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1. Introduction

Recent breakthroughs in observational astrophysics have firmly established black holes as
accessible probes of the strong-gravity regime. On the one hand, the direct detection of gravitational
waves (GWs) from coalescing black hole binaries by LIGO/Virgo collaborations has offered clear
evidence of black hole mergers and ringdowns, confirming decades-old theoretical predictions of
General Relativity (GR) [1-3]. On the other hand, horizon-scale imaging, most famously by the
Event Horizon Telescope (EHT), has provided the first silhouette (“shadow”) of a supermassive
black hole [4-6]. These developments not only place black hole studies on a rigorous observational
footing but also highlight the need for ever more precise theoretical models to interpret future data.
Despite these successes, fundamental puzzles remain, particularly concerning the role of quantum
effects in very strong curvature regions or near the horizon.

One of the most powerful theoretical tools to probe black hole dynamics is the study of
quasinormal modes (QNMs) [7-9]. These modes characterize how a black hole responds to
small disturbances, and are effectively the “ringing” frequencies and damping timescales of the
geometry. Formally, they arise from solutions to the linearized Einstein equations about a black
hole background, with boundary conditions that allow radiation to escape at infinity and to be
purely ingoing at the horizon. Because these QNMs depend only on the black hole’s mass, spin,
and (if present) electric charge, they effectively serve as “fingerprints” for black hole spacetimes.
In astrophysical scenarios, QNMs govern the late-time behavior of emitted GWs, and their precise
measurements could shed light on fundamental questions—ranging from the stability of black hole
solutions to the validity of exotic horizon-scale effects.

While classical GR successfully predicts both black hole shadows and ringdown signals, a
consistent quantum theory of gravity remains elusive, prompting a host of theoretical scenarios for
extending GR. One intriguing avenue is noncommutative gravity, wherein spacetime geometry itself
is modified at very short length scales. Within this approach, fields and coordinate functions cease
to commute, typically signifying that the usual notion of a smooth manifold breaks down near the
Planck scale. A mathematically elegant way to incorporate such noncommutative (NC) deforma-
tions is via the Drinfeld twist formalism, which preserves a generalized notion of diffeomorphism
invariance while altering the product structure of tensor fields [10-12].

In this contribution, we investigate how such a NC deformation affects the QNM spectrum
of the Schwarzschild black hole. Specifically, we adopt a newly proposed NC Einstein manifold
condition to derive deformed analogs of the Regge-Wheeler (axial) and Zerilli (polar) master
equations [13—15]. Classically, these two equations yield the same quasinormal frequencies—an
isospectrality property that is a hallmark of Schwarzschild perturbations in GR '. Our results show
that the NC correction splits the spectrum, breaking this degeneracy between axial and polar modes.
We compute these NC QNMs via several semi-analytical methods, including a high-order WKB
approximation, and compare the accuracy and convergence of the results. We conclude that, NC
gravity provides a compelling phenomenological testbed for quantum-gravitational effects in the

IFor early studies on Schwarzschild black hole perturbations, refer to Refs. [16-18]. Kip Thorne’s chapter, “Intro-
duction to Regge and Wheeler: ‘Stability of a Schwarzschild Singularity’” in [19], offers both a historical perspective
and contemporary insights into black hole perturbation theory and its connection with quasinormal modes.
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strong-field regime—an approach that both extends classical perturbation theory and challenges us
to look for subtle deviations from the predictions of GR.

2. Black Hole Perturbation Theory in Noncommutative Geometry

In this section, we briefly summarize the main ideas behind black hole perturbations in a NC
gravitational framework, as developed in [13, 14, 20]. The theoretical foundation for NC gravity
employed here is built on the Hopf algebra formalism [10-12]. In particular, the Moyal-type
deformations considered here arise from the twist

F =exp [-i00, ® dp] = f* ® fa, (1

with inverse #~! = f4 ® f4, where summation over A is implied. The matrix % is a constant
and antisymmetric, while {d,,} is the standard coordinate basis for vector fields. This twist deforms
the usual product of coordinate functions into the NC algebra

[xH X x"] =xH xx” —xV % xt = iOHY, 2)
where the x-product is
. of o o
f*g:fg+z®“ﬁax—];ﬁ+0(®2), V f,g €C™. (3)

The cornerstone of the NC perturbation framework is the notion of a NC Einstein manifold,
introduced via R-symmetrized Ricci tensor [20]:

A

Ry = = (dx®, R(0a O, By) + R(8ar RA(8y), Ra(0)))), - 4)

| =

Here, R denotes the x-curvature tensor,
R0 00.3p) = R0 = (0,05, = 9,05, + 00, % D5 = 07 % 09 )00 (9)

In practical calculations, one starts with a standard (commutative) metric g,, and then calculates
the NC inverse metric which allows us to obtain the NC Levi-Civita connection (which is both
torsion-free and metric-compatible®). They are given by:

g*aﬁ = gaﬁ - gy'BiGMv(augao-)(ang'y) + 0(62)- (6)
L 1
Fﬁy = Eg*p‘f * (0u8vo + 0v8uo — 0o 8uv) - @)

For the Moyal-Weyl twist, R-symmetrization reduces to ordinary symmetrization in appropri-
ate basis:

A

A 1 4 A
R,uv = R(uv) = E(R#V + Rvy)- (8)

2This is not the same condition as for a classical metric. Covariant derivative of the metric vanishes, but that of the
metric inverse does not.
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For our study, we consider linearized perturbations of a static black hole metric. Specifically,
let guy = &uv + huy, where g, is the background and &, is a small perturbation. In particular,
we focus on the Schwarzschild geometry,

-1
ds = gyt dx” = — (1 - g) ar + (1 - g) dr? + 72 (d92 + sin? ngaz) : )
where R = 2M denotes the horizon radius, and M is the mass of the black hole. We adopt what is
known as a semi-pseudo-Killing twist, which is formed by combining the Killing field K associated
with the background Schwarzschild metric §,, and an arbitrary vector field X. Concretely, we
define

F = exp [—i%(K@X—X@K)]. (10)

For a static, spherically symmetric Schwarzschild spacetime, the relevant Killing fields are 9, and
dp. We set
K = ad; + o, X =0y, a,B eR. an

As a consequence, the coordinates obey the NC relations
[t *r] =iaa, [ ¥ r] =iaB.

Next, we introduce a parameter A by noting that the Killing vector K acts on the black-hole
perturbation A, through the Lie derivative,

hyy o MmOl — £xhyy =id hy,, where K = ad; + 80y, sothat A= —aw + fm.

12)

Since our treatment is linearized in both the metric perturbation and the NC parameter a, we employ
the following linearized *-product:

hxk=hk+ % ah|(2d+89,) T, -0, (a8, +53 )| k+0(a. (13)

2.1 Axial perturbations and noncommutative Regge-Wheeler potential

We now give an overview of how axial (odd-parity) perturbations are treated in the NC
framework outlined above, following the results of [13, 14, 20]. Working in the Regge—Wheeler
gauge, the axial perturbations are parameterized by specific radial functions [16, 21]. Concretely,
these can be written as

tm iw . ‘m e
T = sin 6 Z ho"0gYem (0, ¢)e E hig = _st;n hy"06Yem (6, d)e to(14)
" sing Z 1" 9Yem (0, @)e ™", Iy = =sint ;1 h{" oY em (0, )™ . (15)

Substituting these into the NC vacuum equation IA{,“, = 0 produces a total of 7 non-vanishing
equations. These equations are separable into radial and angular parts, leaving 3 distinct radial
equations of which only 2 are independent. Hence, by selecting any two of the three radial
equations, one obtains the solution of the entire system. After certain algebraic manipulations (see
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[13] for details), there emerges a single second-order differential equation specifically governing
h12

r(r—R) (f(f +Dr(R=r)+2r> —6rR+5R> + w°r )h1 +r2(r = R) ((SR 2r)hy +r(r - R)h'l’)

R
+da (5(5 +Dr(r=R)? —6r° + 5(49r2 — 64rR + 26R* - w2r4))h1

+r(r = R(30 = 2R)A; + %rRh’l’)] =0.
(16)

After some algebraic steps, one may recast this radial equation into a Schrodinger-like form by
introducing both a field redefinition and a deformed tortoise coordinate. Specifically, one defines

r? da(3 1 1
m(r) = —R[“?(r FRTREC )]"”(r) 17
together with the NC analog of the tortoise coordinate,
-R la R
F.=r+Rlog —= +22 (18)
2 r—
The resulting differential equation takes the familiar form
d*y
s +(w?-v))y =0, (19)

where the effective potential can be split into a standard Regge—Wheeler part and an NC correction,

—R)(£(L+1)r —3R )
V(F)ZVRw(r)+VNC(r):(i’ )((r: )r=3R) L+ DGR - 22:)5r+R(5r 8R)

(20)

In the commutative limita — 0, the correction V¢ vanishes, leaving only the usual Regge—Wheeler
potential of [16, 17]. One may observe, moreover, that setting @ = 0 and 8 = 1 in (12) causes Wnc
to depend on both ¢ and m, leading to a Zeeman-like splitting in the QNM spectrum.

2.2 Polar perturbations and noncommutative Zerilli potential

We turn next to the polar (or even-parity) sector. In the Zerilli gauge, these perturbations can
be expressed in terms of four distinct radial functions H’", Hfm, Hgm, and K. Concretely, one
writes [15]

hie = £(r) Z HE™ (1) Yo (0, @)™, hep = > HI™ (1) Y0 (6, @)™, 21)
t,m
ST )ZH"’%)YM(@ ©)eT Y, hap = ) KM () gapYem (0, 9)e T, (22)
t,m

where f(r) = 1 — R/r. Indices a and b here denote the angular directions 6 and ¢. By inserting
these expressions into the NC vacuum equation derived from (8), one obtains 10 radial equations
in total, though only 7 of them are distinguishable.



Noncommutative Quasinormal Modes and the Violation of Isospectrality

A. Naveena Kumara

After performing suitable algebraic manipulations (see [15] for details), it is found that the
problem can be encoded in the following pair of coupled first-order equations (where one sets
L=H, / cu):

K' = [ao(r) + a2 (r)w?| K + [Bo(r) + B2(r)w?] L, o3
L' = [yo(r) + y2(rw?*| K + [60(r) + 62(r)w?] L,
where a, 3, v, d are somewhat lengthy functions of r, and we refer to [15] for their full forms. To
transform these coupled equations into a Schrédinger-type equation, we apply a field redefinition,
K= f(r)[%+§(r)ﬁ, L= }Al(r)le+ f(r)l:,

(24)
together with a suitable coordinate transformation dr/d#, = 7i(r). Our goal is to choose f , 8, fz, I ,
and 7 such that the following conditions are satisfied:

dk . dL s
=L =(V-w?)K 25
a, b TV mek )
which then combine to yield a Schrodinger-like wave equation for K:
d’K
—a ¥

(w>=V)K =0.

*

(26)
The final step is to solve for f,8,h, [, and A such that the system meets the conditions outlined
above. In practice, the functions emerge in the form

fry=fr)=af(r),  &r)=g(r)— Aag(r),
h(r) = h(r) — da h(r),

. - (27)
[(r)=1(r) = Aal(r),
where { f(r), g(r), h(r), I(r)} constitute the commutative contributions, and { £(r), g(r), h(r), I(r)}

are the leading NC corrections. One also defines the NC extension of the tortoise coordinate,

2Ar
i Rle TR | @A+TDR  4A+3)log (R 1) 9log (247 +3)
Fo =T g R 2(2A+3)(I”—R) (2/\+3)2

28
AQA +3)? (28)
where we use €(£ + 1) = 2 A + 2. The resulting Schrédinger-like form of the equation (26) features

an effective potential expressed as V = Vz + Vnc. The term Vz coincides with the usual Zerilli
potential in the commutative limit, while V¢ encodes NC corrections. Concretely,

(r = R) (8A%(A + 1)r® + 12A%7%R + 18ArR* + 9R?)
Z =

r4(2Ar +3R)? ’
Aa
Vi :—[32/\2 2A7+7) P — 8AZ(2A(6A — 13) + 121)7*R
NC T 45 (2Ar + 3R)3 ( )r (2A( )+ 120)r

(29)
— 12A(2A(15A - 58) +59)r3R? — 2(A(440A — 741) + 162)r°R3
~3(316A — 207)rR* — 387R5].
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3. Noncommutative Quasinormal Modes

3.1 WKB Method

We now turn to computing QNM frequencies in the NC framework for both axial and polar
perturbations, making use of semi-analytical methods. Originally introduced by Schutz and Will for
black hole scattering [22] and subsequently developed to higher orders [23-25], the WKB technique
relies on matching solutions at asymptotic infinity and near the horizon by Taylor-expanding around
the potential’s maximum between the two turning points. Reformulating the relevant Schrodinger-

like equation in the form
2

d-v
W + Q(X)lP(X) = O, (30)

where x = r, and Q(x) = w? — V, one finds that if — Qnax < Q(%00), it suffices to approximate the
solution near the peak of the potential via

1
Q(x) =Qo+§Q5’<x—xo>2+0<<x—xo>3>, 31)

with xo the location of the maximum, Qo = Q(xo), and Q its second derivative. Substituting
(31) into (30) results in a parabolic cylinder differential (Weber) equation. The higher-order WKB
solution thus generates QNM frequencies through the general form

. N

i(w? = Vo) Z ~ 1

=, 2 hi=nt s, (32)
V_2V0 i=2 2

where each A; depends on derivatives of the potential V and n is the overtone number. As the
WKB expansion is asymptotic, increasing the order does not necessarily guarantee greater accuracys;

the optimal order is determined by the specific shape of the potential. Its numerical error can be
estimated by comparing solutions at consecutive orders [26],

_wrsr — wp-1]
= S

often referring to the fundamental QNM (n = 0) for consistency.

Ax (33)

For the NC potentials in (20) and (29), we must specify the type of twist chosen; we will fix
a =0and 8 = 11in (11), as this simplifies the analysis. Under this choice, only the radial and
angular coordinates fail to commute, specifically [¢ ¥ ] = ia. Hence, wherever da appears in the
previous formulae, it can be replaced by am, following (12).

For the standard, commutative versions of both axial and polar potentials, performing a sixth-
order WKB approximation generally yields the best agreement for the £ = 2 mode. In the NC
setting, however, the optimal WKB order can differ depending on the value of am. Tables 1-2 list
the QNM frequencies at these optimal orders. To assess how the intrinsic WKB error compares
against the NC shifts, we define

Ac = |lwne —wcl, (34)

where w is the fundamental (lowest-overtone) QNM frequency. We compute A, for a range of a m
and compare it to the WKB relative error Ag. Figure 1 illustrates this comparison for both axial
and polar modes.
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Figure 1: Comparison of the NC correction A, with the WKB error Ag at the optimal WKB order. Left:
Axial modes. Right: Polar modes.

For higher multipoles, such as £ = 3 and above, the numerical error in the WKB approach is
much smaller than for £ = 2. As |am| increases, the WKB error A, eventually becomes comparable
to the NC shift A.. Nonetheless, within the region where WKB remains reliable, the NC corrections
exceed the intrinsic approximation error, making them physically significant. For larger positive
values of am where the WKB expansion begins to fail, additional semi-analytic methods can be
employed to compute the NC corrections.

3.2 Poschl-Teller and Rosen-Morse method

In this subsection, we evaluate NC QNM frequencies by employing the Poschl-Teller technique
and its refinement via the Rosen—Morse potential. The Poschl-Teller approach approximates the
effective potential in our Schrodinger-like radial equation with a well-known functional form [27—
30]. Consequently, one replaces the exact potential with

62‘{] [wz VO

a ] W=, (35)

cosh? a(r, — F.)

where o? = - Vi’ /(2Vp) and 7. denotes the position of the potential peak in the tortoise coordinate,
with Vy = V(7,). Converting this to hyper-geometric form and examining the asymptotic behavior
of the solution yields a closed-form expression for the QNM frequencies [8],

[ 2
w==* Vo—%—ia/(n+%). (36)

The Poschl-Teller method can be improved by switching to a more flexible model known as
the Rosen—Morse potential [31, 32], which includes an additional term to introduce asymmetry and
thus provide a more accurate fit to the black hole effective potential. Concretely, one replaces the
Poschl-Teller form with [33]

Vo

W a( m_ + Vitanh a(r, — 7.), (37)
cosh™ a(ry —r.

VrMm =
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am WKB Order Poschl-Teller Rosen-Morse

=2
-0.2 0.3775(61)-0.0883(97)i 6 0.382049 - 0.090320i 0.38335-0.08924 i
-0.1 0.3755(14)-0.0887(70)i 6 0.380114 - 0.0904661 0.38057 - 0.09008 i
-0.01 0.3738(07)-0.0888(92)i 6 0.378454 - 0.090521i 0.37855-0.09044 i
—0.001 0.3736(38)-0.0888(91)i 6 0.378294 - 0.090520i 0.37838 - 0.09044 i
0 0.3736(19)-0.0888(91)i 6 0.378276 - 0.090520i 0.37837 - 0.09044 i
0.001 0.3736(01)-0.0888(91)i 6 0.378258 - 0.0905201i 0.37838 - 0.09042 i
0.01 0.3734(33)-0.0888(88)i 6 0.378099 - 0.0905181i 0.37836 - 0.09030 i
0.1 0.3715(87)-0.0889(38)1 4 0.376562 - 0.0904551 0.37756 - 0.08961 i
0.2 0.36(8345)-0.08(8195)1i 4 0.375007 - 0.0902381 0.37611 - 0.08930 i

=3
-0.2 0.602768 - 0.092381 i 8 0.605558 - 0.093206i 0.60880 - 0.09161 i
-0.1 0.600920 - 0.092632 i 10 0.603847 - 0.0933441i 0.60489 - 0.09283 i
-0.01 0.599573 - 0.092706 i 8 0.602548 - 0.0933611 0.60271 - 0.09328 i
—0.001 0.599456 - 0.092703 i 8 0.602432 - 0.0933581 0.60257 - 0.09329 i
0 0.599443 - 0.092703 i 8 0.602420 - 0.0933581 0.60257 - 0.09328 i
0.001 0.599431 - 0.092702 i 8 0.602407 - 0.0933581 0.60259 - 0.09327 i
0.01 0.599318 - 0.092696 i 12 0.602295 - 0.0933551 0.60272 - 0.09315 1
0.1 0.5983(44)-0.0924(52)i 4 0.601353-0.093234i 0.60302 - 0.09241 i
0.2 0.59(6979)-0.09(1480)i 4 0.600761 - 0.092919i 0.60246 - 0.09208 i

=4
-0.2 0.812255 - 0.093889 i 11 0.814338 - 0.0943601i 0.81927 - 0.09259 i
-0.1 0.810458 - 0.094097 i 12 0.812664 - 0.0945031 0.81421 - 0.09394 i
-0.01 0.809279 - 0.094166 i 12 0.811533-0.0945371 0.81175 - 0.09446 i
—0.001 0.809188 - 0.094164 i 12 0.811442 -0.0945351 0.81163 - 0.09447 i
0 0.809178 - 0.094164 i 12 0.811433-0.094535i 0.81163 -0.09446 i
0.001 0.809169 - 0.094164 i 12 0.811423-0.094535i 0.81167 -0.09445 i
0.01 0.809084 - 0.094159 i 12 0.811338 -0.0945331i 0.81191 -0.09433 i
0.1 0.8085(45)-0.0939(66)i 4 0.810770 - 0.0944271i 0.81302 -0.09361 i
0.2 0.808(397)-0.093(169)i 4 0.810860 - 0.0941281i 0.81311 -0.09332i

Table 1: NC axial QNM frequencies forn = 0, M = 1 (R = 2), and € = 2,3,4. The values are obtained
through high-order WKB, Poschl-Teller, and Rosen—Morse approximations. “Order” indicates the optimal
WKB order. Parenthetical values denote estimated WKB errors.

where V| encapsulates the asymmetry. Inserting this into the radial wave equation and enforcing
suitable boundary conditions produces the QNM frequencies
\/a)2+V1+\/w2—V1_+\/ a? ( 1)

) V()—Z—l.a I/l+§

(38)

In the limit V| — 0, one reverts to the Poschl-Teller formula (36). The QNM frequencies obtained
through these Poschl-Teller and Rosen—Morse approaches are shown in Tables 1 and 2, alongside
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am WKB Order Poschl-Teller Rosen-Morse

=2
-0.2 0.3(80198)-0.0(83646)i 3 0.382642 - 0.097531i 0.38379 - 0.09648 i
-0.1 0.37(4735)-0.09(1148)1i 4 0.380292 - 0.093609i 0.38178 - 0.09230 i
-0.01 0.3738(64)-0.0892(07)i 5 0.378475 - 0.0908661 0.37890 - 0.09050 i
—0.001 0.3736(58)-0.0889(67)i 5 0.378308 - 0.0906221i 0.37845 - 0.09050 i
0 0.3736(36) - 0.0889(40)i 5 0.378290 - 0.0905951i 0.37839 - 0.09051 i
0.001 0.3736(13)-0.0889(14)i 5 0.378272 - 0.0905671i 0.37836 - 0.09049 i
0.01 0.3734(13)-0.0886(75)i 5 0.378109 - 0.0903221i 0.37821 - 0.09023 i
0.1 0.3718(88)-0.0861(75)i 6 0.376612 - 0.0881021i 0.37741 - 0.08744 i
0.2 0.3711(29)-0.0836(58)i 7 0.375215-0.0859591 0.37794 - 0.08379 i

=3
-0.2 0.60(4367)-0.092871)i 3 0.605859 - 0.0962411i 0.60775 - 0.09528 i
-0.1 0.600(941)-0.093(756)i 4 0.603790 - 0.0946911 0.60594 - 0.09361 i
-0.01 0.599571 - 0.092828 i 9 0.602530 - 0.0934871i 0.60308 - 0.09321 i
—0.001 0.599456 - 0.092716 i 10 0.602430 - 0.0933771i 0.60263 - 0.09328 i
0 0.599443 - 0.092703 i 10 0.602419 - 0.0933651 0.60257 - 0.09329 i
0.001 0.599431 - 0.092690 i 10 0.602408 - 0.0933531 0.60255 - 0.09328 i
0.01 0.599324 - 0.092577 i 10 0.602314 - 0.0932351 0.60248 - 0.09315 1
0.1 0.598589 - 0.091402 i 9 0.601588 - 0.092150i 0.60286 - 0.09153 i
0.2 0.598402 - 0.090106 i 8 0.601184 - 0.091006i 0.60541 - 0.08897 i

=4
-0.2 0.813(422)-0.094(494)i 3 0.814702 - 0.0960841i 0.81716-0.095191
-0.1 0.8104(89)-0.0947(78)1 4 0.812601 - 0.0952901 0.81527 - 0.09432 i
-0.01 0.809269 - 0.094238 i 10 0.811514-0.0946111 0.81218 - 0.09437 i
—0.001 0.809187 - 0.0941711i 12 0.811440 - 0.094548 1 0.81170 - 0.09445 i
0 0.809178 - 0.094164 i 12 0.811432-0.0945411 0.81163 - 0.09447 i
0.001 0.809170 - 0.094156 i 12 0.811424 -0.0945341 0.81161 - 0.09447 i
0.01 0.809097 - 0.094088 i 12 0.811357-0.0944631i 0.81158 -0.09438 i
0.1 0.808733 - 0.093367 i 11 0.810973 - 0.093790i 0.81270-0.09317 i
0.2 0.808973 - 0.092531 i 10 0.811068 - 0.0930241i 0.81676 -0.09100 i

Table 2: NC polar QNM frequencies for n = 0, M = 1 (R = 2), and £ = 2,3,4. The values are obtained
through high-order WKB, Pdschl-Teller, and Rosen—Morse approximations. “Order” indicates the optimal
WKB order. Parenthetical values denote estimated WKB errors.

the results from the WKB analysis. This provides an independent cross-check of the NC corrections
assessed via the WKB method.

4. Violation of Classical Isospectrality

A notable feature of QNMs in classical general relativity is their isospectrality: although axial

and polar perturbations of a Schwarzschild black hole obey different master equations, they yield
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identical QNM spectra in the commutative case. This property also holds for Reissner—Nordstrém,
Kerr, and (to linear order) Kerr—Newman black holes [34, 35]. In contrast, the NC Schwarzschild
scenario exhibits a clear breakdown of isospectrality when we examine the numerical QNM fre-
quencies.

Table 3 illustrates this for am = 0, where the commutative axial and polar sectors indeed share
the same frequencies:

Axial 0.3736(19) - 0.0888(91)i  0.599443 - 0.092703 i 0.809178 - 0.094164 i
Polar 0.3736(36) - 0.0889(40)1  0.599443 - 0.092703 i 0.809178 - 0.094164 1

Table 3: QNM frequencies (WKB method) in the commutative limitam =0, forn =0and M =1 (R = 2).

When a small degree of noncommutativity is introduced, say am = —0.001, one begins to see
a mismatch between the axial and polar spectra at higher £. Table 4 illustrates this effect:

Axial 0.3736(38) - 0.0888(91)i  0.599456 - 0.092703 i 0.809188 - 0.094164 1
Polar 0.3736(58) - 0.0889(67)i  0.599456 - 0.0927161 0.809187 - 0.0941711

Table 4: QNM frequencies (WKB method) in the NC case am = —0.001, forn =0and M =1 (R = 2).

As one further increases the noncommutativity parameter, for example to am = —0.01, the loss
of isospectrality grows more pronounced and is already visible for the fundamental mode at £ = 2;
see Table 5:

Axial 0.3738(07) - 0.0888(92)1i 0.599573 - 0.092706 1 0.809279 - 0.0941661
Polar 0.3738(64) - 0.0892(07)i  0.599571 - 0.092828 i 0.809269 - 0.094238 i

Table 5: QNM frequencies from the WKB method in the NC case a m = —0.01,forn =0and M = 1 (R = 2).

Such isospectrality breaking persists across all negative values of am, and it also appears for
positive am. To quantify the degree of this breaking, we define [306]

axial _ , polar
R,I R,I

polar
R,I

Awpg.; =100 x , 39)
where the real and imaginary parts of the frequency are labeled wgr and w;. In Fig. 2, we show
the results for this measure: Firstly, one observes that the real part of the quasinormal frequency
is affected in a similar way for both axial and polar modes, with notable deviations only setting in
once |am| becomes large enough to challenge the WKB precision. Secondly, the imaginary part
wy behaves differently: for a given am, it undergoes changes that run counter to those of the real
part, and in the axial case, w; remains comparatively less sensitive to noncommutativity. These
patterns indicate that the NC deformation modifies both the oscillation frequencies and damping
times, though not in the same degree for the two parities. Indeed, the isospectrality violation tends
to be more evident in the imaginary component.
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Figure 2: Illustration of the isospectrality breaking induced by noncommutativity. Left column: € = 2.
Right column: € = 3. The first row plots the real part wg versus a m. The second row shows the imaginary
part wy. The bottom row displays the relative deviation Awg ;. In each panel, we fixn =0, M = 1 (R = 2),
and choose the QNM values at the optimal WKB order.

A qualitative reason behind the stronger influence on polar modes can be traced to the nature
of the twist in (11), specifically the quantization of the radial coordinate r. Axial perturbations
encode off-diagonal components of the metric perturbation, usually associated with the “twisting”
or shear-like deformations of the spacetime, akin to gravitational waves generated by orbiting or
spiraling matter. By contrast, polar perturbations modify the radial and time—time components,
effectively capturing spherically symmetric changes in distance measures—the so-called “breathing-
like” oscillations of the black hole. Because the radial coordinate is directly quantized in this NC
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setup, polar modes are more strongly impacted by the resulting quantum-geometric corrections.

5. Conclusion

We have investigated the influence of a noncommutative (NC) deformation on classical
Schwarzschild black hole perturbations, unveiling new insights into how quantum-gravity-inspired
effects may manifest in a ringdown phase. By employing a Drinfeld twist in the differential ge-
ometry of spacetime, we derived NC analogs of the Regge-Wheeler and Zerilli equations, finding
that their usual isospectrality is no longer upheld. Such a spectral splitting between axial and polar
QNMs serves as a distinct theoretical signature of noncommutativity.

To probe these effects numerically, we conducted semi-analytical calculations using higher-
order WKB approximations, as well as Poschl-Teller and Rosen—Morse fitting techniques. Our
analysis shows that NC corrections can be consistently incorporated into black hole perturbation
theory, permitting reliable estimates for the new quasinormal frequencies. While these frequency
shifts are generally small, advanced gravitational-wave detectors of the future might discern such
tiny deviations, offering a path to testing quantum-gravitational scenarios. Moreover, our results
demonstrate that the formalism is readily extensible, suggesting broader applications to rotating
black holes, higher-dimensional models, and other effective theories beyond General Relativity.
Ultimately, these findings underscore the value of searching for subtle signatures of NC geometry
as part of the continuing quest to uncover viable routes toward quantum gravity.
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