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Accurate reconstruction of the electric field produced by extensive air showers is essential for the
radio-detection technique, as the key parameters of interest of the primary particles that generated
the showers are the amplitude, polarization, frequency spectrum, and energy fluence carried by the
electric field at each receiving radio antenna. Conventional electric-field reconstruction methods
primarily focus on antennas with two horizontal polarizations. In this work, we introduce an ana-
lytic y* minimization method that is applicable to both two and three polarizations. This solution
has been verified for simple and realistic antenna responses, with a particular focus on inclined air
showers. Our method achieves standard deviations better than 4% and 6% for the estimation of
the Hilbert peak envelope amplitude of the electric field and the energy fluence, respectively, with
an antenna-response-dependent bias. Additionally, we have studied the dependence of the method
with arrival direction showing that it has a good performance in the zenith range from 63° up to
80°. This work also demonstrates that incorporating vertically polarized antennas enhances the
precision of the reconstruction, leading to a more accurate and reliable electric-field estimation
for inclined air showers.
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1. Introduction

The reconstruction of extensive-air-shower (EAS) properties from radio measurements funda-
mentally depends on an accurate knowledge of the incident electric field. Since antennas record
voltage signals rather than the electric field directly, a crucial first step in reliable radio-based
analyses is to reconstruct the electric field from these voltage traces. The most widely-used tech-
nique for reconstructing the electric field from voltage traces, involving the inversion of a 2x2
response matrix, was developed by AERA [1]. This technique was further improved in [2, 3],
where a forward-folding technique using multiple channel measurements was developed to improve
the reconstruction accuracy for signals with low signal-to-noise ratio (SNR). A more recent tech-
nique employs information field theory to reconstruct low-SNR signals with high precision [4, 5].
These methods, however, have been applied primarily to antennas with two horizontal polarizations,
leading to an incomplete sampling of the three-dimensional electric field. For the case of three po-
larizations, the LOPES-3D experiment pioneered multiple weighted-reconstruction methodologies,
including polarization-direction-specific weighting factors calibrated according to their sensitiv-
ity to incident angles [6, 7], with no significant improvement relative to the conventional matrix
inversion method.

In this context, we introduce a novel approach based on an analytic y?> minimization for
reconstructing the electric field, inspired by [3]. It incorporates not only the two horizontal
polarizations but also the additional vertical polarization, allowing a more complete and precise
reconstruction of the electric field without assumptions on the signal shape, and thus yielding a
robust electric field estimation even under varying signal conditions and antenna responses.

2. Simulations

This work is based on detailed EAS simulations, including electric-field generation, antenna
response, and galactic noise. By combining these components, we produced realistic voltage signals
for robust evaluation of electric-field reconstruction.

2.1 Simulation of cosmic-ray radio signals

We used ZHAireS [8] to simulate radio signals from EAS induced by proton (50%) and iron
(50%) primaries. The dataset includes 4,160 EAS events which spans zenith angles from 63.0° to
87.1° in uniform log;,(1/cos #) = 0.08 steps, azimuths from 0° to 180° in 45° steps, and energies
from 0.126 to 3.98 EeV in log,,(E/EeV) = 0.1 steps. Simulations were performed for a radio-quiet
site near Dunhuang, China, using a 56 uT geomagnetic field (61° inclination) and the extended
Linsley US-standard atmosphere [9] with an exponential refractive index profile (scale height 8.2
km, sea-level index 1.000325).

A star-shaped antenna array, centered on the shower core and defined in the shower plane, was
projected onto the ground, resulting in 160 antennas arranged along eight arms with 20 antennas
each. The inter-antenna spacing of the arms was optimized for the Cherenkov angle to ensure
maximum signal coverage. For each antenna, electric-field components were recorded in three
polarization directions: E (South-North), E, (East-West), and E, (vertical). Signals were sampled
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with a 0.5 ns time bin over a 1000 ns window, yielding a frequency resolution of 1 MHz after
Fourier transformation.

2.2 Antenna responses

We evaluate two antenna designs for three-polarization electric-field reconstruction: a simple
three-arm dipole and the HORIZON antenna [10, 11]. The dipole serves as a baseline, while
HORIZON represents a realistic detector setup. Both are placed 3 m above ground, with responses
simulated using Ansys HFSS [12], including ground effects.

Each antenna has three orthogonal arms (South-North, East-West, vertical). The dipole uses
2.6 m arms and operates in the 30—80 MHz band. The HORIZON antenna features a butterfly-
shaped steel radiator optimized for inclined EAS, operating in the 50-200 MHz band with an
impedance-matching network.

2.3 Background noise

Accurate electric-field reconstruction is challenged by background noise. While remote sites
reduce human-made radio-frequency interference (RFI), residual contamination from satellites,
aircraft, and FM radio remains. These narrowband sources are mitigated via filtering and RFI
suppression. Transient phenomena like thunderstorms and solar flares are excluded from this study
due to their episodic nature. In the considered frequency range, the dominant irreducible noise is
galactic synchrotron radiation [13, 14].

The background spectrum across 30-200 MHz is modeled using LFmap [15], incorporating
both galactic and extragalactic emissions. The resulting noise level varies with local sidereal time
(LST); in this study, we adopt the noise corresponding to LST = 18 h, when it reaches a relatively
high value (approximately 20 uV) compared to other times. To simulate realistic time-domain
traces, uniformly distributed random phases were assigned in the frequency domain before applying
an inverse fast Fourier transform (iFFT) to the modeled spectra. We assume that the input to the
reconstruction algorithm is the open-circuit voltage V. at the antenna output. Electronic noise
between V,. and an amplified, digitized signal Vapc is not modeled here but will be addressed in
future work with experimental data.

3. Electric-field reconstruction

This study employs two electric-field reconstruction methods. The first method is a conven-
tional matrix-inversion technique, commonly used in radio detection experiments [1], which inverts
the antenna response matrix using two or three polarizations (Section 3.1). The second method is a
novel analytic y?> minimization method utilizing all three polarizations, introduced for the first time
in this work (Section 3.2).

3.1 Matrix-inversion method

To assess the performance of the conventional matrix-inversion method for the simple dipole
antenna, we use an example voltage trace with an SNR of approximately 6 in each polarization.
Figure 1 shows the corresponding simulated electric field, as well as the reconstructed electric
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Figure 1: Comparison of the matrix-inversion method, for two (2pol) and three (3pol) polarizations, and the

analytic x> minization method (Isq), for the simple dipole antenna. Top: Time traces of the electric field.
Bottom: Electric-field spectrum in the frequency domain.

field using both two and three polarizations The normalized cross-correlation values [16], ranging
between -1 (perfectly anticorrelated) and +1 (perfectly correlated), between the reconstructed and
simulated electric field traces are used to assess the reconstruction performance. Although the
correlation of the 8-component improves from -0.13 to 0.40 when including the third polarization,
the reconstructed frequency spectrum remains poor, as shown in the bottom left panel of Figure
1. The correlation of the ¢-component decreases from 0.93 to 0.80 when including the third
polarization, and also introduces artifacts in the frequency spectrum (bottom right panel of Figure
1). These results suggest that including the third polarization benefits the weaker 8-component but
slightly degrades the stronger ¢-component due to artifacts introduced by the small 7-component.
This highlights the need for further refinement to achieve a stable and accurate reconstruction.

3.2 Analytic y> minimization method

In this study, we build a single y? for each antenna with three polarizations, without incor-
porating any parameters related to the signal characteristics. Consequently, it offers a more direct
and model-independent framework compared to alternative approaches, enhancing the simplicity
of the reconstruction. Given the measured voltage, noise spectrum, and antenna response, the y? is
formulated in frequency domain as

2
v (2
=3 R ) — (V= HE) o\ (V - HE) (1)
X = 1 o, = 4% ’

i=
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where V denotes the open-circuit voltage, H represents the antenna response, and oy is the
background noise level. The subscript i indicates the polarization channel, with three components
in total for our setup. The electric-field vector is denoted by &, with subscripts 6 and ¢ referring
to its zenith and azimuth components, respectively. &, is neglected here as it corresponds to the
propagation direction of the transverse wave.

We assume that the error in this measurement is attributed to background noise. Consequently,
the covariance matrix is constructed as a diagonal matrix oy = diag (o1, 02, 03), where the
diagonal elements correspond to the squared noise spectrum in each polarization of the antenna.

To minimize x2, we compute Vgy? = —2(H" 03!V — H' ¢, HE) = 0. From this, we
obtain an analytic solution of the electric field, given by & = (H" oy  H) ' H o3 V.

3.3 Matrix-inversion vs. analytic y> minimization

To assess reconstruction quality, we first compare the analytic y> minimization method with
the matrix-inversion method as shown in Figure 1. For the dipole antenna, the matrix-inversion
approach with three polarizations yields cross-correlation coefficients of 0.40 for the #-component
and 0.80 for the p-component. In contrast, the y*> minimization method achieves significantly
higher cross correlations—0.77 for the 8-component and 0.95 for the ¢-component—demonstrating
its improved reconstruction accuracy.

We further apply the analytic y? minimization method to the HORIZON antenna to test thet
method’s robustness under varying antenna responses. For this test, we use the same EAS simulation
as used for Figure 1, but we take our test trace at a different antenna position to ensure an SNR
~ 6 at the voltage level. The simulated and reconstructed electric fields are shown in Figure 2.
The matrix inversion method gives cross-correlation coefficients of —0.34 (for 6) and 0.96 (for
¢), while the y?> minimization method achieves a significantly better performance, with cross-
correlation values of 0.79 and 0.97, respectively. These results confirm the method’s improved and
consistent performance across different antenna designs. In both the frequency and time domains,
the reconstruction based on y? minimization aligns more closely with the simulated signal.

4. Statistical performance of the analytic > minimization method

We evaluate the resolution of the analytic x> minimization method using the simulation libary
described in Section 2. Only events meeting the following criteria in a minimum of five antennas
are selected: an SNR greater than 5 in at least one antenna arm, a peak time (Zpeak) Within £200 ns
of the expected signal time, and the use of only the innermost 16 antennas per arm to exclude weak
signals.

4.1 Comparison of the peak envelope amplitudes

The Hilbert envelope provides a smooth representation of a signal, making it useful for an-
alyzing noisy, oscillatory data. To assess the reconstruction performance, we compare the peak
envelope amplitude (PEA) of the simulated and reconstructed electric-fields, for both the dipole
and HORIZON antenna models. The relative error distributions are shown in Figure 3.

For both antenna types, we find that the PAE reconstruction of the analytic y?> minimization
method is precise and robust. The standard deviation of the relative-error distributions is generally
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Figure 2: Comparison of the matrix inversion method (inv) and the analytic y*> minimization (Isq) recon-
struction methods in three polarizations applied to our example electric-field trace (sim), for the HORIZON
antenna. 7op: time traces of the electric field. Bottom: electric-field spectrum in the frequency domain.
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Figure 3: Relative error of reconstructed (rec) PEA w.r.t. simulated (sim) PEA for total (left), ¢ (middle),
and 6 (right) electric-field components. Results are shown for the HORIZON (green) and dipole (black)
antennas, with statistical summaries in matching colors.

better than 5%, with the exception of the §-component reconstruction of the HORIZON antenna,
which yields a standard deviation of 12%. This is due to the weaker §-component of the simulated
electric fields, as well as a lower antenna gain along theta across most frequencies, which is more
prominent for the HORIZON antenna.

We also find that the relative-error distributions of the HORIZON antenna are centered around O,
while those of the dipole antenna display a consistent ~5% bias, indicating a slight underestimation
of the the simulated electric-field values. This bias may result from several factors—such as antenna
response, frequency coverage, and directional sensitivity—which are still under investigation.

Overall, the analytic y?> minimization method demonstrates robust reconstruction performance
for both antenna types.
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4.2 Comparison of energy fluence

The electromagnetic component of an air shower dominates the primary energy and can be
inferred from the radiation energy [17]. At each antenna, the reconstructed electric field is used to
calculate the energy fluence—i.e., the energy deposited per unit area—via ® = ¢ - € - f E 2(n)dt,
with E (t) the electric field, c the speed of light, and €y the vacuum permittivity. The total radiation
energy is obtained by integrating the energy fluence across the array.

To isolate signal from noise, we integrate over a 100 ns window centered at the pulse peak and
subtract the fluence from a separate 100 ns window at the trace end. We show the relative error
of the square root of the fluence, V®, as it is proportional to the shower energy. The resulting
energy fluence shows similar trends to the peak envelope amplitude (PEA), but with amplified
discrepancies due to error propagation in squaring and integrating the reconstructed electric-field.
As such, we obtain typical standard deviations on the relative error distributions better than 6%,
with the exception of the #-component of the fluence, which has a relative error of 19%.
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Figure 4: Relative error of the fluence (®) reconstruction, comparing the reconstructed v®. with the
simulated V@i, for total (left), ¢ (middle), and 6 (right) electric-field components. Results are shown for
the HORIZON (green) and dipole (black) antennas, with statistical summaries in matching colors.

Overall, both antennas achieve good fluence reconstruction precision using the analytic y?
method, especially for SNR>10. The dipole shows a consistent 3% underestimation; HORIZON
has near-zero bias. The 6-component shows larger variance due to its weaker signal strength. These
results confirm the robustness of the method, although SNR-dependent biases, especially at low
SNR, require further calibration for real data.

5. Conclusions and outlook

We developed an analytic x> minimization method to improve the reconstruction of the electric
field from air-shower radio signals. This approach avoids assumptions about signal properties
and provides robust performance across both dipole and HORIZON antenna models with three
polarizations. Compared to the conventional matrix-inversion technique, our method better handles
uncertainties at low-gain or low-SNR frequencies, reducing the typical standard deviation to 4% for
PEA and <6% for energy fluence.

Our method was tested with ZHAireS simulations, including simulated galactic noise. Future
validation using experimental noise is planned. Additionally, while we used the 30-200 MHz
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band—common in current experiments—investigating the method’s performance across sub-bands
or broader frequency ranges remains a direction for future work. Furthermore, an iterative recon-
struction involving updated direction inputs could further refinehe accuracy of our method.
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