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We revisit the fragmentation processes g— xcs+g, g—Nc+8, g—J /Y+g+g, and g—h +g+g.
We argue that the problem of previous calculations was in extending perturbation technique to
an essentially nonperturbative region and, on the other hand, in neglecting important physical
phenomena such as the finite size of the bound system and confinement forces. We propose a
simple semi-phenomenological model which repairs the physical behavior of the fragmentation
functions. Contrary to what was presented previously in the literature, our fragmentation functions
are strictly positive, smooth, and vanish at z — 1.
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1. Introduction

The concept of fragmentation function is a commonly used tool in high energy physics. Over the
years, large efforts have been invested in the theoretical calculation and experimental determination
of the various fragmentation functions. In some important cases, such as the production of heavy
quarkonium states, the relevant fragmentation functions are believed to be calculable with QED and
QCD perturbative methods.

In this note we revisit the photon and gluon fragmentation into 7., J/¢, x.; and h. mesons.
The problem of previous calculations [1, 2] was in extending perturbation technique to an essentially
nonperturbative region, that is, the region of infinitely soft color exchange (which is controlled by
confinement). As we do not have an exact theory of confinement, employing some phenomenologi-
cal guesses is inevitable. We very much regret to say that the fully calculable gluon fragmentation is
a utopia. Another problem of the previous calculations was the (unphysical) divergence of the frag-
mentation functions. Our present task is to organise a smooth transition between the perturbative
and nonperturbative regions. In this note we propose a simple semiphenomenological model and
obtain fragmentation functions which are strictly positive for all z, smooth, and vanish at z — 1.

2. Calculation

In this note we consider the following gluon fragmentation processes

g (ki,€1) = xr(py) +g(ka, ), g (ki,e1) = I/ (py) +g(ka, &) + g(k3, €3),
g (ki e1) = ne(py) + gk, &), g (ki,€1) = he(pn) +8(kz, &) + g(ks,e3), (1)

which start from an off-shell gluon produced in a quark-antiquark annihilation. The momenta and
the polarization vectors of the particles are shown in the parentheses. The 1 — 2 processes in
this list are described with only two Feynman diagrams; the 1 — 3 processes require six Feynman
diagrams. To derive the initial gluon spin density matrix we consider this gluon as produced
in a quark-antiquark annihilation g(p1) + §(p2) — g*(ky,€1). Then, its spin density matrix is
determined by the quark tensor. In a frame where the quarks collide along the z axis and the
momentum components are ordered as p; = (px, py, Pz, Ep), the gluon spin density matrix can
be explicitly represented as

1 0 0 0
1
Y M M _ 01 0 o0
6“6”—;[p1p5+p2pf—g”y(p1pz)]—5 o 2)
0O 0 0 O

and it perfectly corresponds to two transverse polarizations of an on-shell gluon moving in the z
direction. So, we fix the initial spin density matrix in the form (2). The calculation of Feynman
diagrams is straightforward and follows standard QED/QCD rules.

Let M denote the amplitude of the process (1). Then, the fully differential probability densities

for (1) readdD ) 1 Mo ) /11/2(k2,m)2(,k§) dk%d ., , X
(g —>)(g)—(27r)3| (&= x9) S—k%k_‘l‘ ¢ dcosb. (3)
dD(g" — Iy gg) = —— IM(g* > Ty gg)l dki dsy dsy d¢ dQ (4)
=—— ——dsy ds .
g 88) = 5af e g g8l o ds2dss
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The amplitudes M contain spin projection operators which select the spin-triplet and spin-singlet c¢
states:  Ps=1 = (pc—mc) éz//(pc"'mc) ’ (2””0)_3/2’ Ps=0= (be—me)ys(betme) - (2mc)_3/2,
and the formation probability for a given bound state is determined by the value of the wave function
of the respective meson at the origin of the coordinate space |R,,,¢,(0)|2 or |R)’(’ »(0) 1 [3, 4].

The fully differential distributions can be reduced to the conventional fragmentation functions
D(z) by introducing the light-cone variable z = py/kT = (Ey+py.z)/(E1+ki ;) and integrating
over all other variables in Eqs. (3) or (4):

dk?
D, (2) Z‘/D(g* — x 8) 6(z - py/ky) k_“l d¢ dcosé. (35)

1

* + 7+ dk%
Dz//(Z):/D(g — J/wgg)é(z—py/ky) Fd52d53d¢ Q. (6)

1

The fragmentation function D, (z) diverges at z — 1 as 1/(1 — z) and makes the integral
fragmentation probability infinite. The authors of the present-day calculations try to solve the
problem with purely mathematical tools. They kill the divergency by using dimensional regular-
ization with minimal subtraction (the so-called M S scheme). They arrive to a set of fragmentation
functions D, (z) (J=0,1,2) which strongly peak at z — 1 and then become negative. The integral
fragmentation probabilities are all negative. The authors compensate these negative contributions
by introducing the color-octet mechanism. However, this does not look a good solution, as the same
problem still exists for the photon fragmentation y — y;+y, where the color-octet component can
hardly be present.

In our opinion, a better solution can be found in physics rather than mathematics. We have
to take into account two (yet forgotten) important physical phenomena which strongly affect the
behavior of D, (z) at z — 1. The first phenomenon is the QCD confinement that prohibits the
emission of infinitely soft colored quanta. The energy of the final state gluon must be not less than
at least Apcp. A similar restriction comes from the requirement that the gluon be hard enough to
convert into a real hadron. This sets the lower boundary on the gluon energy as m .

The second issue is the finite size of the c¢ bound system. If the wavelength of a gluon is larger
than the size of the c¢ system, the gluon cannot resolve it into individual color charges, but only
sees the net zero charge.! The formalism of Feynman diagrams becomes no longer applicable and
we have to change the language. The interference effects are properly described by the classical
multipole radiation theory. Then, the emission of soft gluons is suppressed as powers of d/1 where
d is the size of the c¢ pair. As a consequence, the fragmentation function must vanish in the
long-wave limit.

The effects of suppression can be introduced into calculations by attributing some fictitious
mass to the final state gluon or by lifting the threshold energy of the fragmenting gluon from
s = k% = m)z( tos = m)z( (1 +A/m¢), as is done in [1]. We stress that the gluon oft-shellness does
not violate gauge invariance, because the considered Feynman diagrams do not contain non-abelian
gluon couplings. In general, the method of fictitious mass looks more physical in comparison
with the other. It results in smooth strictly positive distributions vanishing at the endpoints,

1The presence of two Feynman diagrams where the gluon can be emitted either by a quark or by an antiquark does
not produce the effect we are now discussing. The contributing diagrams are identical, and the interference is positive.
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Fig. 1. Behavior of the color-singlet fragmen-
tation functions D(g — x.yg) for different
J. Dotted curves, J = 0; dash-dotted curves,
J = 1; dashed curves, J = 2. mg shows the
value of the fictituous gluon mass.
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Fig. 2. Color-singlet fragmentation functions
for g* — n.g (upper panel), g* — Ygg (mid-
dle panel), and g* — h.gg (lower panel).
Solid, dashed, dash-dotted, and dotted lines
represent our calculations with mg = 0, 100,
200, and 500 MeV, respectively.

D(0) = D(1) = 0. It also enables one to obtain smooth double differential distributions dD /dz dp;
that can be interpreted as transverse momentum dependent (TMD) fragmentation functions. On the

contrary, the step-function boundary condition produces unphysically sharp peaks in the s and pr

distributions with discontinuous derivative dD /dpr. The fragmentation functions D(z) obtained

in this way do not go to zero when z — 1, but tend to a (not small) finite value.

Our results are summarized in Figs. 1,2, where we show distributions in the momentum fraction
z for different mesons. The parameter setting is: m,, = 3.0 GeV, m, = 3.54 GeV, my, = 3.1 GeV,
mpe = 3.53 GeV [5]; |7Q,7,¢,(O)|2 = 0.8 GeV?, |72;w(0)|2 = 0.075 GeV? [6], the renormalization
scale in @ is u? = m)z(, and the quark mass is set to 1/2 of the respective meson mass.
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3. Discussion

We conclude our note with a brief discussion. Our fictitious gluon-mass plays a double role: a)
to regulate kinematic singularities at z — 1, and b) to to introduce non-perturbative corrections. Our
model can be reinterpreted in terms of Ref. [7], thus making bridges to the resummation procedure
in NRQCD formalism. In both cases, one starts with attributing some extra momentum to the
color-octet ¢¢ pair. This necessarily modifies the phase space measure; namely, the momentum
conservation delta-function is replaced with 6*(3 ¢ j— 2 ki—Py—11—1>) where t; are the incoming
momenta and k; are the momenta of the final state particles other than the bound c¢ pair. (In our
approach, this extra momentum realises in a massive gluon.) Expanding this delta function in
powers of [; (which is equivalent to expanding in powers of quarks’ relative velocity v) one arrives
at a series containing derivatives of the delta-function up to infinitely high order. Resummation
procedure regulates these singularities, and one obtains (see Eq. (12) in Ref. [8]):

Dye(2) / dys6(1 =z —y4) FyPSP1(vs). )

Here F, 3 58)] (v4) is adistribution function not calculable within perturbation theory, although the
factorization implies that such shape functions are process-independent. “Unfortunately, without a
non-perturbative calculation of the shape function, no detailed prediction is possible”, is stated in
[8]. The phase space measure for massive gluons just plays the role of shape function. It depends
in our model on a single phenomenological parameter, the gluon-mass mg.

4. Summary

A simple semi-phenomenological prescription motivated by the need to incorporate the physical
effects of confinement eliminates the unphysical divergency in the gluon fragmentation function
and restores the physical behavior of the latter: strict positivity, smoothness and going to zero at the
endpoints. This work was supported by Russian Science Foundation under grant No 25-22-00066.
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