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ical review of CP violation in Quantum Chromodynamics (QCD). Using fundamental properties
of the QCD partition function, we analyze the dependence of the chiral quark and CP violating
gluon condensates on the 6 parameter and the quark masses in the chiral limit. We show explicitly
how CP violation arises, clarify the role of the axial U(1) anomaly and the ordering of the infinite-
volume limit, and discuss the conditions under which CP symmetry may or may not be realized,
including in the large- N, framework. Our results reaffirm the presence of strong CP violation for
physically relevant parameters and thus the theoretical basis of the strong CP problem and axion
physics.
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CP, or not CP, that is the question . . . Andreas Ringwald

Our COST Action COSMIC WISPers focusses on an exhaustive study of very weakly interacting
slim particles (WISPs). Among those WISPs, the axion is particularly well motivated, since it was
originally proposed to solve the strong CP puzzle of Quantum Chromodynamics (QCD), namely
why CP violation — although allowed by the parameters in the QCD Lagrangian — is experimentally
constrained to be extremely small [1-3]. The Peccei—Quinn mechanism dynamically explains this
smallness, and the axion emerges as its unavoidable consequence. Unlike many other WISPs, the
axion is therefore not introduced ad hoc, but is motivated by a well-defined theoretical puzzle.

Recently, the very claim that QCD possibly features CP violation was challenged [4, 5]. It is
the purpose of this proceedings contribution to present a pedagogical review of the calculation of
CP violation in QCD. We perform it in a way which allows to compare with the recent claim of the
absence of strong CP violation in QCD.

The Lagrangian of QCD is the one of an SU(3) Yang-Mills theory with colored quarks,

1 —_— . —_ - 2
L=-2G0,Ga" + iy, (9" —igG") g - GrMaL - LM qr - 932_Ga Ga'. (1

given in terms of gluon field strengths G;,, and their duals GZV = 2e,,,,pUG’Z, ,witha =1,..., N> -
1, for N, = 3, quark spinors g (flavour indlces u,d,s,...suppressed) and their right- and left- handed
projections, gr = % (1+vs)g and gL = % (1 = 1s) g, respectively, and the following parameters:
87’ :
m, for Q > A, with

Bo = 13—1NC - %N r, 1i) the Ny X Ny quark mass matrix M, which is in general non-diagonal and

i) the intrinsic scale A, related to the strong coupling g%(Q) —

non-Hermitian, M # M7, and whose form depends on the choice of the quark field basis, and iii)
the theta parameter 6.

On the classical level, if the masses of the three light (masses m; < A) quark flavors u, d, and
s are neglected, QCD has a U(3)r X U(3)L = SU3)r x SU(3)L X U(1)r4r, X U(1)r-L symmetry
under independent rotations of right- and left-handed quark flavors, g = Vrgr, q; = VLgL. On
the quantum level, the conservation law for the singlet axial current associated to U(1)r_r. contains

an anomaly:
g2

O (g 7" 75q)—2qM175q+2Nf32 G, Gl 2)

Hence, the symmetry group of QCD with 3 massless flavors is SU(3)g X SU(3)r, X U(1)r+r. This
is why QCD with 3 massless flavors has only N2 — 1 = 8 pseudo-scalar Goldstone bosons from
the breaking of SU(3)r X SU(3)L X U(1)r+L to SU(3)R+L X U(1)r4r. There is no pseudo-scalar
Goldstone boson from the breaking of U(1)gr_r, because the latter symmetry is anomalous.

Chiral transformations generated by the factor U(1)r_1 change the phase of right-handed
components of all quark fields by same angle, g = e'®gr, while the left-handed components are
subject to the opposite transformation: g = e~i%gy . This change of basis can be compensated
by modifying the quark mass matrix with M’ = Me?®, but in view of the anomaly, the operation
does not represent a symmetry of the system. If the above change of the quark mass matrix is
accompanied by a simultaneous change of the 6 parameter to 6’ =  — 2, the physics does remain
the same. Starting from an arbitrary mass matrix, a change of basis involving the factor U(1)g_r, is
needed to arrive at the convention where M is diagonal with real eigenvalues. In that convention,

the theta parameter does have physical significance — otherwise only the product Me'?/N7 counts.
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The investigation whether QCD possibly violates CP has to rely on non-perturbative methods.
Here, we rely on a non-perturbative evaluation of the partition function of QCD — the thermal trace

Z =Tr{exp (-BH)}, (3)

where 8 = 1/T is the inverse temperature and H is the QCD Hamiltonian. Since we are interested
in zero-temperature QCD, we will take the limit 8 — oo at the end. The partition function can be
expressed as a path integral in Euclidean space,

2
zZ = / [dG][dg][dq] exp [— / d*x {LO + GrM gL + M gr - 05— G“VG“V}] . (4)
327r2 H M

1

L0 = 7 GGl = 1@7u(9u —i8G)q. (5)

In the time-direction, x4, the gluon fields are required to be periodic up to a gauge transformation,
whereas the quark fields have to obey antiperiodic boundary conditions. It is convenient to impose
the same boundary conditions also in the three spatial directions, so that the fields are effectively
defined on a four-dimensional torus of size L; X Ly X L3 X 8 and four-volume V = L1L,L3 8.
From the path integral representation it is obvious that the “free energy” F' = — In Z associated
with the partition function plays the role of a generating functional of the connected correlation func-

. . ., . - - . 2 ~
tions of the chiral quark densities grqr., g1.gr, and the pseudo-scalar gluon density ﬁﬂz GZVGZV.
In particular, the chiral quark condensates and the pseudo-scalar gluon condensate are obtained

from first functional derivatives of F':

oF 1 6Z oF 1 6z

SM - ZoM - (qrqL), M ZoM (qLgR), (6)

750 ~\30200 0 (N

SF  16Z | & . a
1— = = .
06 Z 50

For V. — oo, these condensates approach vacuum expectation values. A non-zero value of the
pseudo-scalar gluon condensate signals P- and T-, and thus CP-violation in strong interactions [6].
Further progress can be made by evaluating the free energy F further in the chiral limit, M — 0.
The methods to perform this task have been exposed in a seminal paper by Leutwyler and Smilga
in Ref. [7], on which we rely heavily in the following.

Let us start the discussion with QCD with Ny = 1 quark flavor of mass m. This theory
is expected to have a mass gap My ~ A which persists in the chiral limit, m — 0. In fact, as
discussed before, the U(1)r-1, symmetry is broken not spontaneously but explicitly by the anomaly
and therefore no corresponding Goldstone-boson is expected to appear. The mass gap implies a
finite correlation length & ~ M I Therefore, the free energy F is an extensive quantity, and the
free energy density f = F/V tends, for V > M 4 ~ A™*, to the vacuum energy density, €ysc:'

F InZ

f= V=T Ty T e (mei'g) , for VAT (3)

!The finite volume corrections, f(V) — €y, are exponentially suppressed, oc exp(—MoL).
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Importantly, as indicated here, the vacuum energy density inherits from the partition function that
it can depend on the quark mass m and the # parameter only through the product me'® = z.
Moreover, the persistence of the mass gap in the chiral limit, together with the fact that the vacuum
energy is real, implies that €,,.(z) is real-analytic around z = 0, that is it has a Taylor expansion
€vac(2) = ao + aj(z + z") + ..., with real coeflicients a;, around z = 0. Correspondingly, up to

linear order in m, the vacuum energy density can be parametrised as [7],
Evac (meie) = €c(0) —Z R (meig) +O0(m?), 9

where the zeroth order term ey, (0) just affects the overall normalisaton of the partition function.
The real low-energy constant ¥ ~ A3 is related to the quark condensate in the chiral limit. In fact,
one can infer from Eqs. (6), (8), and (9), that”

j _ Oz _ 9 i M = Ly gie
(@RaLYIm=0 = —Z-—= = == {ZR(me'”) + O(m)} = 5Xe' + O(m), (10)
_ _ 0 InZ _ 0 i0 2 __1 -i0
(qLYR)|m=0 V- B {ZR(me'?) + O(m*)} = sZe "+ 0(m), (D)
corresponding to
(Gq) = =X cos8 + O(m), (Giysq) = =Zsinf + O(m). (12)

Moreover, and most importantly, the condensate of the pseudo-scalar gluon density is predicted,
from Egs. (7), (8), and (9) as

2
8 caga\__ 10 _.0 i0 21 _ i0 2
<327T2GWGW> =~i%9 InZ = i2g {2%(me )+ O(m )} =XJ (me )+O(m ). (13)

We conclude that Ny = 1 QCD predicts CP violation as long as

PN (meig) =X|\m|J (ei(arg(m)+9)) = X|m|sin(6 + arg(m)) = Z|m|sinf # 0. (14)
_
17
In other words: Ny = 1 QCD violates CP if simultaneously i) chiral symmetry is broken in the
chiral limit (X # 0), ii) the quark mass is non-zero (|m| # 0), and iii) the angle § = 6 + arg(m) is
not a multiple of 7 (sin @ # 0).

Note that this finding follows directly from fundamental properties of the partition function
of Ny = 1 QCD, in particular the extensitivity and analyticity of its corresponding free energy,
following in turn from the persistence of the mass gap in the chiral limit and the parameter
dependence implications from the U(1)g_r anomaly. One had not to use the fact that the path
integral corresponding to the partition function can be cast in the form of a Fourier-decomposition,

(o8]

Z= Z ez, (15)

y=—00

2These expressions corroborate the findings of Crewther [8] who evaluated directly the chiral condensate in the chiral
limit by exploiting the anomalous Ward identities of the U(1)r-1. current and the absence of a U(1)r_r, boson.
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in terms of path-integrals

Z, = / [4G][dg] [dq] exp | - / dhe (L0 + GeM gL + M ) (16)

2 ~
over gauge fields with fixed winding number’ v = 5 fv d*xG4,G4, € Z. However, one can

turn the tables and determine the contribution of the sector with winding number v to the partition
function by calculating the corresponding Fourier coefficients,

1 T : ;
Z, = — / d0e™9Z(me'?), (17)
21 J_x
in terms of the explicit expression,

Z(me'®) = exp {vz R (meie)} . for V> A~%and [m| < A, (18)

for the partition function from Egs. (8) and (9). One finds [7]
m
Z, = (_
Im|

where I, (x) = I_, (x) are Bessel functions of imaginary argument. This result allows us to compare
directly with the claims in Refs. [4, 5].
The authors of Refs. [4, 5] observed that i) when taking V — oo after summation over

4
) I,(VE|m|), for V> A% and|m| < A, (19)

the winding numbers, correlation functions exhibit CP violation that cannot be removed by field
redefinitions, whereas ii) when taking V — co before summation over the winding number sectors,
CP violating phenomena are absent. It was furthermore argued that ii) is the correct approach if
topological quantization emerges from the requirement of finite saddles in the action in infinite
space-times.

Clearly, our results are obtained following the procedure in i), that is taking the V — oo limit
at the very end. After all, as we have seen, it is even unnecessary to introduce the sum over
topological sectors to establish strong CP violation. Moreover, topological quantization is inherent
in the four-torus compactification we envisaged and does not require finite action saddle points in
infinite space-times.

However, our expressions allow us also to investigate what happens if we follow the procedure
in ii), that is taking V — oo before summing over the topological sectors. We find from the
asymptotic expansion of the Bessel function for large arguments:

00 v 00
ive | M N -1/2 _VE|m| iv(@+argm)
v s .
E e (| |) I, (VE|m|) = 2aVZ|m|) e E e for VZ|m| > 1. (20)
m

y=—00 y=—00

Since Y- e (0+argm) — 5(§)/(2n), this appears to corroborate the observation i), namely that
6 = 6 + arg(m) = 0 in this ordering of the limits. However, in fact what we have demonstrated

3Gauge fields on a four-torus may be represented by gauge potentials G, defined on the full Euclidean space,
supplemented by transition functions Q(x) that encode how the fields are related when moving between adjacent periodic
cells. These transition functions can be non-trivial, since the gauge potentials G, are required to be periodic only up to
gauge transformations. Non-trivial winding numbers arise precisely from such non-trivial transition functions [9].
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actually is that the summation over the topological sectors and the V — oo limit do not commute.
It is misleading to first take the infinite volume limit and then to sum over the topological sectors.*

Our considerations have so far been been based on the assertion that because of the anomaly
there is no U(1)r-r. pseudo-scalar Goldstone boson in the chiral limit. Witten [13] challenged this
assertion by observing that for “large N.”, that is for N. — oo and g — 0, with 1 = g?N,. fixed,

the anomaly turns off,

1 2 N _ .
———=G4,GY > 0, (Gy*ysq) =2qmiysq. (1)

o I
O (§¥"y59) —2qusq+2NC 32O

As will be reviewed next, it is in the sense of the 1/N, expansion that one can say that the anomaly
gives a mass to a pseudo-scalar boson that would have been massless in the chiral limit.

Within the 1/N. expansion we have to take into account explicitly the angular field ¢(x)
whose particle excitation is the U(1)r_1. Goldstone boson’ arising in the large-N,. and chiral limit:
U(x) = e € U(1)g_L. For large volumes and small quark mass the partition function can be
written in this case as [7]

Z:/[dU] exp{—/d4X.£erf(U,(9U,32U,...;meia)}, (22)

where the effective Lagrangian characterizing the low-energy structure of the theory in the large-N.
limit is of the form [14-16]

F2
Lex = Z0,U°0,U =S R (mU") + 2 (iU - 0)%, (23)

involving three low-energy parameters: the decay constant, F' ~ Ng/ %A, the parameter ¥ ~ N.A>
determining the quark condensate in the chiral limit at infinite volume, and the topological suscep-
tibility 7 ~ A* of pure SU(N,.) Yang-Mills theory.®

For V > m:]f‘, the fluctuations in U(x) freeze and the partition function reduces to the
contribution from the ground state,

Z:exp{—VmUin{—Z%(mU*)+%(ian—9)2}}, for V> mytand|ml <A, (24)

It is convenient to rewrite the vacuum energy density appearing in (24) in terms of the angular field
o
. T .
€uac = min { = |m| cos(¢ + arg(m)) + 3 (¢ = 0)°| = min Vea(9). (25)

4A similar observation has been made in the context of the dilute instanton gas approximation in Ref. [10]. Note that
the latter was precisely the approximation that the authors of Refs. [4, 5] have relied upon. Further similar observations
have been made in 1+1 dimensional toy models [11, 12].

>We denote it 7, in analogy to the corresponding meson in realistic N r=3QCD.

The effective Lagrangian (23) represents an exact result in the following sense [7]: Expand the full effective
Lagrangian as a series in derivatives of U(x) and in powers of the quark mass. In addition, expand the effective
coupling constants appearing in this series in powers of 1/N.. This procedure yields contributions of the schematic form
0"Mm"2 N(l,_"3. The expansion is organized by first grouping together all terms with a fixed value of n = %nl +ny+n3—1,
and only then sum over n. Within this counting scheme, all three terms in (23) are of order n = 0.
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We will show now that the relative importance of the first and second term of the effective potential
Ve (¢) determines the fate of CP violation.

Let us consider first the case where the second term in €y, dominates, which occurs for
T > X|m|, corresponding to |m|/A < 1/N. < 1. In this case, the potential is minimized at ¢ = 6,
such that the previous result (9) for the vacuum energy, €,,c = —2 |m| cos 6, as well as the expressions
(10), (11), (12), and (13) for the chiral quark and pseudo-scalar gluon condensates, respectively, are
recovered. Moreover, introducing the field excitation around this minimum, 7’ = ¢ — 6, and using
the identity cos(n’ + ) = cos § cosn’ —sin @ sinn’, we can rewrite the effective Lagrangian (23) as

2
Lo = %6,,7]’6,,7]’ + %17’2 — X |m| {cos @ cosn’ —sindsinn’} . (26)
The 1’ has a mass of order m, ~ /7/F, which persists in the chiral limit. The term X|m| sin § sinn’
summarizes all CP violating " amplitudes. We conclude: Ny = 1 SU(N,) Yang-Mills theory, in
the parameter range |m|/A < 1/N. < 1, predicts CP violation, as long as |m|sin 8 # 0.
Let us consider now the case where the first term in V.5(¢) dominates, which occurs for
T < X|m| < 1, corresponding to 1/N,. < |m|/A < 1. In this case, the potential is minimized at
¢ + arg(m) = 0, such that effective Lagrangian for excitations around the minimum reads

2
Leg = %8ﬂn'6ﬂn’ — X |m|cosn’. (27)
There is no CP violation! The 1" has a mass m,y ~ \/W /F which vanishes in the chiral
limit. It is an axion! We conclude: Ny = 1 SU(N.) Yang-Mills theory, in the parameter range
1/N. < |m|/A < 1, features no CP violation.

At this point we can again comment on Refs. [4, 5]. We agree with their observation that the
low-energy effective Lagrangian admits in principle both possibilities: CP or not CP. However, the
question which possibility is realized depends on which values the fundamental parameters have
been taken in our real world.

So far, we have just treated the case Ny = 1. But the case Ny > 1 is conceptually only a tiny
step away. We just have to include the fields whose particle excitations are the NJ% — 1 pseudo-scalar
Goldstone bosons from the breaking of SU(N¢)r X SU(Ny)r, X U(1)r+r to SU(Np)r+r X U(1)r4L
into the effective Lagrangian [14-16],

F?_
Lot =~ 0,U'9,U - X R (tr (MU*)) + % (ilndetU - ), (28)

where U € U(Ny). The n’ is in this case described by det U. One can repeat the steps before to
investigate the parameter range where the theory possibly violates CP or not, see Refs. [14-16, 19].

"In the parameter range |m|/A > 1, one may integrate out the quark and consider pure SU(N,.) gluodynamics with
a @ term, which is expected to have a mass gap My ~ A. In the large-N. limit (and believed more generally), its
vacuum energy density, €yoe = —limy_,(1/V)1InZ, is a multi-branched function because of many candidate vacuum
states that all become stable (but not degenerate) for N, — 00: €ysc(0) = mingez N2f((0 + 21k)/N.) [7, 17]. Ttis
approximately quadratic in 6, e, (8) = N2£(0) + %192 +0(6*/N?) [7], showing that CP is violated for generic 8 # 0.
The multi-branched structure, which is crucial to restore the required 2z periodicity of the partition function, appears to
be beyond the reach of canonical quantization techniques. This casts strong doubts on the recent claim that there is no
CP violation in pure gluodynamics [18] because it was based on those techniques.
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Is real QCD more in the region m/A < 1/N, or in the region 1/N. < m/A? In real QCD
A ~ 300MeV and m,, ~ mg ~ 3MeV, m; ~ 100 MeV, while N. = 3. So, very naively, it appears
that we live in a world where m; /A < 1/N, and thus CP is violated. This is also corroborated by
the fact that the 1’ has a mass, m,y ~ 960 MeV, which is indeed of order v/7/F ~ A, as expected
for the case of strong CP violation.
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