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We suggest improvements for double counting subtraction scheme, which is needed for the con-
sistent treatment of real corrections in the high-energy limit, and apply it to the single photon
production at the NLO★ approximation of the high-energy factorization approach. The presented
improvements allow us to avoid the oversubtraction problem.
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1. Introduction

The advantages in usage of high-energy factorization (HEF) approach [1] for description of
various hard processes have been demonstrated, for example, in recent Refs. [2], so the motivation for
extending this approach beyond the leading order (LO) approximation in𝛼𝑠 is clear; a short time ago,
the scheme of the next-to-leading order (NLO) calculations has been developed [3]. In this context,
the non-trivial problem of double counting between real NLO corrections (NLO★) and unintegrated
PDFs (UPDFs), which are responsible for the resummation of initial state radiations in the HEF,
appears and investigation of the corresponding subtraction scheme is necessary [4]. A similar
procedure for localization of NLO★ corrections to impact factors (IF) to avoid double counting with
Green’s function has also been developed [5] within the BFKL formalism [6]. However, it turns out
that in some cases this procedure can lead to oversubtraction, especially at low rapidity differences.
In this paper, we provide a simple improvement of this procedure, thus eliminating oversubtraction,
and apply it to the production of single photon [7], which is a convenient process for studying the
subtraction terms due to the infrared (IR) finiteness of one of the NLO★ corrections.

2. HEF

For instance, we consider hadroproduction of the single photon 𝑝 (𝑃1)+ 𝑝 (𝑃2) → 𝛾 (𝑞3)+𝑋1,
the cross section for this process within the HEF reads:

𝜎 =

∫
𝑑𝑥1
𝑥1

𝑑𝑥2
𝑥2

𝑑2q𝑇1
𝜋

𝑑2q𝑇2
𝜋

Φ𝑖1 (𝑥1, q2
𝑇1, 𝜇

2) 𝜎̂𝑖1𝑖2 (𝑥1,2, q𝑇1,2, 𝛼̄𝑠 (𝜇2
𝑅))Φ𝑖2 (𝑥2, q2

𝑇2, 𝜇
2); (1)

adopting the parton Reggeization approach [8], hard scattering coefficient (HSC) 𝜎̂𝑖1𝑖2 describing
subprocess 𝑖1 (𝑞1) + 𝑖2 (𝑞2) → 𝛾 (𝑞3) is calculated with Reggeized partons 𝑖1,2, i.e., Reggeized
gluons 𝑅 and quarks 𝑄; 𝑞1 =

(
𝑞+1 /2

)
𝑛− + 𝑞𝑇1 and 𝑞2 =

(
𝑞−2 /2

)
𝑛+ + 𝑞𝑇2, where 𝑞+1 = 𝑥1𝑃

+ and
𝑞−2 = 𝑥2𝑃

−. In Eq. (1), the UPDFs are defined as follows:

Φ𝑖 (𝑥, q2
𝑇 , 𝜇

2) =
∑︁
𝚤

1∫
0

𝑑𝑧

𝑧
𝜃 (Δ( |q𝑇 |, 𝜇) − 𝑧) 𝐶𝑖𝚤 (𝑧, q2

𝑇 , 𝜇
2) 𝑓𝚤

(
𝑥

𝑧
, 𝜇2

)
, (2)

where 𝑧 is a fraction of the large light-cone component carried through resummation in 𝐶𝑖𝚤,
𝑓𝑖

(
𝑥, 𝜇2) = 𝑥 𝑓𝑖

(
𝑥, 𝜇2) , and 𝜇 is a typical hard scale; in Eq. (2), the cutoffΔ( |q𝑇 |, 𝜇) = 𝜇/(𝜇 + |q𝑇 |)

ensures rapidity ordering between partons emitted in the UPDF and HSC in Eq. (1).

3. LO, NLO★, and double counting subtraction

The HSCs for the LO (Fig. 1 (a)) and NLO★ (Fig. 1 (b), (d)) subprocesses

𝑄 (𝑞1) + 𝑄̄ (𝑞2) → 𝛾 (𝑞3), (3)
𝑄 (𝑞1) + 𝑅 (𝑞2) → 𝛾 (𝑞3) + 𝑞 (𝑞4), (4)
𝑄 (𝑞1) + 𝑄̄ (𝑞2) → 𝛾 (𝑞3) + 𝑔 (𝑞4), (5)

1Light-cone vectors can be introduced such that 𝑛∓ =

(
2/
√
𝑆

)
𝑃1,2, so 𝑞 = 𝑞𝐿 + 𝑞𝑇 , where 𝑞𝐿 = (𝑞+𝑛− + 𝑞−𝑛+) /2

with 𝑞± = (𝑞, 𝑛±), rapidity 𝑦(𝑞) = (1/2) ln (𝑞+/𝑞−).
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Figure 1: LO, NLO★ and corresponding subtraction terms plotted on the rapidity axis. Blue lines denotes
boundaries of forward / backward regions.

already were calculated in Refs. [7]. The subprocesses (4), (5) have double counting with the
subprocess (3) when integrating over the entire 𝑑𝑦4 = 𝑑𝑧/(1−𝑧), where 𝑦4 = ln

(
|q𝑇4 |/

(
(1 − 𝑧) 𝑞−2

) )
and 𝑧 = 𝑞−3 /𝑞

−
2 , such that the additional parton 𝑖 = 𝑞, 𝑔 goes deeply forward / backward in rapidity

space, so it should be included in the UPDF (2). This contributions can be subtracted as it shown
in Fig. 1 (c), (e) (the permutations + ↔ − are assumed), the gauge-invariant amplitudes reads:

𝐴
𝜇
𝑎 (Fig. 1 (c)) = 𝑒𝑔𝑇𝑎 Θ(𝑧)

(
𝑞−2

2|q𝑇2 |

)
𝑢̄(𝑞4) 𝛾+(𝑞,−𝑞4)

1
/𝑞
𝑃̂+ Γ𝜇 (𝑞1,−𝑞) 𝑢(𝑞𝐿1), (6)

𝐴
𝜇𝜈
𝑎 (Fig. 1 (e)) = 𝑒𝑔𝑇𝑎 Θ(𝑧) 𝑢̄(𝑞𝐿2) Γ𝜈 (𝑞, 𝑞2)

1
/𝑞
𝑃̂+ Γ𝜇 (𝑞1,−𝑞) 𝑢(𝑞𝐿1), (7)

where 𝑞 = 𝑞1 − 𝑞3, propagator of the Reggeized quark is 𝜃 (𝑌 )
(
𝑖//𝑞

)
𝑃̂+, 𝑃̂+ = (1/4) /𝑛−/𝑛+, and

𝛾+(𝑞,−𝑞4) = /𝑛+ + /𝑞
2

(𝑞 − 𝑞4)−
,

Γ𝜇 (𝑞1,−𝑞) = 𝛾𝜇 − /𝑞1
𝑛𝜇−

(𝑞1 − 𝑞)− + /𝑞
𝑛
𝜇
+

(𝑞1 − 𝑞)+ ;

in Eqs. (6), (7) cutoff function

Θ(𝑧) = 𝜃

(
|q𝑇3 |
|q𝑇4 |

− 𝑧

)
𝜃

(
|q𝑇2 | |q𝑇3 |

Δ( |q𝑇2 |, 𝜇) q2
𝑇4

− 𝑧

)
(8)

has the following origin. The propagator contain 𝜃–function of

𝑌 = 𝑦(𝑞3) − 𝑦(𝑞4) = ln
(
1 − 𝑧

𝑧

|q𝑇3 |
|q𝑇4 |

)
,

which divide photon and parton 𝑖 by rapidities, this generates the first factor in Eq. (8). However,
the real correction still can be far from the UPDF in the rapidity space due to the Reggeized parton
𝑖2, so it seems natural at least to require 𝑌 > 𝑌2 also, where rapidity difference between parton 𝑖 and
last emitted parton in 𝐶𝑖2𝚤2 (2) reads:

𝑌2 = ln
(
𝑧2/(1 − 𝑧2)

1 − 𝑧

|q𝑇4 |
|q𝑇2 |

)
,

3



P
o
S
(
Q
C
D
E
X
2
0
2
5
)
0
2
0

On the double counting subtraction at NLO★ of the high-energy factorization approach A. Chernyshev

1 2 3 4 5

10-1

100

101

102

Y

d
σ


d
Y

p
b


(a)
S  13 TeV

qT 3 > 30 GeV, y3 < 1

1 2 3 4 5

10-1

100

101

Y

d
σ


d
Y

p
b


(b)
S  13 TeV

qT 3 > 30 GeV, y3 < 1

qT 4 > 1 GeV

Figure 2: Cross section as function of𝑌 (a) for (4) and (b) for (5). Different contributions are shown: NLO★

(black lines) and subtraction terms without / with second factor in Eq. (8) (dotted / dashed blue lines).

here 𝑧2 is the same as 𝑧 in Eq. (2) for UPDF Φ𝑖2 in Eq. (1). Probably, the most accurate way is
to amend the HEF factorization (1) for subtraction terms by keeping the 𝑧2–dependence in HSC
through 𝜃 (𝑌 − 𝑌2). Another way is to keep Eq. (1) by estimating 𝑧2 ∼ Δ( |q𝑇2 |, 𝜇), see Eq. (2),
which leads to the second factor in Eq. (8).

The HSCs corresponding to Eqs. (6), (7) can be written as follows:

𝑑𝜎̂ (𝑄 (𝑞1) + 𝑖2 (𝑞2) → 𝛾 (𝑞3) + 𝑖 (𝑞4))
𝑑q2

𝑇3𝑑𝑦3𝑑q2
𝑇4𝑑Δ𝜙34

=

1∫
0

𝑑𝑧 Θ(𝑧)
1 − 𝑧

(
1
𝑧
+

q2
𝑇2
𝑞2

)
3𝛿 (4) (𝑞1 − 𝑞3 − 𝑞)

32𝜋𝑞+3 𝑞
−
2 (−𝑞2)

×
𝑑Ψ𝛾 (q2

𝑇1, q
2
𝑇
)

𝑑q2
𝑇3𝑑𝑦3

𝑑Ψ𝑖 (q2
𝑇
, q2

𝑇2)
q2
𝑇4𝑑q2

𝑇4
, (9)

where photon IF describes 𝑄 (𝑞1) + 𝑄̄ (𝑞) → 𝛾 (𝑞3):

𝑑Ψ𝛾 (q2
𝑇1, q

2
𝑇
)

𝑑q2
𝑇3𝑑𝑦3

= 4𝜋𝛼
𝐶𝐴

𝑁2
𝑐

(
q2
𝑇1 + q2

𝑇

)
, (10)

quark IF stands for 𝑄 (𝑞) + 𝑅 (𝑞2) → 𝑞 (𝑞4):

𝑑Ψ𝑞 (q2
𝑇
, q2

𝑇2)
𝑑q2

𝑇4
= 4𝜋𝛼𝑠

𝐶𝐴𝐶𝐹

𝑁𝑐 (𝑁2
𝑐 − 1)

(q𝑇 + q𝑇2)2 , (11)

gluon IF Ψ𝑔 (q2
𝑇
, q2

𝑇2) for 𝑄 (𝑞) + 𝑄̄ (𝑞2) → 𝑔 (𝑞4) can be easily obtained from Eq. (10). In the
Regge limit 𝑧 → 0, the integral in Eq. (9) generates ln (1/𝑧) and subtracts one iteration of rapidity
evolution. Using Eq. (11), one can note that in the case 𝑖 = 𝑞, Eq. (9) is IR finite, contrary to 𝑖 = 𝑔.

For numerical calculations, we used improved Kimber-Martin-Ryskin-Watt UPDFs [8]. Cross
sections as functions of the rapidity difference 𝑌 are shown in Fig. 2. For the subprocess (5) we set
|q𝑇4 | > 1 GeV to eliminate IR divergences. In both cases, subtraction terms (9) without the second
factor in Eq. (8) oversubtracts the corresponding NLO★ terms at low 𝑌 ; the latter is cured by taking
into account the second factor in Eq. (8), which suppresses subtraction terms at low 𝑌 and doesn’t
affect at large 𝑌 , where NLO★ terms get subtracted as it should be.
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Conclusions

We have considered the double counting subtraction procedure in the application to the single
photon production at NLO★ approximation of the HEF approach. This procedure can be improved
by introducing second 𝜃-function in Eq. (8), which eliminates the oversubtraction at low 𝑌 .
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