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We introduce a set of new multiparticle production variables derived from the energy spectrum
of secondary hadrons in ultra-high-energy proton-air interactions. The distributions of these
variables can be measured within the phase space accessible to particle detectors in accelerator
experiments, and are highly dependent on the hadronic interaction model. Furthermore, we
demonstrate a precise, hadronic-model-independent mapping between these variables and the
joint distribution of the depth of shower maxima and the number of muons in extensive air
showers. This enables the use of air shower measurements to constrain hadron production in
kinematic regimes beyond the reach of human-made colliders.
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1. Introduction

Ultra-high-energy cosmic rays (UHECRS) interact with atmospheric nuclei at center-of-mass
energies above 50 TeV, initiating Extensive Air Showers (EAS) governed by hadronic interactions at
low momentum transfer. Their modelling relies on phenomenological extrapolations from acceler-
ator data into the far-forward kinematic region. The lack of collider data and differing assumptions
in hadronic interaction models leads to inconsistent interpretations of EAS observables [1-4].

Two key EAS observables are the depth of the shower maximum, Xy, and the number of
muons at ground, N,. Measurements of the X,x distribution enabled estimates of the proton-air
cross-section at v/s > 57 TeV [5, 6], consistent with model predictions. In contrast, the average muon
number, (N u >—Which reflects the history of hadron production—is systematically underestimated
in simulations. This Muon Puzzle [2] depends on the composition inferred from Xpax, though
data from the Pierre Auger Observatory support a reinterpretation of the mass composition of the
cosmic ray flux at EeV energies [3]. Moreover, relative fluctuations in N,,, mainly determined by the
primary interaction [7], are well described by models [8], suggesting the muon deficit arises from
a cumulative effect rather than exotic physics. These tensions may be alleviated by establishing a
model-independent link between shower observables and hadronic physics, enabling data-driven
constraints on hadronic interactions.

Some proposed constraints include: the inclusive 7° production cross-section in proton-air
collisions [9], via the shape of the N, distribution in muon-depleted showers; and the evolution of
this cross-section with the hadronic activity of the primary interaction through a scan in Xpyax [10].

This contribution extends the formalism introduced in [11] to link the joint distribution
of N, and Xp,x to the energy spectrum of secondaries of the primary interaction. Section 2
introduces new multiparticle production variables derived from secondary energy spectra, whose
linear combination & explains ~50% of the variability in AXp,x = Xmax — X1, where X is the
depth of the first interaction point. Section 3 interprets the joint N,—Xpax distribution in terms of
these variables, and Section 4 presents a universal, model-independent probabilistic mapping from
secondary spectra to this joint distribution. This framework makes it possible to predict the N, and
Xmax distributions within current experimental and EAS-modelling uncertainties, thereby enabling
data-driven tests of hadronic physics beyond the reach of human-made accelerators.

2. A new set of multiparticle production variables

In [7], the energy spectrum of hadronically interacting secondaries—i.e., excluding vy, e*,
7%, and n mesons—of the primary proton-air interaction was connected to the shower-to-shower
fluctuations of the relative muon number, n,, = N,/ (N 'u>, via the multiparticle production variable

Nlhad

ar= Y a0, (1)

i=1
where x; is the fraction of the primary energy carried by hadronically interacting secondary 7 in the
lab. frame, and mp,q is their multiplicity. The variance of @ accounts for ~ 70% of that of n,.
The stochastic nature of the primary interaction also affects the distribution of Xy« via fluctua-
tions in AXmax = Xmax — X1, thereby encoding information about the energy spectrum of secondaries
into this key observable.
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2.1 Combining production variables into a primary interaction estimator of X«

to the energy spectrum of secondaries from the primary interaction via the production variable
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a linear combination of the elementary multiparticle production variables

Nlhad
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As derived in [11], for proton primaries with Ey = 10" eV, the distribution of AXpgy is linked

> - 40] Chad —37em [gem™?], (2

3

where x; denotes the fractions of the primary energy, in the laboratory frame, carried by each of the
mgMm electromagnetic secondaries. The variable ay,q is the fraction of energy carried by hadronically
interacting particles and quantifies the energy available for muon production. The variable (haq
reflects the hadronic activity of the primary interaction: high values indicate inelastic interactions
with many secondary particles evenly carrying the primary energy, while low values correspond
to quasi-elastic collisions. The values of {gy are interpreted analogously for the electromagnetic
sector. The distributions of these variables can be measured within the kinematic phase-space
covered by state-of-the-art particle detectors in accelerator experiments and are highly sensitive to
the shape of the energy spectrum of hadrons [11].

The correlation between ¢ and AXp,x was verified using 10° Congex simulations of proton-
induced showers at Eg = 10! eV and 6 = 60°, employing the models Epos LHC-R [12], QGSJET -
IIT1.01 [13], and SiBYLL2.3e [14]. Particles with £ > 0.005 E are tracked individually; below
this threshold, the longitudinal profiles of particles are obtained by numerically solving cascade
equations. The ground level is set to 1400 m a.s.l. (Xg = 880 gcm™2), matching the altitude of
the Pierre Auger Observatory [15]. The observable N, denotes the muons above 1 GeV counted at
ground, and X, is obtained from a Gaisser—Hillas fit to the profile of all charged particles.

Ey =100 eV, 0 = 60°
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Figure 1: Joint distribution of & and AXy,x for proton showers with Ey = 10'? eV and 6 = 60°, simulated
with different hadronic interaction models

Figure 1 shows a strong correlation between & and AXpax, quantified by Pearson correlation
coeflicients ranging from 0.68 to 0.72 and thus largely independent of the hadronic model. The
variance in ¢ explains ~ 50% of the variance in AXpya.x. When all information from the primary
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interaction is retained (i.e., without approximations in &), this rises to ~ 65%, implying that ~ 80%
of the relevant information is preserved in the linear combination £.

Since the electromagnetic and hadronic cascades decouple rapidly, the scale of (Xax ) is mostly
determined by the first few interactions of an EAS [16]. Thus, (£¢) should correlate closely with
(Xmax) through (AXpn.x). This is confirmed across several modern hadronic models, including
Epos LHC [17], QGSseT -11.04 [18], and S1BYLL2.3d [14], as shown in Figure 2. A linear relation,
(Xmax) = m (&) + b, is fitted to model predictions.

The universality of the calibration from (&) to (Xmax) reflects: the agreement among models
for the proton—air cross-section (within 3gcm™2 at Ey = 10'° eV); and a consistent propagation
of energy spectrum differences in the primary interaction, captured by (&), through subsequent
interactions, producing proportional values of (Xmax).
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Figure 2: Calibration of (Xy.x) as a linear function of (£): (Xyax) = m (&) + b, obtained by fitting the
predictions of the current hadronic interaction models.

3. Interpreting the regions of the joint distribution of N, and X«

Given the strong connection between @| = ap,g and N, and between & and Xpax, We can
analyse the joint distribution p(N,, Xmax) in terms of the multiparticle production variables {pad,
{EM, and a@p,g, as shown in Figure 3.

Despite fluctuations in later shower generations and those of X, distinct regions in the N, —Xmax
plane correspond to different triads (had, {EM> @had), Characteristic of specific types of primary
interactions. High {1,,4 values—typical of highly inelastic interactions with many secondaries—Ilead
to shallow, muon-rich showers, as the primary energy is degraded rapidly. In contrast, low (haq
indicates more elastic events, yielding deeper showers. Notably, the gradient of (g is nearly
vertical and uniform across the N,—Xmax plane, enabling a clear separation of interaction types.

Below N,/ (N ﬂ> < 1, the shallowest showers for a given muon count are associated with large
{EM, corresponding to interactions with many neutral pions distributing the primary energy into the
electromagnetic channel. This again leads to shallower showers, that get deeper with decreasing
anad- This latter observable, governs the muon yield, irrespective of Xpax.
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QGSJET-IIL.O1: Ey = 102 eV, 6 = 60°
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Figure 3: Contours of {4 (left), {gm (middle) and apag (right) over the joint distribution p(n,, Xmax). The
outline of the latter distribution is represented by a dotted black contour.

Overall, the structure of the N,—Xmax plane retains clear imprints of the primary interaction,
enabling a direct, intuitive connection between its physics and the mentioned shower observables.

4. Mapping primary interaction variables onto N, and X,

We now present a framework to recover the information about the primary interaction retained
in the joint distribution of N, and Xpax.

QGSJET-IIL.01: Ey = 10*°° ¢V, 0 = 60°

Number of events Scaled prob. density Scaled prob. density
10° 102 0 1
[ e—
1000 ————T——————— F F
i 1100 F 1100 F
I 900 - 19 1000F T 1000 F
\ - — g r g 3
g [ @ 900 F & 900 F
o0 800 % F % N
w 3 g8 u g u
: S 800E S 800E
700 ¢ 700 F 700 F
0.0 0 1
Qi Nu/(Nyu)

Figure 4: Examples of the probabilistic shower response p (7, Xmax | @1, &, (£)) for 6 narrow bins of the joint
distribution p (a1, ¢) provided by Conex simulations of proton-induced showers employing QGSset -111.01.
The grey curvilinear grid lines are the contours of a constant number of produced muons.

For hadronic interaction model M, the energy spectra of secondaries from the primary interac-
tion—governing the shape of p(a;, £)—is mapped to p(n,, Xmax) via the integral transformation

P01, Xongn) = // Pty X | @1 £ M) plan, &) da dé 4



Mapping between p-air interaction variables and (N, Xmax) Miguel Alexandre Martins

where p(n,, Xmax | a1, &, M) is the shower response to a given pair (a1, §), i.e., the kernel of the
integral transformation. Since the primary interaction sets most of the shape of p(n,, Xmax), the
kernel is narrow. To test whether the kernel’s hadronic model dependence can be removed, we
average it across models and calibrate the mean depth (Xp,ax) using its linear relation with (£) (see
Figure 2). This ensures changes in the primary interaction also affect the response of the shower, as
observed for all hadronic interaction models. The result is a universal kernel p(n,, Xmax | @1, &, (£)),
valid in the absence of exotic physics. The presented reasoning is further elaborated in [11].

Examples of p(n,, Xmax | @1, &, (£)) for six bins in p (a1, &) are shown in Figure 4, along with
the prior p(a1,£) and the outline of p(n,, Xmax). Light contours in the target space indicate a
constant muon number.

The joint distribution p (a1, &) shows a correlation mainly driven by the energy balance be-
tween hadronic and electromagnetic sectors. Distinct regions of p(ay, &) are mapped to areas of
P (nyu, Xmax) with little overlap, preserving the imprint of the primary interaction. The elongation
of the kernel arises from exponential fluctuations in X, uncorrelated with particle production in
the primary interaction, yet positively correlated with muon attenuation.

Eo =100 eV, 9 = 60°
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Figure 5: True (grey steps) and predicted distributions (colored markers) of Xp,x (upper panels) and of
n, (lower panels) obtained from applying the universal kernel p(n,, Xmax | @1, &, (£)) to the priors p(ai, &)
provided by different hadronic interaction models.
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Using priors p(ay, &) for three models convolved with the universal kernel p(n,, Xmax | @1, &, (£)),
we obtain the predicted Xy, distribution, which is compared to the true p(Xnax) in the upper panels
of Figure 5.

The agreement between the true and predicted distributions of Xy, is remarkable. In particular,
the upper panels of Figure 6 show biases in the predicted main moments of p(Xmnax): mean (left),
standard deviation (middle), and the slope of the deep tail A, [5]. Shaded bands show the spread
across hadronic interaction models. Biases in (Xyax) are below 10 gcm‘z, less than 30% of the
model spread. Biases in 0 (Xpax) and A, are below 4 g cm™2, also smaller than model spread and
well below the experimental uncertainties achieved with fluorescence detectors [19].

Predicted with universal kernel: Eo = 10'°:° eV, 6 = 60°
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Figure 6: Upper panels: Biases in the main moments of the distribution of Xp,x predicted with the universal
kernel. Lower panels: Bias assessment for the main moments of the distribution of n,. The priors p(ai, &)
are provided by different hadronic interaction models. Shaded bands show the spread across models, except
for <n u ), for which they represent typical experimental uncertainties. Variables are defined in the main text.

Similar considerations apply to the n,, distribution (lower panels of Figures 5 and 6). For <n " >,
the bias is well under the typical 10% experimental systematic uncertainty [8]. The slope of the tail
of p(n,) towards low values, A, which constrains 7 production in proton-air interactions [9], is
also accurately reproduced. This observable is largely insensitive to primary mass and differs sig-
nificantly between models, supporting model-independent constraints on forward pion production
using the framework addressed in this contribution.

In summary, the universal kernel p(n,, Xmax | @1, &, (¢)) enables precise, model-independent
reconstruction of n,, and X, distributions, enabling data-driven constraints on primary interactions
outside the phase covered by particle colliders. As the kernel is currently valid for proton showers,
either the formalism is extended to heavier primaries, or those constraints must be derived from
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proton-enriched regions of p(n,, Xmax)-

5. Conclusions

This contribution presents an extension of the formalism developed in [11]. It introduces a
set of multiparticle production variables—d{had, {EM> @had, and aj—which capture the information
contained in the energy spectrum of secondaries from the primary interaction and enable its mapping
onto the joint distribution of n,, and Xyax.

This probabilistic mapping is independent of the hadronic interaction model considered and,
when applied to different prior distributions of p(&, @), enables the reconstruction of the N, and
Xmax distributions. The achieved biases in the main moments of n,, and X, are below current
experimental and/or hadronic-model systematic uncertainties, therefore enabling the probing of
hadronic physics beyond the reach of human-made accelerators, using EAS data.
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