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Highly suppressed in the Standard Model (SM), rare B-meson decays offer precise observables
critical for new physics searches, yet pose significant theoretical challenges. Effective field theory
(EFT) methods enable us to analyze amplitude factorization and explore power-suppressed con-
tributions. For B, — 7y decays, we incorporate power corrections from diverse sources and find
these corrections to be substantial. A physically motivated hard-collinear assignment for internal
quark lines in long-distance quark-loop contributions introduces a novel soft function. Renormal-
ization group (RG) evolution reveals its momentum-space argument is non-positive definite, and
its asymptotic behavior ensures factorization of this contribution. Numerically, this effect signif-
icantly impacts mixing-induced CP violation. For exclusive B — {K,n}{*¢~ decays with an
energetic light meson in the final state, we present the first next-to-leading-order (NLO) calcula-
tion of weak annihilation corrections. This fills a critical gap in the QCD corrections to hadronic
operator matrix elements, and we demonstrate that one-loop corrections notably impact direct
CP and isospin asymmetries in B — w{*{~ decays. For pure leptonic decays, power-enhanced
structure-dependent QED corrections are mandatory for B — u*u~ calculations, yet negligi-
ble for B — 7*7~ due to the absence of logarithmic enhancement. In two-body nonleptonic
decays, power-suppressed weak annihilation contributions play an important phenomenological
role, but hard gluon exchange processes suffer from endpoint singularities. Previously neglected
hard-collinear gluon exchange diagrams hold the potential to cancel these singularities, warranting
further study. In pure annihilation decays, quark-loop diagrams contribute comparably to leading-
order terms and significantly modify predicted C P-violating observables.
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1. Introduction

Among the diverse heavy-flavor decay processes, rare B-meson decays occupy a unique and
critical role. Within the Standard Model (SM), they are typically suppressed by the GIM mecha-
nism, which amplifies the potential impact of new physics (NP) effects—making them indispens-
able for indirect NP searches. Today, experimental collaborations such as LHCb, ATLAS, CMS,
and Belle-II have conducted long-term precision measurements of rare B-meson decays. These
high-luminosity facilities have propelled heavy-flavor physics into an era of high-precision mea-
surements, heralding major breakthroughs in NP searches. With the accumulation of experimental
data, physicists can now perform detailed final-state angular distribution analyses for processes like
B — (P,V)t*¢~ [1-4]. Notable discrepancies persist between experimental measurements and SM
predictions for the angular observable P;. Additionally, inconsistencies have been observed between
the measured branching ratios, CP-violating asymmetries, and isospin asymmetries in B — K¢~
decays and their SM expectations.

Discrepancies between experiment and theory offer opportunities to search for NP, yet require
sufficiently precise theoretical predictions to identify NP signals. Effective field theories (EFTs)
provide a powerful framework for separating physics at different scales. Commonly used EFTs
in heavy hadron decays include the weak effective Hamiltonian, Heavy Quark Effective Theory
(HQET) [5, 6], and Soft-Collinear Effective Theory (SCET) [7, 8]. To enhance theoretical pre-
cision, one must compute QCD corrections to perturbative functions, reduce uncertainties in non-
perturbative input parameters, and account for power corrections to decay amplitudes. In many pro-
cesses, power-suppressed contributions can be as large as 10%—20%. Radiative leptonic B-meson
decays [9-20] and double radiative B-meson decays [21] serve as ideal platforms to study power-
suppressed contributions, where various next-to-leading power (NLP) effects have been considered.
Extensive discussions have also been conducted on power-suppressed annihilation contributions in
two-body non-leptonic decays [25]. Nevertheless, comprehensive and systematic research on power
correction effects in heavy hadron decay amplitudes remains a significant challenge.

The remainder of this article is structured as follows: Section 2 discusses double radiative
decays, focusing on power corrections from various sources. Section 3 introduces long-distance
quark-loop corrections to these decays, which necessitate a novel B-meson soft function. Section 4
is dedicated to QCD corrections to annihilation diagrams in semi-leptonic B — (7, K){*¢~ decays
in the large-recoil region. QED corrections to B-meson decays are addressed in Section 5. Section
6 focuses on the weak-annihilation contribution in charmless nonleptonic B-decays. Finally, we
present our conclusions in Section 7. A brief note: this article primarily centers on my own research
contributions, and I apologize for any unintentional omissions of related work.

2. Double radiative B decays

The exclusive radiative decay amplitude B, — yy is:
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Figure 1: Diagrammatical representation of the soft-gluon emission from the factorizable quark loop gen-
erated by the effective four-quark operator and the electromagnetic current in the double radiative Bq — vy
decay process, where the symmetric diagram due to the exchange of two on-shell photons is not presented.

Using photon transversality and QED Ward-Takahashi identities, the hadronic tensors are parame-
terized via helicity form factors:

() _ 3 ; (p) - (p)
Ti’I;’B =imp, [(géﬁ - lséﬁ) Fl.’IL7 - (géﬁ + lé‘;ﬁ) Fi’I; ] . 2)

Decay amplitudes have been computed at next-to-leading order (NLO) in @y with some power
corrections included [26, 27]. A comprehensive study [28] derived leading-power (LP) factorization
formulas in SCET:
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with FL.(’II’Q)’LP = 0. Explicit forms of V;’; f)f and R at next-to-leading logarithmic(NLL) level are given
in [28]. In QCD factorization, tree-level formulas for subleading-power (NLP) corrections to B, —
vy were first derived in [28, 29], including: hard-collinear quark propagator subleading terms,
non-vanishing light-quark masses, power-suppressed terms in the SCET] heavy-to-light current,
higher-twist B-meson distribution amplitudes (DAs), bottom-quark electromagnetic current, weak
annihilation from four-quark operators, and resolved-photon soft contributions.

Numerically, NLL corrections to the LP predictions of Re.A L(Bq — ) are estimated at 2-
10%. Factorizable NLP contributions to Re:A; (By; — yy) and ImA; (B; — y7y) can be as large
as 15% and 26%-35%, respectively. The resulting predictions of CP-averaged branching fraction
are:

BR(Ba — vy) = (13527522 ) x 1075, BR(B, - yy) = (2964750 ) x 107 4)

This is consistent with the recent Belle measurement [30].

3. The long distance quark loop and B meson soft function

In a recent work [31], the authors presented the first calculation of the long-distance penguin
contribution to the double radiative B-meson decay amplitudes via the QCD factorization approach,
with the relevant Feynman diagrams shown in Fig. 1. The charm(up) quark in the loop propagates
along a light-cone direction (denoted by 1), opposite to the momentum of the photon emitted from
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the soft quark within the B-meson. Consequently, a novel function ®g must be defined via the
three-body HQET operator, where the partonic fields are localized on two distinct light-ray direc-
tions. The specific definition of this soft function is given as follows:

(01(GsSn) (111) (S}, S2)(0) (ST g5 Gy i) (1) & fiy'lys (SLhy)(0)|B,)

=2fB(M)mB/O dwl/O dwyexp [—i(w1T) + wrt)] Og(wi, wa, 1) . )

The arguments w and w, are taken to cover the range —oco < wp 2 < 400, which is dictated by the
scale evolution of the soft function. The RG equation for I'g reads,

+00 +o00
dln’ud)G(wl,wz,u):—/ dwi/ dw,®g (W), W), W(wr, w2, W, Wy, 1),  (6)

An exact solution to the RG evolution equation was derived with the Laplace transform technique

[32-36]
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The evolution matrices J; and K; (with i = 1,2) are presented in the Supplemental Material of
[37]. From the evolution equation, the asymptotic form of the soft function can be obtained. We are
then led to conclude that all nonnegative moments of ®g (w1, wy, 1) are divergent, and the QCD
factorization of the long-distance quark loop contribution is guaranteed.

Numerically, the power-suppressed soft-gluon radiative effects yield sizeable impacts on two
mix, ||
CcP

both b — dy and b — sy transitions with the default input parameters. Since the resulting numer-

specific C P-violating observables, A and ﬂgi;’L: numerical corrections of O(30%) arise for

ical values of the CP-violating observables are insensitive to Ag_, we summarize the predictions

here: {ﬂgg;”,ﬂgi,ﬁ"',ﬂdg;;l,ﬂgi;#} = {1349, ~19*3,%, 34*]%, 13+7.%} for By — yy at Aq =

cpY'cp »Y'cp °Y'cp -0.23 -0.27 —0.41
for By — yy at 4, = 325 MeV.

275 MeV, and {ﬂdir,u ﬂmix,H ﬂdir,l ﬂmix,l} — {—O.67+O'15 %, 0'97+0.44 %, —1 8-!_-%35070’ _0'52+0.32

4. Rare B — {K,n} {*¢~ Decays

In semileptonic b — s¢*¢~ decays, the angular observable Pg(B0 — K%u*u™) and inte-
grated isospin asymmetry Aj(B — Ku*u~)[38-42], are both closely related to weak annihilation
contributions. A field-theoretical framework for systematically addressing the hadronic matrix el-
ements of electroweak penguin B-meson decays at large recoil has been established in the heavy
quark mass limit based on the factorization formalism [43, 44]. The hadronic matrix elements of
the two semileptonic operators Qg 1o can be readily expressed in terms of the heavy-to-light B-
meson decay form factors [45—47], which have been evaluated by Lattice simulation [48—64] or
other QCD-inspired method such as light-cone sum rules[65-86]. The remaining contribution to
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Figure 2: Theory predictions for the ¢> dependence of the direct CP asymmetries [top] and the isospin
asymmetry [down] for the exclusive B — n*{~ decays at LO (grey bands), at NLOggs (blue bands) and at
NLO (pink bands), where the uncertainties are obtained by adding the separate errors due to the variations
of all input parameters in quadrature.

the decay amplitude can be determined by the contraction of the exclusive B — {K, 7} y* matrix
element with the vector lepton current y* — £*¢~. The B — {K, 7} y* matrix element reads

_gem mp 71—307 “ (qz)
471'2 mpg

(P(P) Y (q. WIHS " |B(p)) = |4* (pu+p)) - (my—mb)qu]. @)

The resulting factorization formulae for the hadronic quantities 7}}“ “) at leading power can be cast

in the form
7—];(t, u) C}()t, u) (qZ) fgp(qZ)
% Fp /P ®dw : (t,u)
- et S S [ o ssa@orw. O

The short-distance coefficient functions Cl(f)(qz) and Tl(f’)m(a),u, u) (i = u, t) are given in [43,
44]. In Ref. [87], the first NLO calculation of the weak annihilation contribution to rare B —
{K,n}*¢" decays was presented at LP in the heavy quark expansion. This work provided the
final missing piece for evaluating the QCD corrections to the amplitude. It was demonstrated that
both twist-two and twist-three HQET DAs of the bottom meson are required to capture the soft
QCD dynamics in the established factorization formula for the weak annihilation effect at O («y).
Incorporating these higher-order corrections into the matrix elements of four-quark operators was
shown to exert significant impacts on the theoretical predictions for both the direct CP asymmetry
Acp(B~ — n~¢*¢") and the CP-averaged isospin asymmetry Ay (B — nf*{~), as illustrated in
Fig. 2.

5. Leptonic B decays and QED correction

At the leading order of aen, the only relevant non-perturbative input in the leptonic decays
B, — (*( is the B-meson decay constant fz. To date, lattice QCD calculations have achieved
most precise determinations of fp, , and fp,, with uncertainty less than 1%[88]. Therefore, a
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reliable assessment of QED corrections is highly desirable. Beneke er al. showed that virtual QED
photon exchanges between one of the final-state leptons and the light spectator antiquark g inside
the B, meson gives rise to a power-enhanced *‘non-local annihilation’ effect in the muonic decays
of Bq mesons [90-92]. This power-enhanced QED effect also contains large double logarithms, and
its magnitude is comparable to the non-parametric theoretical uncertainty (about 1.5% [93]). The
structure-dependent QED effects were also considered in other processes[94-97].

For the QED correction to B, — 77~ decays, a two-step matching procedure is required:
starting from QCD x QED down to SCET], and subsequently onto HQET x bHLET, in contrast
to the direct matching onto SCETy; adopted for muonic decays. The resulting power enhanced
amplitude i Ag reads

zﬂgoc/ duu/ [ceff u)—Z&Cgﬁ(u,u)]¢+(w,u)ln(l+g *nlzj“’), (10)

¢

The term proportional to C;ﬁ in hard function will not cause endpoint-singularity as # — 0 when
convoluted by jet function, which is different from the case appeared in By — u*u~. As aresult,
this channel does not exhibit the large enhanced QED effects observed in the muonic case. Nu-
merically, after resumming the leading logarithmic contributions of the QCD and QED couplings,
the combined QCD and QED corrections yield an overall enhancement of approximately 0.04%
to the branching fraction [98], in stark contrast to the roughly 0.5% overall reduction found for
By, — putu~ decays.

6. Annhilation diagram in nonleptonic B decays

Several factorization approaches have been proposed and widely applied to various exclusive
two-body charmless B-decay processes, including naive factorization [99, 100], generalized fac-
torization [101, 102], QCD factorization [103—106], and the perturbative QCD (PQCD) approach
[107, 108]. The QCD factorization (QCDF) approach works effectively at LP [109-112]. However,
it cannot yield precise calculations of power-suppressed annihilation diagrams due to endpoint diver-
gences. The annihilation contribution are usually estimated via process-(in)dependent parametriza-
tions of logarithmically and linearly divergent integrals [103—106] (see also [113-122]). In [25],
the contribution from hard-collinear gluon exchange which has been unfortunately neglected in all
previous calculations was found to be at the same power with that from hard gluon exchange. The
theory description of such hard-collinear gluon exchange mechanism will necessitate the introduc-
tion of a non-local four-body soft-collinear matrix element

Opnr (@1, w2) = / dr / dse T2 (1 (p) |13 (1m) Ty oy (0)] [ €2 (O) a5 (sm)] G (ps)). (11)

the appearance of the soft-collinear field is due to the fact that one of the quark fields( in the fi-
nal state mesons ) attched by the hard collinear gluon can no longer be collinear, on the contrary,
its momentum fraction must be at endpoint region. Motivated by the substantial progress on the
soft-collinear factorization formalism of the bottom-quark induced contribution to the & — yy



Rare b decays - theory overview Yue-Long Shen®

() (e) ®)

()

Figure 3: Sample Feynman diagrams for the weak annihilation B, — M; M, decays at LO and NLO. The
gluons marked with red colour can carry either the hard or hard-collinear momentum, while the remaining
gluons can only possess the hard momentum. Symmetric diagrams that follow from (c)-(g) by exchanging
the two off-shell gluons are not displayed.

amplitude [123—-125], one can suppose that the rapidity divergence of the hard gluon exchange con-
tribution can be canceled by

/dyw()’)/dwl/dwzj()’awl,w2)®B—>M2(a)law2)¢M1()’)- (12)

An inspiring illustration is that if adopting ground-state factorization approximation for the soft-
collinear matrix element

O, (W1, W2)lfac = P (W1)Par, (1 — w2 /mp)O(1 — wr/mp), (13)

one can arrive at a compact form of the decay amplitude which is consistent with the original pa-
rameterization in QCD factorization.

In Ref. [25], the authors also uncovered a new perturbative mechanism induced by penguin
contractions of the current-current operators (see Fig. 3), which an generate import impact on the
decay amplitudes of pure annihilation processes albeit with an a; suppression. This enhancement is
more pronounced for penguin dominated processes since the penguin contraction diagrams(quark-
loop diagrams) have large Wilson coefficient. The enhanced quark loop effects give rise to sizable
numerical effects on the strong phases of pure annihilation amplitudes, consequently, the full spec-
trum of CP-violating observables in exclusive heavy-hadron decays is significantly modified. In
Ref. [126], an improved PQCD analysis of pure annihilation-type charmless nonleptonic B-decays
included enhanced quark-loop contributions, where both twist-2 and two-particle twist-3 DAs were
included, confirmed the conclusion in [25].

7. Summary

In this presentation, I briefly review recent theoretical advances in the study of rare B-meson
decay processes. Rare decays are highly suppressed within the SM, and precise predictions of
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their observables—an essential prerequisite for searching for new physics signals—pose a sig-
nificant theoretical challenge. EFT techniques have been employed to analyze the factorization
properties of decay amplitudes and to explore power-suppressed contributions. We focused on
several representative B meson decay processes to discuss the precision calculation of B-decay
amplitudes: The power-suppressed contributions in the double radiative decays B, — 7Yy, espe-
cially the long-distance quark-loop effects; the NLO corrections to the annihilation contribution
to B — {K,n}{*{" decays; the QED correction to pure leptonic B decays, and the annhilation
diagrams in charmless nonleptonic B decays.

At both LP and NLP order, B-meson DAs represent one of the most critical input quantities and
constitute the dominant source of theoretical uncertainties. Moving forward, further efforts are re-
quired to deepen our understanding of B-meson DAs in the following directions: investigating their
renormalization properties beyond one-loop approximation and deriving perturbative constraints
in the large-w; region; clarifying the rapidity/ultraviolet subtraction scheme to eliminate radiative
tails; and performing nonperturbative determinations via lattice QCD simulations[127-132]. We
also aim to further refine the QCD factorization formalism for subleading-power corrections, which
includes developing a universal treatment of rapidity divergences in factorization formulae and es-
tablishing rigorous factorization proofs that account for Glauber gluon effects.
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