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1. Kaon physics on the lattice

Kaon decays provide great opportunities to probe Standard-Model (SM) physics and beyond.
Like many other flavor-changing processes, information on the elements of the Cabibbo-Kobayashi-
Maskawa (CKM) matrix can be extracted from precisely measured decay modes of the kaons,
allowing for detailed scrutiny of the charge-parity (CP) violation mechanisms described by the
SM. Rare kaon decays are of particular interest because of their sensitivities to New Physics,
as flavor-changing neutral-current (FCNC) interactions are absent at tree-level in the SM. Rare
decay modes of the kaons which are mainly dominated by short-distance physics are identified as
“golden” as they are theoretically very clean [1]. Precisely determining those decay modes from
both theory and experiment can offer unique tests of the SM in the high-energy regime from low-
energy measurements. On the theory side, controlling non-perturbative hadronic effects is crucial
for reaching the relevant precision targets.

Lattice quantum chromodynamics is a systematically-improvable method for computing hadronic
quantities from first principles. With algorithmic and technological advances, lattice QCD has
become a competitive tool in the extraction of SM parameters from experiment [2]. In these pro-
ceedings, I will discuss a personal selection of recent efforts from the community into quantifying
long-distance effects in kaon decays and the inclusion of QED corrections from lattice QCD.

1.1 General strategies

In an application of lattice QCD to kaon decays, one begins with an effective weak Hamiltonian
where the heavy degrees of freedom above the scale of the mass of the charm quark are integrated
out in perturbation theory. Such an effective Hamiltonian is expressed as a linear combination
of four-fermion operators multiplied by the associated Wilson coefficients. Starting at a high
energy scale where SM perturbation theory can be relied on, one performs renormalization by
matching effective theories at different energy scales. After running down to the scale where QCD
becomes non-perturbative, lattice QCD comes into play and one needs to renormalize the same
four-fermion operators defined on the lattice such that the same effective Hamiltonian is recovered
in the continuum limit. As at high scales, the calculation of the Wilson coefficients involves
continuum-theory regulators, one needs to work with a renormalization scheme at an intermediate
scale which is defined for both lattice and continuum calculations to match the effective theories.
A popular way to renormalize the lattice operators fulfilling this requirement is the regularization-
invariant (RI) scheme [3], which demands a set of spinor-projected amputated Green’s function
to match their tree-level values at a chosen kinematics. An example of such is the symmetric
momentum scheme (SMOM) [4], where the two incoming quark momenta p; and p, satisfy the
non-exceptional condition p% = p% = (p1 - p2)* = 42, with u the renormalization scale. In such
a renormalization scheme, one needs to account for operator mixings due to the flavor-symmetry
group and — potentially — the breaking of continuum symmetries due to lattice discretization.

As the name indicates, this renormalization scheme is independent of how the theory is
regulated and can thus be used to obtain the Wilson coefficients for lattice operators by matching
the renormalized lattice weak Hamiltonian to the continuum result at an energy scale u where
perturbative theory can still be trusted.
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2. Selected works on long-distance contributions and QED corrections

In this section, I review a personal selection of works using lattice QCD to determine the
contributions from long-distance effects at a length scale larger than the inverse of the charm quark
mass and QED corrections.

21 Kt — ntyy

The processes of K — xivy with (K%, 7') = (K*, 7%), (Ks, 7°) and (K, 7°) are dominated
by short-distance physics as a result of the Glashow-Iliopoulos-Maiani (GIM) mechanism. One
expects perturbative calculations to give reliable predictions on those channels [5, 6]. Among

those, the CP-violating K1, — 70

v¥ process is considered as a golden mode as it mainly receives
contributions from the top quark through direct CP-violation reflected in the CKM matrix. This
decay might serve as a proxy to high-energy physics from low-energy experiments. However, this
process is not yet very well established experimentally (Br(Ky — 7%v¥) < 2.2 x 10~ at the 90%
confidence level [7]). On the contrary, the CP-conserving K* — n*vv has a clear experimental
signal (Br(K* — ntvy) = 13.0’:2'% x 1071 [8]) but receives a much larger contribution from the
charm quark. The long-distance contribution, which requires non-perturbative treatment of QCD,
is estimated to be about 6% of the total branching ratio estimated from perturbation theory [9].
Having a non-perturbative theory estimate to support this estimate is hence very well motivated.

A framework enabling lattice QCD calculations of the long-distance part of the K* — #tvv
decay amplitude has been worked out in Ref. [10]. In this framework, bi-local strangeness-changing
operators are involved. With a finite time extent 7' as infrared regulator, upon Wick-rotating
the relevant Minkowski-space correlation functions to Euclidean space, one will pick up terms
containing a factor of exp(Mg — E,)T, with E,; the energy of the intermediate state |n). Due to the
strangeness-changing operators, intermediate states less energetic than the kaon can be produced.
Those states propagate between the two local operators and introduce divergence as the infrared
regulator is removed, ie. T — co. Fortunately, at fixed 7', most of the matrix elements for the
contributions from intermediate states which are less energetic than the kaon can be extract from
standard lattice calculations. After reconstructing and subtracting those contributions, the resulting
correlation function will have a well-defined IR limit and can be extrapolated to the continuum and
infinite-volume limit.

In Ref. [11], the RBC/UKQCD group applied the aforementioned framework to a 323 x 64,
Nf = 2 + 1 flavor domain wall fermion ensemble at pion mass of 172 MeV and kaon mass of 493
MeV. The valence charm quark in that work corresponds to a MS mass of mIL\.TS(3GeV) =750 MeV.
Although at unphysical quark masses, the work suggests a mild momentum dependence of the decay
amplitude and hints the smallness of the neglected unphysical 2 intermediate state contribution and
the corresponding finite-volume effects, which paves the way for a calculation directly at physical
quark masses.

22 K* - atutu”

Unlike the K — n'vv cases, K! — n'¢*¢~ decays with leptons £ = e, u are more sensitive to
long-distance physics. Despite clear experimental signals [12], the decay processes involving K*
and Kg are dominated by long-distance physics as the GIM suppression is only logarithmic [13].
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On the other hand, K; — n°¢*¢~, dominated by CP-violating processes, can provide cleaner
theoretical constraints on different FCNC scenarios [14]. Among those CP-violating mechanisms,
the direct CP-violating part of K; — n’¢*{~ is short-distance dominated. In contrast, the indirect
CP-violation due to K — K° mixing requires a good determination of the one-photon exchange
contribution to Ks — 7%¢*¢~.

Based on earlier work [13], a framework using lattice QCD to compute the one-photon exchange
contribution to K* — #7¢*¢~ and Ks — #%€*¢~ is proposed in Ref. [15]. Analogous to the
lattice framework to calculate K! — n'v¥ discussed previously, one needs to remove the unphysical
contributions from intermediate states which are less energetic than the kaon at each lattice ensemble
before performing a continuum and infinite-volume extrapolation to the physical point. In Ref. [16],
the RBC/UKQCD collaboration reports their results on K* — a*£*{~ computed on a 483 x 96
physical-pion-mass domain wall fermion ensemble at an inverse lattice spacing of 1.73 GeV. In this
calculation, a conserved vector current is used in order to ensure the U(1)y Ward identity. As aresult,
with a valence charm quark included, the overall result will be finite thanks to the GIM mechanism.
In their work, the data were generated for various lighter-than-physical charm-quark masses at a
fixed photon virtuality and extrapolated to the physical charm-quark mass. This calculation is
however limited by the noisy quark-disconnected diagrams. Promising work-in-progress on the
implementation of new variance-reduction techniques to overcome this difficulty was presented at
the Lattice 2024 Conference [17].

23 Ky — utu

Compared to the aforementioned decay channels, the rare K;, — u*u~ decay is very precisely
measured, with a branching ratio of 6.84(11) x 107 [18]. It was suggested to exploit this process
as a benchmark for FCNC processes. Nevertheless, while the O(Glz:) short-distance contribution is
well determined from perturbation theory [19], the O(GFaéED) two-photon exchange contribution
is expected to be non-negligible for the targeted precision. For the latter, non-perturbative methods
are needed in order to treat the hadronic effects rigorously. In particular, a first-principles calculation
is strongly motivated as the interference between the O(Glz:) and O(GFaéED) contributions plays a
crucial role in the determination of the total decay amplitude.

A lattice-QCD framework for calculating the two-photon exchange contribution to Ky, — u*u~
was first proposed in Ref. [20]. This method is inspired by the recent success of lattice calculations
of the hadronic light-by-light scattering contribution to the anomalous magnetic moment of the
muon, where the QED,, formalism with the photon propagators treated in the continuum and
infinite volume was used [21, 22]. Similar to the lattice rare-kaon applications reported earlier,
unphysical, divergent contributions also arise upon Wick-rotating the Minkowski-space amplitude.
The present situation is a bit more delicate due to the presence of the two-pion intermediate states
whose energies are below the mass of the kaon at rest, whose contributions are more difficult to
reconstruct with well-controlled finite-volume effects. Based on phenomenology-inspired models,
the corresponding systematic error is estimated to be at the ten-percent level at worst [23]. In spite of
not being able to precisely resolve the low-energy two-pion intermediate-state contributions within
the proposed framework, being able to attain the projected precision will already make significant
impact in ameliorating the SM prediction.
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The first numerical results from an exploratory study on a 24> x 64 physical-pion mass ensemble
at an inverse lattice spacing of 1.023 GeV from the RBC/UKQCD collaboration are reported in
Ref. [24]. The obtained results can however not yet be compared to experimental results as extra
counter terms are required for renormalization under their 2+1 quark flavor setup, where the GIM
cancellation is absent.

2.4 Radiative corrections to ;) and K;)

When sub-percent level precisions are targeted, one needs to include both the O(aqgp) leading
electromagnetic and O((mq—m,,)/Aqcp) strong isospin-breaking corrections. A lattice formulation
of QED is incompatible with periodic boundary conditions as the Gauf} law does not allow non-zero
static electric charge in such a box. Different formalisms have been developed, such as QEDy, [25],
QEDy, [26], QEDc [27] and QED. mentioned earlier.

The ratio of the CKM matrix elements |V,,4|/|Vys| can be extracted from accurate experimental
measurements of the ratio of the K¢, and 7y, decay rates, I'(K* — (*v;)/T'(7* — {*v,), provided
that the isospin-breaking sensitive ratio fx=/fr+ is precisely determined from theory. When it
comes to QED corrections, one must account for the radiative corrections contributing at the same
order in aqgp in order for the combined decay rate to be IR-convergent (Bloch-Nordsieck theorem).
A lattice-QCD framework accounting for such divergence-cancellations in semi-leptonic decays was
proposed by the RM123-SOTON collaboration [28], where the QED corrections and strong-isospin
breaking effects are included by a perturbative expansion in aggp and (mg — m,)/Aqcp [29]. In
this framework, the P, decay rate with P = K, & is decomposed into two well-defined quantity

[(Pe) = lim [Co(L) ~IP(L)] + lim |08 () + T AE, 1) (M

where Iy is the decay rate with virtual photon corrections, I'?" is the universal IR-divergent which
can be calculated with a point-like interaction and Fﬁ’t is the rate with real photon corrections
estimated with a point-like interaction up to photon energy AE,. Both pieces are IR-convergent
and can thus be computed separately and combined with the IR regulator removed. Based on this
framework, two lattice QCD estimates for the relative correction 6 Rk , to the ratio are now available
from the RM123-SOTON collaboration [30] (RRMI235 = —0.0126(14)) and the RBC/UKQCD
collaboration [31] (RIR(%rC/ UKQCD —0.0086(13)(39)y, where the systematic error due to finite-
volume effects are isolated from the rest combined). These estimates are compatible with the
prediction from Chiral Perturbation theory [32].

Further developments and improvements on the radiative corrections to pseudoscalar meson de-
cays are being pursued vividly. From the RM123-SOTON collaboration, form factors for K — €v,y
with € = e, u are calculated directly from lattice QCD [33], which are compared to the experimental
results and provide insights to the existing tensions between experiments. A framework to cal-
culate radiative leptonic decays of pseudoscalar meson P — {v,y with exponentially-suppressed
finite-volume effects based on the infinite-volume reconstruction (IVR) method [34] has been pro-
posed by the RBC/UKQCD collaboration [35].! In particular, the IVR method is applicable to
Feynman diagrams where a photon is attached to a hadronic external state. Prospects of calculating
K°® — %€~ v, based on the same formalism have also been discussed Refs. [35, 37].

IShortly after the HQL2025 Conference, first numerical results based on the proposed method became available [36].



Long-distance contributions to kaon decays on the lattice En-Hung Chao

Acknowledgments

E.-H.C. was supported in part by the U.S. Department of Energy (DOE) grant No. DE-
SC0011941.

References

[1] G. Anzivino, S. A. Cuendis, V. Bernard, J. Bijnens, B. Bloch-Devaux, M. Bordone, F. Brizioli,
J. Brod, J. M. Camalich and A. Ceccucci, et al. Eur. Phys. J. C 84 (2024) no.4, 377

[2] Y. Aoki et al. [Flavour Lattice Averaging Group (FLAG)], Eur. Phys. J. C 82 (2022) no.10,
869

[3] G.Martinelli, C. Pittori, C. T. Sachrajda, M. Testa and A. Vladikas, Nucl. Phys. B 445 (1995),
81-108

[4] C. Sturm, Y. Aoki, N. H. Christ, T. Izubuchi, C. T. C. Sachrajda and A. Soni, Phys. Rev. D 80
(2009), 014501

[5] A.J. Buras and E. Venturini, Eur. Phys. J. C 82 (2022) no.7, 615
[6] G. D’Ambrosio, A. M. Iyer, F. Mahmoudi and S. Neshatpour, JHEP 09 (2022), 148
[7] J. K. Ahn et al. [KOTO], Phys. Rev. Lett. 134 (2025) no.§, 081802
[8] E. Cortina Gil et al. [NA62], JHEP 02 (2025), 191
[9] G. Isidori, F. Mescia and C. Smith, Nucl. Phys. B 718 (2005), 319-338
[10] N. H. Christ ef al. [RBC and UKQCD], Phys. Rev. D 93 (2016) no.11, 114517
[11] N. H. Christ ef al. [RBC and UKQCD], Phys. Rev. D 100 (2019) no.11, 114506
[12] S. Navas et al. [Particle Data Group], Phys. Rev. D 110 (2024) no.3, 030001
[13] G. Isidori, G. Martinelli and P. Turchetti, Phys. Lett. B 633 (2006), 75-83
[14] F. Mescia, C. Smith and S. Trine, JHEP 08 (2006), 088
[15] N. H. Christ ef al. [RBC and UKQCD], Phys. Rev. D 92 (2015) no.9, 094512
[16] P. A. Boyle et al. [RBC and UKQCD], Phys. Rev. D 107 (2023) no.1, L011503
[17] R. Hodgson, V. Guelpers, R. Hill and A. Portelli, PoS LATTICE2024 (2025), 258

[18] D. Ambrose et al. [E871], Phys. Rev. Lett. 84 (2000), 1389-1392
doi:10.1103/PhysRevLett.84.1389

[19] M. Gorbahn and U. Haisch, Phys. Rev. Lett. 97 (2006), 122002

[20] N. H. Christ, X. Feng, L. Jin, C. Tu and Y. Zhao, PoS LATTICE2019 (2020), 128



Long-distance contributions to kaon decays on the lattice En-Hung Chao

[21] N. Asmussen, J. Green, H. B. Meyer and A. Nyffeler, PoS LATTICE2016 (2016), 164

[22] T. Blum, N. Christ, M. Hayakawa, T. Izubuchi, L. Jin, C. Jung and C. Lehner, Phys. Rev. D 96
(2017) no.3, 034515

[23] E. H. Chao and N. Christ, Phys. Rev. D 110 (2024) no.5, 054514
[24] P. Boyle, E. H. Chao, N. Christ, C. Hu, L. Jin and Y. Zhao, [arXiv:2509.04346 [hep-lat]].
[25] M. Hayakawa and S. Uno, Prog. Theor. Phys. 120 (2008), 413-441

[26] M. G. Endres, A. Shindler, B. C. Tiburzi and A. Walker-Loud, Phys. Rev. Lett. 117 (2016)
no.7, 072002

[27] B. Lucini, A. Patella, A. Ramos and N. Tantalo, JHEP 02 (2016), 076

[28] N. Carrasco, V. Lubicz, G. Martinelli, C. T. Sachrajda, N. Tantalo, C. Tarantino and M. Testa,
Phys. Rev. D 91 (2015) no.7, 074506

[29] G. M. de Divitiis ef al. [RM123], Phys. Rev. D 87 (2013) no.11, 114505

[30] M. Di Carlo, D. Giusti, V. Lubicz, G. Martinelli, C. T. Sachrajda, F. Sanfilippo, S. Simula and
N. Tantalo, Phys. Rev. D 100 (2019) no.3, 034514

[31] P. Boyle, M. Di Carlo, F. Erben, V. Giilpers, M. T. Hansen, T. Harris, N. Hermansson-
Truedsson, R. Hodgson, A. Jiittner and F. O. hOgdin, et al. JHEP 02 (2023), 242

[32] V. Cirigliano and H. Neufeld, Phys. Lett. B 700 (2011), 7-10

[33] R.DiPalma, R. Frezzotti, G. Gagliardi, V. Lubicz, G. Martinelli, C. T. Sachrajda, F. Sanfilippo,
S. Simula and N. Tantalo, Phys. Rev. D 111 (2025) no.11, 114523

[34] X. Feng and L. Jin, Phys. Rev. D 100 (2019) no.9, 094509

[35] N. H. Christ, X. Feng, L. C. Jin, C. T. Sachrajda and T. Wang, Phys. Rev. D 108 (2023) no.1,
014501

[36] N. H. Christ, X. Feng, T. Izubuchi, L. Jin, C. T. Sachrajda and X. Y. Tuo, [arXiv:2510.26993
[hep-lat]].

[37] N. H. Christ, X. Feng, L. Jin, C. T. Sachrajda and T. Wang, PoS LATTICE2023 (2024), 266



	Kaon physics on the lattice
	General strategies

	Selected works on long-distance contributions and QED corrections
	K++
	K++ + -
	KL+-
	Radiative corrections to 2 and K2


