of field theoretic spaces of sections
within SmthSet (see [GS25, §2]), it recovers precisely the smooth sets defined via intuition in Ex.
24.

Remark 2.6 (Non-trivial smooth sets with one point). As an aside, let us briefly mention here that
the definition of smooth sets (Def. 2.1) allows for quite wild spaces. Indeed, there are important
spaces that have only one underling point, but nevertheless an infinite amount of higher dimensional
RX-plots. A striking example is the classifying or moduli space of differential n-forms Q- defined
by assigning its R¥-plots to be the corresponding set of differential n-forms on each Cartesian space

Rk
Ql; : CartSp® — Set
RF +—s Qi RY).
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For any 0 < k < n, its R¥-plots consist of a single element, the vanishing n-form on RX.
Nevertheless for k > n, the R*-plots comprise an infinite set! The crucially useful property of
this peculiar smooth set is that under the (restricted) Yoneda embedding (10), the set of maps from
a smooth manifold M into Qgr~ is in canonical bijection the differential n-forms on M (see e.g.
[GS25, §2.3])

{y(M) — Qn} = QR (M).

Let us now pause and note that with the definition of smooth sets (Def. 2.1) and Examples (2.2),
(2.3) and (2.4), we have already accomplished the requirement (i) from p. 12-13. Remarkably, we
did so without having to discuss any functional analysis or infinite dimensional manifold theory,
and we shall proceed with (ii) similarly.

Local Lagrangians and action functionals are maps of smooth sets

With the descriptions of ¥ (22) and ¥ (24) at hand, it is not hard to see [GS25, §2] that the
infinite jet prolongation now extends to a map of smooth sets””

T F—>F (25)
¢F > (")

Explicitly, j*¢* € F*(RX) is defined point-wise as j®¢*(x,u) := j“(LZ_}Rk ¢*)(x), where
u € RF is any point in the probe. That is, the prolongation is applied point-wise with respect to the
probe space with the derivatives being taken only along M. Following [GS25, Lem. 3.11], given
then any finite order Lagrangian bundle map L : J; F — AIT*M over M we view it as a map of
smooth sets (21), and compose with the jet prolongation (25) to yield local Lagrangians as maps
between the smooth set of fields and the smooth set of top-forms

L:=Loj® : F—QIM). (26)

Explicitly, and as intuitively expected, it may be checked that this composition is defined by sending
any R¥-parametrized field configuration ¢* € F (IR¥) to the R¥-parametrized top-form on M given

by the composition .
ook _InF NT*M .

/
RF x M I

Said simply, in local coordinates one “carries along” the dependence on u € R so that

L(Qﬁk(x,u)) = L(x“’ ¢k’a(x’u)’{al(pk’a(x,u)hﬂﬁk)
= L(x*, 6" (x, 1), {0165 (xou) b py<i) - dx' - dx?

Moreover, integration along M~ extends to a map of smooth sets

[+ aton — . @7)
M

220f course, for this plot-wise assignment and those that follow to qualify as maps of smooth sets, they must be
compatible with pullbacks of probes (6). This is straightforward to check for all assignments we shall define here.

B M is not compact this definition is taken verbatim with respect to any (oriented) compact d-dimensional subman-
ifold instead.
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Expressed plot-wise, for any smoothly IR¥-parametrized top-form wgr € Q% (M)(RR¥), the value
of the function fM wik € y(R)(RF) = C*(RX, R) is given by

(/M‘UIRk)(M) i=/MLZka,

where 1, is the inclusion M — {u} x M c R x M. That is, one integrates along M while keeping
the R¥-dependence fixed. Finally, composing the maps of smooth sets (26) and (27), we get the
smooth set map incarnation of the local action functional

S:=/o_£ . F—y([R). (28)
M

We thus have also easily accomplished requirement (ii) from p. 12-13. Moving ahead, we indicate
how the requirement (iii) from p. 12-13 is also satisfied, and as a bonus (iv) as well.

Variations via smooth paths of fields and the smooth set on-shell fields

First we note that both the smooth real line and the field space are viewed at the same level as
smooth sets, following Ex. 2.2 and Ex. 2.4

y(R), ¥ € SmthSet.
We can thus rigorously consider the notion of smooth paths in ¥ as maps of smooth sets
¢ y(R) — F. (29)

Conveniently though, by the bijection of the Yoneda Lemma (8), such maps correspond exactly to
R!-plots®* of F (cf. Ex. 2.4)
¢t € ‘}d(Rl) s

i.e., what we initially thought of as a smoothly R'-parametrized family of fields

F
Pt
Ve
p/7 |
R!'x M ——M
However, in its plot-wise smooth set map incarnation (29) we may indeed compose with the
smooth local action functional (28) to yield a map of smooth sets

So¢, : y(R)—F —yR).

Again under the Yoneda embedding (10), this corresponds precisely to the smooth function on the
real line (in the usual sense) given by the image of the corresponding R!-plot under S

S(¢) € y(R)(Ry) =C"(Ry, R).

At this stage we can compute the derivative with respect to ¢ € IR, in the usual sense, and so define
the set of extremal points of the action functional as those field configurations ¢ € F (*) where the
variation of the functional vanishes

atS(¢t)|t=0 =0

Z4Here we abusively use the same symbol for both incarnations of the map.
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for all ¢, € F(IR;) such that ¢ = ¢o := 15, ¢
Crucially, however, we may repeat the above argument (cf. [GS25, §5.3]) by considering
instead 1-parameter families of R¥-plots of fields

of YR xRy — F,
or equivalently R¥ x R;-plots
¢r € FRxRy).
This allows to consider variations of S on all of its R¥-plot assignments, thus yielding a general
definition of critical R¥-plots of fields.
Definition 2.7 (Critical plots of action functional). Let S : ¥ — y(IR) be alocal action functional.

The critical R*-plots of S is the subset of R*-plots
Crit($) (R¥) := {¢’< e F(RY) | 9:5(60) im0 =0, VoF € Fypr (R x R})}, (30)

where Fye (RF X R}) = {¢f € F(RF xR}) | ¢k, = ¢* € F(R)}.
Hence, there is an assignment of sets of R¥-critical plots
R* +— Crit(S)(R¥),

for each k € N. If § was an arbitrary abstract map of smooth sets, there is no reason why this
assignment should be functorial under maps of probes R* — R¥, i.e., would not necessarily define
a smooth set. However, the content of Prop. 5.31 and Cor. 5.32 of [GS25] is precisely that this does
define a smooth set in the case of a local action functional® S = fM o L, while also rigorously
exhibiting this critical smooth set as nothing but the smooth set Euler-Lagrange locus, i.e., the
smooth set intersection

Fe.r = Crit(S) F
| lsz 31)
F e T F

of the Euler—Lagrange operator as a smooth section of the variational cotangent bundle and the zero
section over 7. In other words, this identifies the critical R¥-plots ¢* of the action functional S as
those plots in 7 (IR¥) which map to the O-section R*-plot in T*F (R¥) covering ¢* 2° under the
Euler—Lagrange operator (extended to plots analogously to the local Lagrangian from (26))

ELP) =04 + REXM —>VFRANTM.

With this result, we have successfully achieved both requiremenets (iii) and (iv) from p. 12-13.
Further field theoretic concepts recognized to rigorously take place in smooth sets
Let us close this overview on smooth sets and bosonic field theory by listing many familiar
field theoretic concepts and results that have been naturally defined and proven within the setting of
smooth sets in [GS25]. These include, but are not limited to :The notions of finite diffeomorphisms

BSee Prop 5.39 of [GS25] for the case of non-compact spacetimes.
26More precisely, this is the RX -parametrized section of V*F ® ANT*M given by composing % : RK x M — F with
the zero section O : F — V*F @ A9T*M.

19



Sheaf Topos Theory: o .
A powerful setting for Lagrangian Field Theory Grigorios Giotopoulos

and infinitesimal ones as smooth (local) vector fields on field spaces ¥ [GS25, §2 |; Finite (local)
symmetries, currents and charges of Lagrangian field theories [GS25, §3 ]; Infinitesimal (local)
symmetries, conserved currents, Noether’s 1st and 2nd Theorems, Cauchy surfaces [GS25, §6];
)7, the local bicomplex on F x M
of Zuckerman [Zu86] and, last but not least, the canonical presymplectic current w , of any local
Lagrangian field theory (7, £) hence defining the on-shell covariant phase space as a presymplectic
smooth set [GS25, §7].

Tangent bundles of on-shell field spaces T¥¢ » (= “Jacobi fields”

3. Fermionic field spaces via Super Smooth Sets

We now change gears and go back at an intuitive situation as a source of motivation. Following
[Fr99], we consider one of the simplest examples of a Lagrangian containing a fermionic field; that
of the fermionic particle on the real line

LFer.Part. = lﬁ at'ﬁ -dr. (32)

In this expression i is manipulated as an “anticommuting variable” representing the fermionic field
at the classical level. We wish to ask what is the symbol ¢ mathematically; which set does it belong
to, if any?

Naive attempts at describing a fermionic field

(i) A first naive guess is that ¢ is a simply a real-valued function on the real line. Namely, an
element of
C*”(R;, R).

But this fails immediately as in this case the elements ¢ and 9, would commute, and so the
Lagrangian (32) would be trivial, i.e., a total derivative

L) =28, dr =2dy.

(ii) In view of the anticommuting nature of ¢ in contrast to the commuting nature of the source
time-line R,, another attempt is to consider the target of the maps to be the odd real line

R = Rogq .

This is the supermanifold defined by the polynomial algebra of functions generated by one
odd (coordinate) variable b

OR") = R[] = Reb-R.

Since maps of supermanifolds are completely determined by their pullback action on their
function super-algebras (cf. discussion around (37)),

Homsupmta(R; , RY) = Homgypeae (O(R), C¥(Ry)),

2TNote however, this is not “naturally” defined within smooth sets as it involves actual infinitesimal curves (cf. Sec.
4).
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(iii)

any map ¢ : R, — R is completely determined by the value of the generating coordinate
b under the pullback morphism of algebras

v* : O(RYM) — C*(R,).
But since b is an odd element, it must be that
Y (b) -y (b) =y (b*) =y (0) = 0

and the only smooth function y*(b) € C*(IR;) on the real line that squares to zero is the
constant O-function, i.e., necessarily

W (b) = 0.

In other words,
Homgypmea (R, , RO = {0}

and ¢ would necessarily represent the trivial fermion field!

One notices, however, that the above line of logic would produce a non-trivial set if we
adjoined an “auxilliary odd coordinate” 0 to the function algebra of the time line

Homgupcalg (O(IROH) , C¥(Ry)[6]) .

since such a (pullback) map of algebras is then determined by its action on the generator
b e O(RM) as
b+— f(r)-0

for an arbitrary choice of function f(¢) € C*(R;). In other words,
Homsupcarg(O(R™'), C*(R)[6]) = C™(R,)-6. (33)

In terms supermanifolds, the algebra with one extra auxiliary coordinate is the algebra of
functions on the product R, X IR%H

OR,xR)") = C°(R)®OMRY) = CRIH],
which by (33) implies that, dually, via maps of supermanifolds
0[1 0|1 ~ oo
HomSuprd (Rg xR;, R ) = C (]Rt) 0.

This does provide a non-trivial “set of fields” of fermions of anticommuting nature, but
nevertheless on which the Lagrangian (32) still acts trivially. Indeed for any yg = f(¢) - 6,
one has

LWo)=f(1)-8,f(t)-6>-dt=0 € QL(R)®OMRI,

by virtue of 6% = 0.
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(iv) To circumvent the triviality of the Lagrangian in (iii), we may supply instead 2 auxiliary odd
coordinates by considering instead the set of mappings from Rglfgz xRy = lelll X lR%IZl x Ry
into R°!'. Carrying through the dual algebra calculation as above, it follows then that

HOHISuprd(1Rg|1292 XRi, Roaa) = CT(Ry)-01 @ C7(Ry) - 62,

whose elements are of the form
Vo0, = fi(1) - 01+ fo(1) - 02
This implies that the Lagrangian (32) does act non-trivially as a map
L HOIIlsuprd(lellzg,2 X Re, Road) —— Qlir(Re) ® O(R%'fgz ,

since
LWoo)=-=(fi-0fo—fr -0 f1) 610,-dt

is non-zero and moreover non-exact, due to the crucial minus sign appearing by anticommut-
ing the auxilliary coordinates 81 and 6,.

(v) Upon further inspection, the reason the Lagrangian requires 2 auxiliary odd coordinates to
exhibit its non-triviality is because it is a 2nd order polynomial in ¢. It follows similarly that
to display a fermionic Lagrangian of polynomial order ¢ € IN as a non-trivial map, or any
observable functional of the fermionic field ¢ for that matter, requires the introduction of (at
least) g auxiliary odd coordinates so that

LRQII& : HomSuprd(leJg xR, RM) —— QrR,)®0 (R (34)
gy L)

aux

0 o1 o1 . de . .
where ]Rallf,z( =R ell x--- xR Hl is an “auxiliary” g-dimensional odd Cartesian space.
q

We have thus argued that the symbol ¢ is to be interpreted as a morphism of supermanifolds
from the time-line R, to the odd line R°!', but parametrized by an extra auxilliary odd Cartesian
space RVl9 as necessary by the polynomial order of the Lagrangian (or observable) at hand. This
means that ¢ is not an element of a fixed set, and hence still begs the question of what is actually
the fermionic field space it represents?

Super sets

The attentive reader will immediately notice that the above pattern is completely analogous
to the smooth case, where we considered R*-plots of a bosonic field space as R*-parametrized
smooth maps of manifolds (cf. Eq. (23) of Ex. 2.4). That is, what we are implicitly describing as
R%9-parametrized maps of supermanifolds in (34) are nothing but the plots of the corresponding
super space of fermionic fields traced out by the odd Cartesian space R%19, in line with the intuition
of Sec. 1. This is indeed encoded in the following notion of generalized space of a super set [Sc13a,
§4.6], as per the discussion of Sec. 1. To state this properly, we denote by OddCartSp the category
of odd Cartesian probe-spaces, also known as super points (see Ex. 3.2), namely opposite category
to that of finite Grassmann algebras generated by a finite number of odd variables

OddCartSp —— Grassmann;; (35)

R +—  ORY) =R[61. - .0].
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Definition 3.1 (Super Sets). The category of super sets is the category of sheaves over odd Cartesian
Spaces
SupSets := Sh(OddCartSp),

with respect to the trivial coverage {idgoq : R4 — RO9},

In particular, considering the trivial coverage implies the glueing (sheaf) condition is satisfied by
all presheaves on OddCartSp, hence any functor

X : OddCartSp — Set

constitutes a super set.

Example 3.2 (Odd Cartesian spaces as super points). By the Yoneda embedding (10), any probe
odd Cartesian space R/’ may be viewed as a super set

y(R) €  SupSets.
Notice any such super set has only one point, in that its R?I® = x-plots are given by a single element

)’(]ROU)(*) : = Homouddcarsp (* » RO”) = HomSupCAlg(O(Roll) . R)
= {0},

where R = O(x) is the function algebra of the point. Nevertheless, one can check that its odd
R%9-plots for ¢ > 0 are potentially non-vanishing so that

YR (RY) := Homogacarsp(RY7, ROY) # {0}.

This is one way to justify the naming of odd Cartesian spaces as the super points: Their underlying
set of points is a singleton, but nevertheless their infinitesimal fermionic nature can be non-trivially

probed with other odd Cartesian spaces”®.

Example 3.3 (Fermionic particle field as a super set). Let R; be the source real-time line and
RO be the target odd line for the fermionic particle. Then the IR°7-parametrized maps described
in (34) define its space of fields as the super set with plots

Frer.part. . OddCartSp — Set
R+  Homgypmra(Rog X R, , RO .
Moreover the assignment from (34) can be checked to be functorial under maps of probe super
points f : R%4" — R4 hence exhibiting the Lagrangian formula (32) as a well-defined map of

super sets
L FFerpar. — QéR(RZ)

where the super set on the right is determined by R - QAR(R,) ® O(RY9).

280f course, this is in line with their locally ringed space definition. As a ringed space ROl9 = (%, R[Oy, - 6;]),
i.e., it has underlying topological space the point but supplied with the non-trivial ring (of functions) given by the
corresponding Grassmann algebra.
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This fully incorporates and explains the attempts from p. 20-22. Namely, such a fermionic
field space has only one point, i.e., one #-plot

ﬁer.Part.(*) = {¢O|O = 0} P
but nevertheless has non-trivial higher odd-plots (cf. the purely smooth case of Rem. 2.6),
Frera R79) = (P R xR, — R} 2 {0}

for g > 1. Moreover, the Lagrangian of the free fermionic particle holds trivial information at the
level of both point and R%!'-plots, but nevertheless encodes non-trivial information at higher plots,

LRO‘O(wmo) =0 ’ L]ROII('»”O“) =0 ) L]}{o\z(lﬂolz) 0

forg > 1.

In fact, the argument we made in p. 20-22 towards the probe-wise description of fermionic
field spaces applies verbatim for more general fermionic fields ¥, i.e., being sections of an arbitrary
odd vector field bundle

Vodd — M

over a spacetime M and any polynomial Lagrangian £ in ¢. The corresponding super set of
fermionic fields is then given by the probe-wise assignment of plots

Frer. R7D) = {7 RN XM — Voga | w0y = pr,}, (36)

where the arrows here mean maps of supermanifolds, i.e., dually pullback morphisms between the
corresponding super-algebras of functions (see later Ex. 3.6 for more details). For instance, this is
already necessary to describe mathematically the physical Dirac fermion Lagrangian

Lpirac = (J)’May'ﬁ) -d*x )

where V,qq is here the odd version of the corresponding Spinor bundle, say over Minkowski
spacetime M = R!3. Such local fermionic Lagrangians, and generally observables, may be checked
explicitly to be functorial under maps of probes (6), hence displaying that the fermionic formulas
naively written in the physical literature are implicitly well-defined, and actually representing
morphisms of super sets!

So far this fully formalizes and explains the usual description of classical fermionic fields (see
e.g. [Fr99]). Note, however, if we are to the formulate the corresponding variational calculus
rigorously in analogy to the bosonic case described in Sec. 2, we must also be able to consider
smooth paths of (R14-plots of) fermionic fields — that is we would also like to describe the smooth
structure of such field spaces. Following [Sc13a, §4.6], the smooth and super structure of field
spaces may be simultaneously described by enhancing our collection of probes to include both
Cartesian, odd Cartesian spaces and their products.

Super Cartesian spaces and Super Smooth sets

To properly state the definition of super smooth sets, let us first precisely identify our category
of probes. Firstly recall the standard result (“Milnor’s exercise”, cf. [KMS93, §35.8-10]) that states

24



Sheaf Topos Theory: o .
A powerful setting for Lagrangian Field Theory Grigorios Giotopoulos

that any smooth manifold M, and in particular any Cartesian space R¥, is completely determined by
its algebra of functions. Namely, the functor that extracts the algebra of functions is a fully faithful
embedding into commutative algebras

CartSp < CAlg%’
R* — C*(R%).

Since any commutative algebra is a a special case of a super-algebra with no odd elements CAlgr —
SupCAlgy,, Cartesian spaces may be viewed as such via their function algebras

CartSp — SupCAlgg .

Thinking of super-algebras abstractly as function algebras of would-be generalized superman-
ifolds, we enlarge our collection of smooth probes CartSp and define our category of super smooth
probes to be formal duals of algebras of the form C*(R¥) ® O(R°!9), namely

SupCartSp < SupCAlgyy 37)
R4 = RF xR s O(RM9) := c*(RF) ® O(RY9),

where O(R%19) = R[6), - - - 64] is the algebra of the corresponding super-point. We supply it with
the (differentiably) good open coverage, trivially extended along odd directions. In detail, this
declares a covering of any Rl € SupCartSp to be given by a family of maps

{t xidgog : RF x RO — RKl4} (38)

iel

where the restricted family {¢; : IRf.‘ < IR*} is a (differentiably) good open coverage of Cartesian
spaces in the sense of (18).

Definition 3.4 (Super Smooth Sets). The category of super smooth sets is the category of sheaves
over super Cartesian Spaces

SupSmthSet :=  Sh(SupCartSp),

with respect to (differentiably) good open coverage extended trivially in the odd directions (38).

Similar to the case of purely smooth sets from Def. 2.1, the coverage (38) implies that a
generalized super smooth space

X : SupCartSp°® — Set
satisfies the corresponding sheaf condition, i.e., is a super smooth set, if and only if
X(RM9) = X (R* x RY9)

is a sheaf on the manifold R¥ when in the usual sense of topology when restricted along ¢ : RF <
R* x R%4, for each R* € CartSp and every R°19 € OddCartSp.
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Example 3.5 (Supermanifolds as super smooth sets). Any super manifold £ € SupMfd, such as
a spacetime M or an odd vector bundle V,qg — M, may be viewed as a super smooth set via the
Yoneda embedding (10) by defining its R*9-plots to be the set of maps of supermanifolds into X,

y(Z) (Rqu) L= HomSuprd(Rqu s 2)
= Homgypcalg, (O(2), C(RY) ® O(R)).

Here we implicitly use the fact that super manifolds X (as locally ringed spaces modelled
on RK9), are also fully determined by their super algebra of (global) functions O(Z) (e.g., as a
corollary of Bachelor’s theorem [Ba79]). More precisely then, this example employs the restricted
— but still fully faithful — Yoneda embedding along ¢ : SupCartSp < SupMfd*’.

Example 3.6 (Boson-Fermion field spaces as super smooth sets). Consider now an odd vector
(fermion) field bundle V,qq¢ — M over spacetime, or more generally a composite

T

F Vo F M.

odd vector bundle over F, which in turn is a bosonic fiber bundle over M. The total space of
such a composite is a field bundle encodes the internal nature of both bosonic and fermionic fields,
simultaneously (cf. [GMS09]). For instance, in the case where the fields are indendently defined"
FYeda could be the pullback of a separate odd vector bundle over M

F Voad = *Vodd .

The smooth super space of off-shell fields on M is defined as the super smooth set defined by
the assignment
R +—s F(RP9)

of R¥9-shaped plots, which are given by R¥|9-parametrized sections of the composite field bundle.
Thus we set

FRM) = {p* RN x M — FYu | 7y 0 919 = pr, } (39)

where R € CartSp and pr, : R¥ x M — M is the projection onto M. Of course, here the maps are
explicitly computed dually in terms of pullbacks of function superalgebras as per Ex. 3.5. In other
words, these are taken to be maps of super-manifolds ¢*!7 : Rl x M — FYeu such that

okl FVoud
g Ln
RMa x My — 22 o

commutes. The functoriality under maps of probes f : R¥'19" — R*I4 and the sheaf condition
hold analogously to the purely bosonic case of Ex. 2.4.

29 As with the purely smooth case, this works because any super manifold admits (by definition) a differentiably good
open cover by super Cartesian spaces. This yields an equivalence between the sheaf categories ¢* : Sh(SupMfd) =
Sh(SupCartSp).

30This is not the case when considering a gravitational theory with coupled fermionic spinorial fields. The latter’s
definition depends on the choice of metric g, hence the fully general composite description is necessary.
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One can readily check that the points of such a field space are given simply by the set of
off-shell bosonic field configurations

FRY) = Tu(F),

extending the fact that fermionic fields do not appear at the point-set level of geometry from Ex.
3.3. The non-trivial fermionic information is encoded solely in higher odd plots of this smooth
super set. To simplify the formulas let us consider this for the case of F"o4d = 7V, 44, so that one
may check in particular that

FRY) = Tu(F)x (Tu(V)-6),

where 6 is the odd coordinate of the probe space R!!. This reveals both the bosonic configurations
and also non-trivial fermionic configurations, but only for linear Lagrangians and observables,
generalizing the case of the fermionic particle from (iii) of p. 21. For higher order Lagrangians and
observables in the fermion field, higher odd plots are required and computed similarly.

More generally, and in particular towards the purpose of variations of action functionals, one
may consider smoothly parametrized families of such odd plots of fields. For example, it follows
similarly that

FRI ~ ngxM(pr;F) X (meM(PrEV) -6),

namely pairs of smoothly R!-parametrized families of a bosonic field configuration and a fermionic
field configuration (of linear order)

@y 0 e FRM.

Remark 3.7 (Super smooth set internal hom). Precisely the same abstract internal hom mapping
space construction as in Rem. 2.5, applied now within the category of super smooth sets, recovers
exactly the intuitively defined super smooth field spaces of Ex. 3.6. See [GSS24a, §2.1.5] for
a discussion towards the example of the gravitino fermion 1-form field of 11D supergravity and
[GS25¢] for further details.

Example 3.8 (Jet bundles of odd bundles). Finite order jet bundles of odd bundles Vogq¢ — M and
generally composite bundles FYe4 — F — M can be defined (algebraically) as finite dimensional
supermanifolds (see [GMS09], following [HT92])

Ju FYedd e SupMfd.
These may be viewed as super smooth sets in the sense of Ex. 3.5
y(J§,FY«) €  SupSmthSet,

whose limit then defines the infinite jet bundle directly as a super smooth set analogously to the
purely smooth case of Ex. 2.3

YIGFYu) = Liml PSMSey (g pYoay
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This implies that the algebra of finite order functions on Jij; F Voad
Oglb(J mF VOdd)

exists as maps of super smooth sets, similar to (21), and hence further the variational bicomplex
Q> (I, F Voad) for fermionic field bundles (cf. [GMS09]) also appears naturally in super smooth
sets [GS25c¢], just as the purely bosonic one did for smooth sets [GS25].

With Examples 3.6 and 3.8 at hand, the discussion of variations via smooth paths (of plots)
of fields from Sec. 2 generalizes to arbitrary smooth paths of R¥I9-plots of fields, thus including
the description of both bosonic and fermionic fields. In particular the corresponding criticality
condition (Def. 2.7) along with the result from (31) follow analogously, resulting in a super smooth
set of on-shell fields. All other field theoretic notions listed in p. 19-20 (as carefully studied in
the purely bosonic case in [GS25]) also extend to the super smooth setting, as necessitated by the
existence of fermions. The full details and technicalities of this extension will appear in [GS25c¢].

4. Outlook: Infinitesimal and Higher generalizations

In this closing section, we briefly indicate further generalizations suggested by field theoretic
considerations, which are naturally accommodated by further enlarging our collection of probe
spaces.

Infinitesimal structure

In the theoretical physics literature, one often considers expansions of expressions in formal
variables € which are taken to be nilpotent in that €” = O for some r € IN. For instance, this is the
case when defining tangent vectors on manifolds M via “infinitesimal curves y = y(0)+€-y(0)”, or
similarly when deriving infinitesimal gauge transformations 6 ¢ from finite gauge transformations
¢ N ¢’. A further example is the definition of (on-shell) “Jacobi fields” as fields that satisfy the
linearized field equations, i.e., obtained by formally expanding the full Euler-Lagrange operator
and truncating to first order. Of course, another appearance of such manipulations is in (classical)
perturbation theory around a fixed field configuration ¢¢. Such considerations are rigorously
formalized in the context advocated in Sec. 1, i.e., by probing the infinitesimal structure of the field
theoretic spaces in question.

Technically, this means we are to further enlarge our collection of probes to include simple
infinitesimal spaces. To do this, recall the discussion of p. 24-25, where by “Milnor’s exercise” we
may view our smooth Cartesian probes equivalently as their function algebras

CartSp — CAlg%f
R* — C*(RY).

Now, even prior to passing to super-algebras, we may consider certain commutative algebras as
function algebras on would-be infinitesimal spaces. Namely, these are algebras generated by
nilpotent even (= bosonic) elements, or more formally quotients of polynomial algebras of the
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form?!
R[el,...,em]/(er“) =  OoDmM.

Such an algebra rigorously encodes the intuition of variables vanishing at some (r + 1)-polynomial
order and so, as the notation on the right suggests, we it take to be the function algebra of the (formal
dual) m-dimensional infinitesimal disk (or point) of order r

Dy e CAlgy.

These are the infinitesimal spaces by which we may probe (= define) the infinitesimal structure
of our field theoretic spaces. Of course, since we also want to retain the description of smooth
structure, we consider our totality of probes to be products of infinitesimal disks with Cartesian
spaces, termed infinitesimally thickened Cartesian spaces. That is, we take our category category
of probes to be

ThCartSp <  CAlgy (40)
R¥xD™ - OMRKFxD™) := (R e0(DM)),

which we supply with the (differentiably) good open coverage extended trivially along the infinites-
imal directions, analogously to Eq. (38). Finally, we define the category of infinitesimally thickened
smooth sets as the corresponding sheaf category

ThSmoothSets :=  Sh(ThCartSp) .

This sheaf topos’” forms a well-adapted model for synthetic differential geometry [Du79][Ko06]
[KS17][GS25b], which is to say that it serves to make the intuitive infinitesimal arguments from
physics into rigorous statements.

Let us indicate briefly how this works. Firstly, recall that by the Yoneda embedding (10)
manifolds (cf. Ex. 3.5) and infinitesimal spaces are seen to inhabit this common category of
thickened smooth sets. Paralleling the descriptions of Ex. 2.4 and Ex. 3.6, or by using the internal
hom of ThSmoothSets (Rem. 2.5), (bosonic) field spaces ¥ may also be seen as such [GS25b]

F € ThSmoothSets,

and similarly for the infinite jet bundles of Ex. 2.3. This allows one to probe such generalized
spaces by infinitesimal spaces, and in particular the all important (first order) infinitesimal line

D! € ThCartSp — ThSmoothSets .

Example 4.1 (Tangent vectors of manifold are infinitesimal curves). Consider a smooth manifold
M. The set of mappings of thickened smooth sets from the infinitesimal line ]D% into M is in
canonical bijection with tangent vectors on M

TM = Homphsmmse(y(D)), y(M)).

31For technical reasons, one needs slightly more general (finite dimensional) nilpotent algebras, known as Weil

algebras. These may be equivalently defined as further quotients of the algebras O(ID}").
32This is originally due to [Du79], albeit via a more complicated but equivalent definition of the site of probes (the
equivalence being proven in [GS25b]). In the mathematics literature, it is usually referred to as the “Cahiers topos”™.
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Indeed, by the (restricted) Yoneda embedding (10), such maps of thickened smooth sets are in bijec-
tion with algebra homomorphisms Homcagy, (C* (M), O(D } )). Any such algebra homomorphism
C*(M) — R[€]/€* has components

(P, Xp) :+ f +— p(f)+e-Xp(f),

where by €2 = 0 it follows for fi, f» € C*(M) that

(fi- ) — p(h)-p(f)+elp(fi) - Xp(f)+ Xp(f1) - p(f2)) .

It follows that the first component p defines the evaluation at a point p € M (by Milnor’s exercise),
while the second component X, defines a derivation at p € M, i.e., a tangent vector.

Using the internal hom construction (Rem. 2.5), one can then further explicitly prove (see
e.g. [Ko06]) that the space of mappings from lD} into a manifold M recovers the tangent bundle’s
(thickened) smooth structure

[y(D), y(M)] = y(TM) € ThSmthSet,
but also that of field spaces [GS25b] from Eq. (15)
[D;, F] = TF € ThSmoothSets.

Moreover, if the tangent bundle to the on-shell field space g, from (15) is defined by the same
mapping construction
TFer = []Di , Ferl,

one can prove [GS25b] that this recovers also the traditional notion of the (space of) Jacobi fields
(as defined for instance in [GS25]). At the level of =-plots these identifications can be checked
to correspond precisely to the naive notion of expanding along an infinitesimal curve, thus fully
justifying such intuitive arguments.

Furthermore, the setting of thickened smooth sets allows for a proper definition of an “in-
finitesimal neighborhood” ID 4 around a point ¢ € ¥ () of any such space . Namely, this is the
thickened smooth subset

Dy — F

whose (IR x ID™)-plots are given by the subset of F(IR* x D) which are constant onto ¢ when
restricted along ¢ : R¥ < R* x D™. It can be shown explicitly [GS25b] that for a manifold M
and a point p € M, the restriction of a smooth map § : M — R to the infinitesimal neighborhood
around p

S |ID,, . ]Dp —>M—R

encodes precisely the notion of the formal Taylor expansion, i.e., the perturbative expansion of §
around p (w.r.t. any local chart and along with the appropriate notion of the equivalence between
expansions corresponding to different charts). We expect that the analogous statement holds for
the case of the (infinite dimensional) thickened smooth space of fields ¥ corresponding to sections
of a field bundle. That is, restriction to the infinitesimal neighborhood around a field configuration
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Dy < ¥ should encode the intuitive notion of perturbing around the given field ¢ by formally
expanding the corresponding action functional / local Lagrangian / Euler—Lagrange operator.

Full details of these and further constructions native to the topos ThSmoothSets relevant to
Lagrangian field theory will appear in [GS25b]. Finally, note that including fermionic fields in
such constructions necessitates, of course, the introduction of fermionic probes as per Sec. 3. This
leads to the category of (thickened) super smooth sets [GS25c] as sheaves over (thickened) super
Cartesian spaces

ThSupCartSp — SupCAlg%’ 41)
R¥Yx D" — ORNIxD") := c*(RF) @ O(R") @ O(D").

Higher gauge structure

Finally, let us return to the familiar gauge bosons of the physical world. Recall the standard
fact (deduced for instance by considering observables), that the notion of “sameness” between any
two gauge field configurations ¢ and ¢’ is not that of equality, but rather being related by a (finite)
gauge transformation

¢ ——— ¢’

which is in particular invertible. But such a collection of objects (gauge fields) with invertible
morphisms between them (finite gauge transformations) is nothing but the definition of a groupoid
[We96]. In our probe-wise approach, this translates to the statement that *-plots of field con-
figurations of gauge theories should not form mere sets of points, but rather groupoids which
naturally encode the internal gauge structure of the fields. Similarly then, describing their smooth
structure via R¥-plots should not result into sets, but groupoids of R¥-parametrized gauge field
configurations together with the corresponding gauge transformations.

Before bringing in the smooth structure, note that we can inductively consider ever higher gauge
fields (such as the B-field or C-field from supergravity), where gauge transformations themselves
are not to be identified by equality but by “gauge-of-gauge transformations”

h ¢, (42)

and any two gauge-of-gauge transformations in turn by a higher order gauge transformation
g

7NN
¢ h/(:>>h (ﬁ/ s

N 2

’

8

and so on ad infinitum. This necessitates to consider #-plots as being instead objects termed “co-
groupoids”. A hands-on approach to co-groupoids is via the the category of abstract n-simplices
A", equipped with the face preserving and collapsing maps [Fr12, §2], which encode solely the
combinatorial structure of the corresponding geometric simplices (points, lines, triangles, tetrahedra
etc.)

My = {022 € (Rao) | Siipt = 1}
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Viewing the abstract n-simplices as probes as per Sec. 1, one then defines co-groupoids as certain
functors
G : A’ —— Set.

Following the terminology of smooth and super sets (Def. 2.1 and Def. 3.1), such (pre)sheaves®’

are called “simplicial sets”. More precisely, co-groupoids are defined as those simplicial sets that
satisfy a certain existence of (non-unique) higher composites property*, called the “Kan condition”
[Fr12, §7]. Thus co-groupoids are also known as Kan simpicial sets or Kan complexes

Grpd,, := sSetgan < PreSh(A). 43)

The probe-wise description for a given co-groupoid G representing the space of higher gauge
fields on a spacetime follows as intuitively expected. The A%-plots of G, i.e., its O-simplices is the
set

G(AY = { higher gauge field configurations ¢ }

of all gauge field configurations on a spacetime M, possibly including every topological sector,
while the set of 1-simplices

gAY = { gauge transformations ¢ LN ¢’}

is the set of gauge transformations between any two gauge field configurations. Similarly, the
2-simplices is the set

G(AY = { 2" _order gauge transformations (g1, g2) ", g }

of (higher) gauge transformations between any pair of consecutive 1°”-order gauge transformations

81 82

b1 b2 #3

and a third gauge transformation

gl
¢ — ¢3,
thus exhibiting the latter as one possible (gauge equivalent) composition of g and g,. A degenerate
subcase of these is if g = idg,, so that the higher gauge transformation is interpreted between two
fixed gauge transformations as depicted in (42). The pattern continues for n'”-order higher gauge
transformations encoded via the set of n-simplices G(A"), for any n € N.

Example 4.2 (co-groupoid of Yang—Mills gauge fields). Consider the classical case of gauge fields
of Yang—Mills type for a gauge group G on a spacetime M. The O-simplices of the corresponding
co-groupoid are given by the set of all global G-gauge field configurations>”

g_gauge(AO) = { global G-gauge field configurations A }

33That is, sheaves with respect to the trivial coverage on A.

34This property is naturally satisfied for field theoretic examples, so we will not worry about it in this exposition.

3SRecall its global topological nature is that of a globally defined g-valued 1-form (connection) on a principle G-bundle
P over M, or equivalently via its local transition functions used to glue/identify its locally defined 1-form representatives
{A; € QéR(Ui, 9) }ies of g-valued 1-forms on a cover {U; < M };¢y of local charts of M .

32



Sheaf Topos Theory: o .
A powerful setting for Lagrangian Field Theory Grigorios Giotopoulos

while the 1-simplices are given by gauge transformations generated by gauge parameters g : M —
Ad(P) into the corresponding adjoint bundles’

G-gauge (AI) —

M {gauge transformations A —-— A% := g ' A-g+g-dg! } .

Since no (non-trivial) higher gauge transformations exist and compositions of gauge transformations
are unique (being actually a 1-groupoid), its 2-simplices are tautologically defined and labelled by
unique higher (“identity”’) morphisms between pairs of gauge transformations and their compositions

. idg, o
1\(/; g(A2) = {trivial 2"-order gauge transformations (g1, g2) ———— g2 0 g1 } .

All higher n'"*-order gauge transformations are also trivial, so the higher simplices gg'g"‘”ge(A")

follow analogously.

Example 4.3 (co-groupoid of global 2-form gauge fields). Consider the case of the trivial topo-
logical sector of a B-field, namely with higher gauge field configurations given by globally defined
2-forms on a spacetime M. The 0-simplices of its co-groupoid is given by the set of two-forms
(M)

gif‘”m(Ao) = { globally defined 2-forms B }

while the 1-simplices are the gauge transformations generated (and labelled) by globally defined
one-forms A € QAR(M )
gf\;f“m(A‘) = { gauge transformations B _ 2 ,BA =B+ dA} .

Of course, non-trivial higher gauge transformations do exist in this case. For instance A and A +df
both generate a gauge transformation that maps to the same field configuration

B = B+d(A+df)=B+dA = BA,

for any O-form (function) f € Q(d)R(M ). More generally, the 2-simplices are now generated and
labelled by O-forms f € QO (M)

g}\;f‘“m(AZ) = {Z”d-order gauge transformations (A1, Az) ; A=A+ Ay +df } ,

encoding the fact that two consecutive gauge transformations

A A
Bl ——1—>Bz = Bl+dA1 ——2—>B3 = Bl+d(A1+A2)

admit any of the (gauge equivalent) gauge transformations

A+As+d
B, l+—2+f> B +d(A1 +A2+df) = B3
as a composed transformation, for any O-form f € QgR(M ). Since no (non-trivial) higher order
gauge transformations exist, all the higher simplices Qj%,;form(A”) are tautologically defined and
labelled by the corresponding unique (identity) higher morphisms.

36These are the bundles Ad(P) := P X G associated to the adjoint action of the group G on itself. Such globally
defined gauge transformations are represented locally by families of G-valued functions {g; : U; — G}, glued by the
same transition functions.
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Smooth and super co-groupoids

‘We now consider reintroducing the smooth structure of Sec. 2, but along with the higher gauge
structure described above. To start with, this requires that probing the field space with a smooth
probe R¥ yields plots that do not form a set, but rather an co-groupoid (43)

gSmth(Rk) €  sSetgan -

for each RF € CartSp. In other words, the smooth gauge field space should be defined by a
particular kind of functor [Sc13a]

Gsmin : CartSp®® —— sSetgan ,

whose R¥-plots are interpreted as smoothly R¥*-parametrized families of co-groupoids comprised
of gauge fields, gauge transformations, gauge-of-gauge transformations, and so on. For instance,
this means that the (R* x A%)-plots

Gsmn (R*)(4%)
{ smoothly R*-parametrized higher gauge fields ¢]Rk}

Gsmn(R* x A”)

are the smoothly R*-parametrized (higher) gauge field configurations, while the (R¥ x A')-plots
are the smoothly R*-parametrized gauge transformations

Gsmn (R¥)(A")

. ) 8Rk
{ smoothly R¥-parametrized gauge transformations ORE = ¢£Rk }

Gsmn(RF x A1)

between any two smoothly R¥-parametrized gauge field configurations, and similarly for higher
simplices. Following this intuition, it is not hard to write down the smooth plots corresponding to
examples 4.2 and 4.3, following the prescription of Ex. 2.4 at each A"-probe level. The resulting
“smooth co-groupoids” are nothing but the finite/integrated version of the corresponding BRST
complexes, which are defined by encoding the towers of infinitesimal (higher) gauge transformations
(dually) as Le.-algebras (see e.g. [JRSW][CGRS20a]).

Another important class of (higher) smooth spaces that exist in this context are moduli or
classifying spaces of (higher) gauge fields [Sc13a].

Example 4.4 (Classifying space of G-gauge fields). Recall the co-groupoid construction of Yang-
Mills G-gauge fields from Ex. 4.2, now applied not on a fixed spacetime but instead on each
Cartesian space R¥. The trivial topology of a Cartesian space implies that its objects are thus
globally defined 1-forms valued in the Lie algebra g, and similarly its gauge transformations are
globally defined O-forms valued in G. Explicitly, this defines an assignment of co-groupoids of
RX-plots

BG om : CartSp® —— sSetya,

with O-simplices, for each Rk e CartSp,

BGomn (Rk) (AO) = Q(ljR(Rk s g)
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and corresponding 1-simplices
BGeom(R¥)(A") = { gauge transformations A« LN A%k =g ' Ak -g+g-dg}.
The higher simplices consist of identity morphisms as in Ex. 4.2.

Although this higher smooth space is not interpreted as the space of gauge fields on a fixed
spacetime M, it instead classifies or modulates G-gauge fields on any spacetime M. That is, the
set of maps — in an appropriate sense — from any manifold M into BG .y is in canonical bijection
with the set of G-gauge fields, including all topological sectors on M

{M ——BGcm} = {global G-gauge field configurationsA} = g'gauge(AO)

Of course, we do not address here what the generalized (higher) version of the sheaf (glueing)
condition (cf. p. 7) for their R¥-plots should be in this setting, nor in which sense traditional natural
transformations as maps between any two would-be smooth co-groupoids X and Y should count as
identifying two (gauge) equivalent higher smooth spaces. At an intuitive level, for instance, since
the R*-plots are no longer sets but have internal gauge symmetries, we should not only be able to
glue plots that agree on overlaps U; N U; — R, but further those that are (consistently) related
by gauge transformations on overlaps, and analogously for glueing gauge transformations on triple
overlaps when they are related by gauge-of-gauge transformations and so on. Along the same lines,
any natural transformation X — Y should count as exhibiting a smooth (gauge) equivalence if each
induced map of co-groupoids of R*-plots

X(RF — Y (R")

is locally around any point x € R¥ a gauge equivalence (= homotopy equivalence) of co-groupoids.
We will not enter into the technicalities towards achieving this here, but let us simply mention
that the (homotopy) category of smooth co-groupoids (representing the corresponding co-topos)
may be defined by formally adding inverses to such local homotopy equivalences (via simplicial
localization)

SmthGrpd,, := L™ Func(CartSp®, sSetkan) -

The interested reader may consult [Sc13a][FSS23][Sc24] for details on this definition as it relates
to the specific case of smooth co-groupoids at hand, and where extensive pointers to literature of
the general homotopy / co-category theory involved may be found.

The resulting higher sheaf topos of smooth co-groupoids hosts the smooth gauge field theoretic
spaces and the appropriate notion of morphisms between them. Crucially, this topos also hosts
classifying spaces for higher gauge fields generalizing Ex. 4.4, which neatly encode both the
topological and smooth structure of the corresponding field spaces via the internal hom construction
(Ex. 2.5). Let us close by mentioning a highly non-trivial physical problem that may be rigorously
studied in this setting; The flux quantization of higher gauge fields [SS24a][SS24b]. This formalism
encodes Dirac’s flux quantization of the electromagnetic field strength F>, the proposed K-theoretic
flux quantization of RR-fluxes (Fai+0/1)kez of 10D IIA/IIB supergravities, and furthermore the
recently proposed flux quantization of the (G4, G7)-flux (the “C-field”) in 11D supergravity via
“Hypothesis H” [Sal3, §2.5]. The latter states that the classifying space of globally defined
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(G4, G7)-flux configurations is the familiar 4-sphere S*, viewed as a smooth co-groupoid. In
particular, the global topological sector of such a field configuration is encoded by a map of
manifolds from spacetime M into the S*.

Finally, bringing the associated fermionic matter fields in the picture requires to augment the
above discussion by considering co-groupoids of R¥7-plots’’

Gsupsmin : SupCartSp®® —— sSetkan -

In fact, this turns out to be necessary for the aforementioned flux quantization of the (G4, G7)-
flux (and also that of the H3-flux on the MS5-brane) to be consistent with the remaining on-shell
field equations of 11D supergravity — including in particular the famous corresponding self-duality
constraints. This has only recently been worked out in [GSS24a][GSS24b], by employing a specially
tailored superspace formulation of the theories.

Apart from fleshing out further technical details of the above higher topos in a manner ap-
proachable from theoretical physicists, our aim in [GSS26] is to develop a rigorous variational
calculus for such (flux quantized) spaces of higher gauge fields.
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