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We report the recent progress from our group in extracting observables of both inclusive and
exclusive semileptonic heavy-meson decays directly from lattice QCD four-point correlators.
On the inclusive side, we illustrate how to estimate the systematic uncertainties from omitted
higher-order terms and non-zero smearing of the kernel approximation, building on two important
features of the Chebyshev expansion. On the exclusive side, we perform BCL parameterizations
of the pseudoscalar to pseudoscalar form factors and compare the fitted coefficients with those
from earlier results by HPQCD. We also perform a HQET-based parameterization of the P-wave
form factors to shed new light on the 1/2-vs-3/2 puzzle. This work constitutes a step toward
a unified lattice treatment of inclusive and exclusive semileptonic decays, relevant for the |𝑉𝑐𝑏 |
puzzle. In this study, we use lattice ensembles from the RBC/UKQCD collaboration for numerical
investigations. Future developments from our group will focus on the control of other systematic
effects for inclusive decays and investigations of other techniques with reduced statistical errors to
extract exclusive contributions from lattice four-point correlators.
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Inclusive and exclusive semileptonic decays of heavy mesons on the lattice Zhi Hu

1. Introduction

A precise determination of the CKM matrix element |𝑉𝑐𝑏 | requires continuous interplay be-
tween theory and experiment. The golden channel to measure |𝑉𝑐𝑏 | is the semileptonic decay
of 𝐵 (𝑠) → 𝑋𝑐 (𝑋𝑐𝑠)𝑙𝜈𝑙, for which experimental data for both inclusive (decays into all possible
𝑋𝑐 (𝑋𝑐𝑠)) and exclusive (decays into one specific 𝑋𝑐 (𝑋𝑐𝑠)) modes exist [1, 2]. Traditionally, inclu-
sive and exclusive semileptonic decays are treated within different theoretical frameworks: inclusive
observables are computed using the operator product expansion (OPE) [3, 4], while exclusive modes
rely mainly on form factors extracted from lattice three-point correlators [5–7]. Despite substan-
tial improvements on the theoretical calculations of both modes [8–11], the long-standing tension
between inclusive and exclusive determinations of |𝑉𝑐𝑏 | persists [12, 13].

A possible source of this discrepancy is the presence of unknown systematic effects introduced
by the use of different theoretical formalisms for inclusive and exclusive modes. This motivates
developing new theoretical approaches that could treat both modes within a unified framework,
enabling a more direct investigation of the |𝑉𝑐𝑏 | puzzle.

On the one hand, the calculations of inclusive observables have long been a challenging task for
lattice quantum chromodynamics (QCD). It can be easily noticed that hadronic tensors𝑊𝜇𝜈 , which
are the non-perturbative parts of most inclusive observables, are also the spectral representations
of the four-point correlators 𝐶𝐽𝜇𝐽𝜈 , which are calculable on the discrete Euclidean lattice, i.e.

𝐶𝐽𝜇𝐽𝜈 (𝒒, 𝑡) ≡
∫

d3𝒙
𝑒𝑖𝒒 ·𝒙

2𝑀𝐻

〈
𝐻

��� 𝐽†𝜇 (𝒙, 0)𝑒−𝐻̂𝑡𝐽𝜈 (0)
���𝐻〉

=

∫ ∞

0
d𝐸𝑋𝑒

−𝑡𝐸𝑋𝑊𝜇𝜈 (𝒒, 𝐸𝑋) . (1)

Here, 𝑞 = (𝑞0, 𝒒) is the momentum of the lepton pair, 𝐸𝑋 is the energy of the final-state hadronic
system, and the inserted current, 𝐽𝜇 and 𝐽𝜈 , can be either vector or axial. We work in the center-of-
mass frame of the initial meson𝐻 with 𝑝𝐻 = (𝑀𝐻 , 0). Nevertheless, the inverse Laplace transform,
when performed numerically, is highly unstable, making the extraction of hadronic tensors from
lattice four-point correlators an infamous inverse problem [14]. To circumvent this obstacle,
recent methodological developments have demonstrated that the final-state energy integration allows
inclusive observables to be reconstructed directly from four-point correlators [15–20]. However,
the control of systematic effects in inclusive calculations remains to be carefully developed and
discussed. In this proceeding, we mainly report on our developments towards better controling the
systematic effects resulting from kernel approximations.

On the other hand, since four-point correlators do not require explicit interpolating operators for
final states and naturally encode contributions from all decay channels, they offer improved access
to the decays into excited final states and may also shed new light on the so-called 1/2-vs-3/2
puzzle [21]. Although existing studies remain at the proof-of-concept level [22, 23], systematic
isolation of exclusive contributions appears achievable through multi-exponential fitting. In this
report, we also present form factors extracted from lattice four-point correlators in certain interesting
channels and discuss their phenomenological implications.

2. Lattice setup

For numerical illustrations, we focus on 𝐵𝑠 → 𝑋𝑐𝑠 decays. We use two 243 × 64 lattices
generated by the RBC/UKQCD Collaboration [16, 25], with 𝑎 ≈ 0.11 fm. Light (2+1 flavours), 𝑐
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and 𝑏 quarks are simulated using the domain-wall fermion (DWF), Möbius DWF, and relativistic-
heavy-quark action, respectively. The choices of light quark masses in both ensembles correspond to
𝑀𝜋 ≈ 330 MeV. The four-point correlators are simulated on the lattice with 𝐵𝑠-meson interpolators
at source and sink, and two 𝑉 − 𝐴 currents inserted in between

𝐶𝐽𝜇𝐽𝜈 (𝒒, 𝑡 = 𝑡2 − 𝑡1) ∝
∫

d3𝒙 𝑒𝑖𝒒 ·𝒙
〈
0
��� 𝜙𝐵𝑠

(𝑡snk)𝐽†𝜇 (𝒙, 𝑡2)𝐽𝜈 (0, 𝑡1)𝜙†𝐵𝑠
(𝑡src)

��� 0〉 . (2)

We fix 𝑡snk − 𝑡src = 20, 𝑡2 − 𝑡src = 14, with 𝑡src ≤ 𝑡1 ≤ 𝑡2. Here and in what follows we set the lattice
spacing 𝑎 = 1 to simplify the formulas.

3. Inclusive decays

Observables of inclusive semileptonic decays can be schematically expressed as

𝑋̄ (𝒒2) ≡ dΓinc

d𝒒2 =
��𝑉 𝑓 𝑔

��2 ∫ 𝐸max
𝑋

𝐸min
𝑋

d𝐸𝑋𝑊𝜇𝜈 (𝒒2, 𝐸𝑋)𝑘𝜇𝜈 (𝒒2, 𝐸𝑋) , (3)

where 𝑘𝜇𝜈 contains some known kinematical factors, and 𝑉 𝑓 𝑔 is the relevant CKM matrix element.
To exploit the spectral representation Eq. (1), we have to extend the integral interval to [0,∞). Since
the spectral representation only starts at 𝐸min

𝑋
, one can choose the lower limit arbitrarily as long as

𝐸0
𝑋
< 𝐸min

𝑋
. However, it is necessary to introduce a step function 𝜃 (𝐸max

𝑋
− 𝐸𝑋) to cut off contribu-

tions above the kinematical region of semileptonic decays. To regulate the singular behaviour of the
step function, during the numerical implementation, we further replace it with a sigmoid function
with the smearing parameter 𝜎. Finally, we have 𝑋̄𝜎 (𝒒2) =

∫ ∞
𝐸0
𝑋

d𝐸𝑋𝑊𝜇𝜈 (𝒒2, 𝐸𝑋)𝐾𝜇𝜈
𝜎 (𝒒2, 𝐸𝑋) ,

with 𝐾𝜇𝜈
𝜎 ≡ 𝑘𝜇𝜈𝜃𝜎 (𝐸max

𝑋
− 𝐸𝑋). If the kernel 𝐾𝜇𝜈

𝜎 can be approximated as 𝐾𝜇𝜈
𝜎 ≈ ∑𝑁

𝑘 𝑎
𝜇𝜈

𝜎,𝑘
𝑒−𝐸𝑋𝑘 ,

then inclusive observables can be obtained directly from lattice four-point correlators as

𝑋̄𝜎 (𝒒2) ≈
𝑁∑︁
𝑘

𝑎
𝜇𝜈

𝜎,𝑘
𝐶𝐽𝜇𝐽𝜈 (𝒒2, 𝑡 = 𝑘) . (4)

The calculations of 𝑋̄ are thus split into two parts: estimations of the approximation coefficients
𝑎
𝜇𝜈

𝜎,𝑘
, and simulations of 𝐶𝐽𝜇𝐽𝜈 on a lattice, which are subject to different sources of systematic

uncertainties. In this proceeding, we only focus on the effects of𝜎 → 0 and 𝑁 → ∞ limits for 𝑎𝜇𝜈
𝜎,𝑘

.
Interested readers may find further discussions in Ref. [17] and our upcoming papers. Noticing that
both𝜎 → 0 and 𝑁 → ∞ limits correspond to including more and more high-frequency components
in the kernel approximations, it is only natural to perform these two limits simultaneously. Here,
we set 𝜎 = 1/𝑁 . However, since the highest accessible order in the exponential approximation is
constrained by 𝑡2 − 𝑡src in the lattice simulations, these two limits cannot be taken exactly and must
be estimated.

We employ the Chebyshev method [15–17] to estimate 𝑎𝜇𝜈
𝜎,𝑘

. Readers who are interested
in another systematic formalism for kernel approximation, the HLT method, may find detailed
discussions in Refs. [18–20]. 𝐾𝜇𝜈

𝜎 is expanded in (shifted) Chebyshev polynomials of the energy
exponential 𝑇𝑗 (𝐸𝑋). Chebyshev polynomials are bounded between [−1, 1] and the corresponding
expansion coefficients 𝑐 𝑗 (which are linear combinations of coefficients 𝑎 𝑗 in Eq. (4), see more
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Figure 1: We present the effects of the 𝑁 → ∞ and 𝜎 → 0 limits, taken simultaneously with 𝜎 = 1/𝑁 , on
the total 𝑋̄ of 𝐵𝑠 → 𝑋𝑐𝑠 at all simulated momenta.

details in the Appendix of Ref. [16]) for a well-behaved function decay exponentially with respect
to the order 𝑗 [26]. Building on this, we could write

𝑋̄𝜎 =

𝑁∑︁
𝑗=0

𝑐
𝜇𝜈

𝜎, 𝑗

〈
𝑇𝑗
〉
𝜇𝜈

=

𝑁cut∑︁
𝑗=0

𝑐
𝜇𝜈

𝜎, 𝑗

〈
𝑇𝑗
〉
𝜇𝜈

+
𝑁∑︁

𝑗=𝑁cut+1
𝑐
𝜇𝜈

𝜎, 𝑗

〈
𝑇𝑗
〉
𝜇𝜈
, (5)

where 𝑁cut is the largest order allowed by 𝑡2 − 𝑡src and
〈
𝑇𝑗
〉
𝜇𝜈

≡
∫ ∞
𝐸0
𝑋

d𝐸𝑋𝑊𝜇𝜈 (𝒒2, 𝐸𝑋)𝑇𝑗 . While we
do not have direct access to the second term from lattice simulations, we could estimate its largest
possible contribution as systematic uncertainty

𝛿2
max ∼

𝑁∑︁
𝑗=𝑁cut+1

���𝑐𝜇𝜈𝜎, 𝑗

���2 . (6)

To better control systematic effects, we also extract ground-state contributions to 𝐶𝐽𝜇𝐽𝜈 by multi-
exponential fitting and calculate the corresponding parts of 𝑋̄ separately. The Chebyshev ap-
proximation and estimation of the systematic effects are thus only applied to the remaining 𝐶𝐽𝜇𝐽𝜈

after subtracting the ground-state contributions. In Fig. 1, we demonstrate the effects of pushing
𝜎 = 1/𝑁 = 1/9 to 𝜎 = 1/𝑁 = 1/400 for the total (resumming ground-state and excited-state
contributions and summing over all contributing currents) 𝑋̄ of 𝐵𝑠 → 𝑋𝑐𝑠 at all simulated mo-
menta. We notice that larger momentum leads to larger dependence on 𝜎 = 1/𝑁 , which is due
to the shrinking of the phase space. Nevertheless, both the central values and the uncertainties in
Fig. 1 converge very fast with respect to 𝜎 = 1/𝑁 at all momenta, which results from the separation
of the ground-state and excited-state contributions, and the exponential decay of the expansion
coefficients. Whether these treatments yield similar stability for other kernels, such as those for
moments of inclusive decays, requires further numerical verification.

4



P
o
S
(
H
Q
L
2
0
2
5
)
0
3
1

Inclusive and exclusive semileptonic decays of heavy mesons on the lattice Zhi Hu

4. Exclusive decays

By inserting a complete basis of the final states between the two currents, four-point correlators
admit a multi-exponential representation,

𝐶𝐽𝜇𝐽𝜈 (𝒒2, 𝑡) =
∑︁
𝑋𝑐𝑠

1
2𝐸𝑋𝑐𝑠

2𝑀𝐵𝑠

〈
𝐵𝑠

�� 𝐽†𝜇 (0) �� 𝑋𝑐𝑠

〉
⟨𝑋𝑐𝑠 | 𝐽𝜈 (0) | 𝐵𝑠⟩ 𝑒−𝐸𝑋𝑐𝑠 𝑡 . (7)

Multi-exponential fits to the lattice data, therefore, allow the extraction of transition form factors of
different decay channels, which are Lorentz-invariant parameterizations of ⟨𝑋𝑐𝑠 | 𝐽𝜈 (0) | 𝐵𝑠⟩. The
spectrum of 𝑋𝑐𝑠 can be organized as doublets with different radial and orbital angular momentum
quantum numbers, (𝑛) and 𝐿. Here we focus on the radial ground state, (𝑛) = (0). With 𝐿 = 0,
we have the 𝑆-wave doublet

(
𝐷𝑠, 𝐷

∗
𝑠

)
. With 𝐿 = 1, we have one 𝑃1/2 doublet

(
𝐷∗

𝑠0, 𝐷
′
𝑠1
)

and one
𝑃3/2 doublet (𝐷𝑠1, 𝐷𝑠2). Explicit formulas to connect their form factors and 𝐶𝐽𝜇𝐽𝜈 can be found in
Refs. [22, 23].

We first focus on the extracted form factors of 𝐵𝑠 → 𝐷𝑠, 𝑓 𝑠+ and 𝑓 𝑠0 . Our simulations are per-
formed with ten different 𝒒2 values spanning the full kinematical range allowed by this semileptonic
decay. Their 𝒒2-dependence is described by a modified Bourrely-Caprini-Lellouch (BCL) param-
eterization from HPQCD 19 [27]: 𝑓 𝑠+ (𝑞2) = 1

𝑃+

∑2
𝑛=0 𝑎

+
𝑛

[
𝑧𝑛 (𝑞2) − 𝑛

3 (−1)𝑛−3𝑧3(𝑞2)
]
, 𝑓 𝑠0 (𝑞

2) =
1
𝑃0

∑2
𝑛=0 𝑎

0
𝑛𝑧

𝑛 (𝑞2) . Blaschke factors 𝑃0,+ are included to account for poles above the semileptonic
region. The pole masses differ from those used in HPQCD 19 [27] in order to accommodate the

unphysical light-quark masses in our simulations. The variable 𝑧 is defined as 𝑧(𝑞2) ≡
√
𝑡+−𝑞2−√𝑡+√
𝑡+−𝑞2+√𝑡+

,

where 𝑡+ ≡ (𝑀𝐵𝑠
+ 𝑀𝐷𝑠

)2. With these choices, the kinematical constraint 𝑓 𝑠+ (0) = 𝑓 𝑠0 (0) re-
duces to a simple relation 𝑎+0 = 𝑎0

0. In total, five BCL coefficients are fitted to describe the full
𝑞2-dependence of both 𝑓 𝑠+ and 𝑓 𝑠0 . The resulting fits are shown in Fig. 2. We have two observations
compared with results from Ref. [27]. First, the values of the zeroth- and first-order coefficients
are consistent between the two studies, despite the use of different lattice actions. Our results have
larger uncertainties, which is expected, as this proof-of-concept study relies on a single ensemble
and does not include any physical extrapolations. Second, the third-order coefficients are dominated
by statistical uncertainties and thus can not be effectively determined in both calculations. This is
not surprising given that |𝑧 | < 0.06 for this decay mode.

We now turn to the 𝑃-wave form factors. In our analysis, only the contributions from 𝐵𝑠 → 𝐷∗
𝑠0

for the 𝑃1/2 wave and 𝐵𝑠 → 𝐷𝑠1 for the 𝑃3/2 wave are kept (see Refs. [22, 23] for detailed
arguments). These decays are described by six form factors: 𝑔𝑠+, 𝑔𝑠−, 𝑓 𝑠

𝑉1, 𝑓 𝑠
𝑉2, 𝑓 𝑠

𝑉3 and 𝑓 𝑠
𝐴
.

We then follow the approximation 𝐶 from Refs. [28, 29] to parameterise their dependence on
𝑤 ≡ 𝐸𝑋/𝑀𝑋 =

√︃
1 + 𝒒2/𝑀2

𝑋
, which is based on the following assumptions: 1) the heavy-quark

expansions are truncated to the first order in the inverse heavy-quark masses; 2) the terms from
chromomagnetic and kinematic energy operators are ignored; 3) the terms from matching HQET
currents to QCD currents, 𝜏1, 𝜏2, 𝜁1, are assumed to be proportional to the leading Isgur-Wise
functions 𝜏, 𝜁 ; 4) the leading Isgur-Wise functions are expanded linearly with respect to 𝑤, 𝜏(𝑤) =√

3𝜏 (0)3/2 [1 + 𝜏′(𝑤 − 1)] and 𝜁 (𝑤) = 2𝜏 (0)1/2 [1 + 𝜁 ′(𝑤 − 1)], where the superscript (0) denotes radial
ground states. In this way, the fit involves in total of seven parameters from the heavy-quark effective

theory (HQET) {𝜏 (0)3/2 , 𝜏
′, 𝜏 (0)1/2 , 𝜁

′, 𝜏1, 𝜏2, 𝜁1}. From the fit we obtain
���𝜏 (0)1/2

���2−���𝜏 (0)3/2

���2 = 0.021±0.076.
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Figure 2: The BCL parameterisations (lines) are compared with the lattice data (data points) for pseudoscalar
to pseudoscalar form factors for 𝐵𝑠 semileptonic decays, i.e., 𝑓 𝑠+ and 𝑓 𝑠0 . Noticing that we have a somewhat
different 𝑞2 range compared with that in Ref. [27] due to unphysical choices of heavy quark masses in our
simulations.

Including the full𝑤-dependence shifts the central value compared to our earlier estimate based solely
on zero-recoil form factors [22]. However, both results are consistent with zero, and one still expects
non-negligible contributions from radial excited states to the Uraltsev sum rule [30]. The extracted
slopes, 𝜏′ = −1.94 ± 0.85 and 𝜁 ′ = −0.4 ± 2.3, indicate that the 𝑤-dependence is not necessarily
mild. Consequently, sum rules evaluated at the kinematical endpoint may not be straightforwardly
extended to the full kinematical region and further dedicate the proportion of the corresponding
branching ratios. Together, these observations from our lattice study may offer new insight into the
long-standing 1/2-vs-3/2 puzzle [21].
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