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1. Introduction

The strong coupling constant a(Q?) satisfies the renormalization group equation

0 as(Q%) g s (0?) o
IHF_‘/ % S(Q ) ar aS(Q )_BOaS(Q )9 (1)
with a specific boundary condition and the QCD S-function:
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for f active quark flavors. Currently, the first five coefficients 8; (i < 4) are known exactly [1]. In
the present analysis, we will only require i = O and i = 1.

For Q% > A2, Eq. (1) can be solved iteratively in the form of a 1/L-expansion, which can be
compactly expressed as:

“kQ)— - a?) (0% =al) (0% +6) (0Y) 3)

where the next-to-leading order (NLO) correction is:
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Thus, already at leading order (LO), where a;(Q?) = agl) (Q?), and in any order of perturbation
theory (PT), the coupling ay(Q?) incorporates its own dimensional transmutation parameter A,
which is related to the normalization a, (M %). The value as(Mz) = 0.1180 is given in PDG24 [2]
(see also [3]).

f-dependence of the coupling a,(Q?). The coefficients ; in (2) depend on the number f
of active quarks, which affects the coupling a,(Q?) at threshold values Q? ~ m?c where additional
quarks become active for Q> > Q?. Consequently, the coupling a, depends on f, and this
dependence is incorporated into A, i.e., A/ appears in Egs. (1) and (3).

The relationship between Alf and Alf ! is known up to the four-loop order [4] in the MS
scheme. Here, we will not address the f-dependence of Aif , as we are primarily interested in the
low-Q? region and therefore use A{ = (see, e.g., [5]):

A7 =142 Mev, A/7 =367 Mev. (5)

2. Fractional Derivatives
Following [6, 7], we define the derivatives (at the (i)-th order of PT) as:

0 (=1)" d"ai’ (0%
n+1(Q ) n! (dL)" ’

(6)

which are particularly useful in the context of analytic QCD (see, e.g., [8]).
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The series of derivatives d, (Q?) can effectively replace the corresponding series of powers of
as. Each derivative reduces the power of a but introduces an additional factor of the S-function
~ a2. Thus, each derivative effectively adds a factor of a,, making it feasible to use derivative
series in place of power series.

At LO, the derivative series d,(Q?) coincide exactly with a”. Beyond LO, the relationship
between d,(Q?) and a’y was established in [7, 9] and extended to non-integer values n — v in [10].

Now consider the 1/L-expansion of af, )(Qz) (k=0,1) at LO and NLO:

al) (0% = (a)(@)" = . a %) =al (> +v57) (0. (7

Ly’

where

5210 =R

v+l

B A d A
—[Zl(v)+lnL] o 1=b1[zl(v)+5], 21(v) = ¥(v+D4yp—1 (8)

with yg being Euler’s constant and ¥ (v + 1) the W-function.
The representation (7) of the 5&2; (Q?) correction in terms of the R; operator! is crucial and
allows for a similar representation of higher-order results in the 1/L-expansion of analytic couplings.

3. MA Coupling

In [11], an effective approach was developed to eliminate the Landau singularity, based on
a dispersion relation that connects the new analytic coupling Ana (Q?) with the spectral function
rpt(s) derived from PT. At LO, this gives:

Aﬁi(Q2)=%/0 T & ri(s), (1)(S)—Imas (=5 - )

(s+1) "t

This approach is commonly referred to as the Minimal Approach (MA) (see, e.g., [12]) or
Analytical Perturbation Theory (APT) [11].

A further development of APT is the fractional APT (FAPT) [13], which extends the construc-
tion principles to PT series involving non-integer powers of the coupling. In quantum field theory,
such series arise for quantities with non-zero anomalous dimensions.

In this brief paper, we summarize the fundamental properties of MA couplings, as derived
in [14] using the 1/L-expansion. For the standard coupling, this expansion is only valid for large
QZ, i.e., Q2 > A2. However, as demonstrated in [14, 15], the situation is entirely different for
analytic couplings: the 1/L-expansion is applicable for all values of the argument. This is because
non-leading corrections in the expansion vanish not only as Q> — oo but also as Q> — 02, resulting
only in small, non-zero corrections in the region Q% ~ A2.

Below, we first present the LO results, followed by the NLO results, building on our previous
results (7) for the standard strong coupling.

LO. The LO MA coupling AI(\/L)A 0 takes the form [13]:

Lij_,(z 1
Al(v}/)x,v,o(Qz) _( (1)(Q )) _ Li V(ZO) _ 1 _Ail’())’ (10)
0

1Qperators similar to R were previously used in [13].
2This observation was previously made in [11].
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Figure 1: Results for A\ | (0%, AGL (@), and 65) |, (02).

where

. dr 17!
L@ =)~ F(v)/ e (11)

m=1

is the Polylogarithm.
For v = 1, we recover the well-known result of Shirkov and Solovtsov [11]:

20
Lo l—Z(),

Aino(@D) = AGL 1 o(Q) = (12)

This result can be directly obtained from the integral forms (9).

NLO. By analogy with the standard coupling and using the results (7), we obtain for the MA

A (i+1)

analytic coupling A, Aov.i

the expressions:
i(2) 2y _ (D) 2 %(2) 2
Apiay,1(Q@7) = Ayia 1 (@7) +v oy, (07, (13)

where Al(v&m is given in Eq. (10) and

. (Li_,
3@ =521 - Ay (T2t =5 0) - A%l en. (14)
withyg =yg - 1,
— . . . ™ Inm )
ALY (2) = bi|Felioy(2) + Ly 2) |, le,1<z>=mZ:1 S H@ =g 09

and 552{ (Q?) and R, are given in Eqs. (7) and (4), respectively.
The analytical results for the MA coupling A(”l) ; can be explicitly found for v = 1.
Figure 1 shows that A(l+1) (Q?) are very close to each other fori = 0 and i = 1. The differences

s : (Q?) between the LO and NLO results are non-zero only for Q% ~ AZ.

MA,v=1,
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4. MA Coupling Form Convenient at Q> ~

The results (10) and (13) for MA couplings are very convenient in the regimes of large and
small Q2. However, for Q% ~ A2 both the standard coupling and the additional term 6, (Hl) (QZ)
contain singularities that cancel in the sum. Consequently, numerical applications of these results
may be challenging, potentially requiring sub-expansions for each part near Q* = Af. Therefore,
we propose an alternative form that is particularly useful for Q% ~ A% and can also be used for other
Q? values, except in the extremes of very large or very small Q.

LO. The LO MA coupling AI(V}/)X V(QZ) [11] can also be expressed as [13]:

Mirnl@= 1oy Beti=v=nSE w<am., (=310 o
r=0 m=1

where ¢ (v) denotes the Euler /-function.

The result (16) was derived in Ref. [13] using properties of the Lerch function, which
generalizes the Polylogarithms (11).

For v = 1, we have:

(1) ¢ (— BZ(l+1)
L - -2m) = — 1421 , 17
AL) = rZ:Og( P L2 == L(-( k) = =5 (A7)
where 59n is the Kronecker delta and B,-,; are Bernoulli numbers.
NLO. Now consider the derivatives of the MA coupling, Ali/[/l ,» givenin Eq. (13):
a1 Q1) = Ay, 1 (@) Y83 L 1(00), v, (@) = RiAy, s (8)
where the operator R, is defined in (8).
After some calculations, we obtain:
: ( 1) (— 1)
52) ) (00 = TorD ZRl( +7) (19)
where .
- _ — Infm
Ri(v+r)=b; yEg’(—v—r)+§1(—v—r)], {k(v)=Z —. (20)
m=1 m
The functions ¢, (—v — r) are not well-defined for large r, so we replace them using:
r 1) . -
[(—v—r)= —%{(v+r+ 1), Z(v+r+1)=sin [g(v+r)] v+r+1). (21

After further calculations, we find:

<(2) 2 1 N C(v+r+1) (=Ly)"
Omiav. k(97 = F(v+1)§ r(2m)v+r Qi(y+r+1) rt (22)

where

O1(v+r+1)=b; Zl(v+r){~(v+r+1)+Zl(v+r+l) s Zl(v)zzl(v)—ln(Zn'), (23)
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Using the definition of Z(v) from (21), we have:
O(v+r+1) :sin[%(v+r)] §1(v+r+1)+g cos [g(v+r)] l(v+r+1), (24)

where {;(v) is given in Eq. (20).
Thus, we can rewrite the results (22) as:

O1(v+r+1)=sin [g(v+r)] Oia(v+r+1) +g CcoS [%(v+r)] Ouw(v+r+1), 25)
where
Qla(v+r+1):b1[Zl(v+r)§(v+r+1)+§](1,V+r+1)], 01 (vr+1) = biZ(v4r+1), (26)

The results for the MA coupling itself are obtained by setting v = 1. Moreover, at Ly = 0, i.e.,
for Q% = Ai, we find:
1

(n _
AMA )

b
5 0P =25 (0@ +1c@ men), @7)

5. Conclusions

In this short paper, we have summarized the results from our recent work [14]. In particular, [14]
provides 1/L-expansions for the v-derivatives of the strong coupling a, expressed as combinations
of the operators R; (8) applied to the LO coupling aﬁl). By applying the same operators to the
v-derivatives of the LO MA coupling Al(v}/)v four different representations for Al(\/lBA,v were obtained
at each i-th order of PT. All results are presented in [14, 15] up to the Sth order of PT, where
the corresponding QCD gS-function coeflicients are well known (see [1]). In this paper, we have
restricted ourselves to the first two orders to avoid the more cumbersome results from the higher
orders.

For the MA coupling, higher-order corrections are negligible in both the Q% — 0 and Q% — oo
limits, and are only non-zero in the vicinity of Q> = A2. Thus, they represent only minor corrections
to the LO MA coupling Ali/}/i(Qz).

The results of [ 14] have recently been successfully applied to studies of the (polarized) Bjorken
sum rule [16] and the Gross-Llewellyn Smith sum rule [17] (see also the review in [18]). For these
studies, the form of the MA coupling convenient for Q% ~ A% was extensively used (as reviewed in
Section 5).
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