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1. Introduction

Despite its spectacular success in describing the strong and electroweak interactions of elementary
particles, the Standard Model (SM) is widely regarded as incomplete. For instance, it provides no
candidate for dark matter, no explanation for the matter–antimatter asymmetry, no mechanism for
neutrino masses, and no natural solution to the hierarchy problem arising from the large radiative
corrections to the Higgs boson mass. Addressing these and other shortcomings of the SM has been a
central goal of theoretical high-energy physics, and strongly coupled gauge theories have featured
prominently in many of the most compelling proposals. Effective theories provide the primary
method for investigations of beyond the Standard Model (BSM) physics. Currently, the main roles of
the lattice are to provide first-principle evidence of viability of proposed scenarios and to determine
non-perturbatively their input parameters.

The idea that electroweak symmetry breaking (EWSB) might be dynamical in origin predates
the Higgs boson discovery by four decades. In technicolour (TC) models [1, 2], inspired by the
chiral-symmetry-breaking mechanism of QCD, a new strongly coupled sector condenses and breaks
the electroweak symmetry dynamically, without elementary scalar fields. Walking technicolour
(WTC) variants [3, 4] attempted to delay the running of the TC coupling so as to suppress flavour-
changing neutral currents, while extended technicolour (ETC) [5, 6] aimed to generate SM fermion
masses from the same dynamics. Reviews of TC and its many variants may be found in Refs. [8–10].
Despite the ingenuity of these constructions, they faced persistent tensions with precision electroweak
measurements, especially constraints from the oblique correction parameters [7]. Nevertheless, the
TC programme established a lasting lesson: a strongly interacting sector can generate hierarchies
and condensates without elementary scalars, and the symmetry-breaking pattern depends sensitively
on the gauge group and matter content of the theory.

The discovery of the Higgs boson [11, 12] triggered a revival of interest in composite Higgs
models (CHMs) [13–15], in which the Higgs is not a fundamental scalar but a pseudo-Nambu–
Goldstone boson (pNGB) arising from the spontaneous breaking of a global symmetry 𝐺 to a
subgroup 𝐻 in a new strongly coupled sector. In this framework the Higgs mass is protected by the
Goldstone mechanism up to the compositeness scale 𝑓 , softening the hierarchy problem. Electroweak
symmetry breaking then follows from a misalignment of the vacuum induced by SM gauge and
Yukawa couplings. The systematics of symmetry-breaking patterns and vacuum alignment were
analysed by Peskin [16]. A parallel realisation of the same idea used gauge theories in warped extra
dimensions and AdS/CFT-inspired constructions [17–25]. Modern reviews of CHMs and summary
tables of UV completions are collected in Refs. [26–31]. The associated model-building literature is
vast; a representative selection of CHM studies includes Refs. [32–46].

An essential ingredient of phenomenologically viable CHMs is a mechanism for generating SM
fermion masses, and in particular the large top-quark Yukawa coupling. Partial compositeness [47], in
which SM fermions mix linearly with composite fermionic resonances of the strong sector, elegantly
avoids the flavour problems of ETC while naturally producing the top mass. In UV-complete
composite Higgs theories, the partners of the top quark are composite fermionic bound states—called
chimera baryons in Refs. [29, 48]—that may involve fermions in more than one representation of the
gauge group. Models combining composite Higgs and top partial compositeness have been classified
and studied in Refs. [29–31, 39, 48–50]. An alternative path to the composite Higgs potential, based
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on near-conformal dynamics and dilaton effective field theory, has been developed and connected to
lattice data in Refs. [51, 52].

Depending on the representation of the fermion matter content, three distinct global symmetry-
breaking patterns arise in the strongly coupled sector [16]. Complex representations (as in QCD)
yield 𝑆𝑈 (𝑁 𝑓 ) × 𝑆𝑈 (𝑁 𝑓 ) → 𝑆𝑈 (𝑁 𝑓 ). Real representations give 𝑆𝑈 (2𝑁 𝑓 ) → 𝑆𝑂 (2𝑁 𝑓 ). Pseudo-
real representations—which include the fundamental representation of 𝑆𝑝(2𝑁) (or, equivalently,
𝑆𝑝(𝑁𝑐)) gauge groups—produce the breaking 𝑆𝑈 (2𝑁 𝑓 ) → 𝑆𝑝(2𝑁 𝑓 ). With 𝑁 𝑓 = 2 Dirac fermions
in the fundamental representation of 𝑆𝑝(2𝑁), this gives the coset 𝑆𝑈 (4)/𝑆𝑝(4), whose five pNGBs
include a Higgs doublet and a gauge singlet. This coset is also realised by 𝑆𝑝(2) = 𝑆𝑈 (2)
gauge theories, which have been studied on the lattice in Refs. [53–61]. For 𝑆𝑈 (3) theories the
antisymmetric representation coincides with the conjugate fundamental, enabling an alternative
composite Higgs–top compositeness construction based on conventional baryons [62]. Lattice
studies of 𝑆𝑈 (4) theories with two fermion representations have been reported in Refs. [63–69].

For 𝑁 > 1, 𝑆𝑝(2𝑁) gauge theories are special in several respects. With 𝑁 𝑓 = 2 fundamental and
𝑛 𝑓 = 3 two-index antisymmetric (2AS) Dirac fermions they simultaneously realise the 𝑆𝑈 (4)/𝑆𝑝(4)
composite Higgs coset and supply chimera baryons—bound states built from fermions of both
representations—as candidates for top partners, unifying Higgs compositeness and top partial
compositeness in a single UV-complete gauge theory [29, 48]. Inspired by different motivations, the
first dedicated lattice exploration of 𝑆𝑝(2𝑁) gauge theories focused on the pure-gauge deconfinement
phase transition [70]. Since then a systematic programme to study 𝑆𝑝(4) in the context of CHMs has
developed [71], with spectroscopy of mesons and fundamental-sector dynamics [71–73], pure-gauge
glueball spectra and thermodynamics [74, 75], topology [76, 77], multi-representation dynamics [78],
antisymmetric-sector spectroscopy [79, 80], and chimera baryon spectroscopy [81], with progress
reported at successive lattice conferences [82–84]. Semi-analytical non-perturbative methods have
also been applied to this model [85]. Ref. [86] provides a comprehensive review of the 𝑆𝑝(2𝑁)
programme and its phenomenological context up to the most recent developments.

Beyond the Higgs sector, the same strongly coupled 𝑆𝑝(2𝑁) dynamics motivates investigations
into dark matter and early-Universe cosmology. Strongly interacting dark sectors naturally produce
composite pNGB dark matter candidates [87–90]. In particular, 𝑆𝑝(2𝑁) theories play a prominent
role in strongly interacting massive particle (SIMP) scenarios [91–93], where efficient 3 → 2
dark-pion number-changing processes set the relic density. 𝑆𝑝(4) lattice studies focused on dark
matter scenarios has been pursued in Refs. [94–96].

If the dark confining sector underwent a strong first-order phase transition in the early Universe,
it would generate a stochastic gravitational-wave background [97–99], potentially accessible to
present and future detectors. All 𝑆𝑝(2𝑁) Yang–Mills theories with 𝑁 > 1 undergo a first-
order deconfinement transition [70], making them natural sources of gravitational-wave signals.
Quantifying the thermodynamic properties of this transition requires non-perturbative methods.
Finite-temperature studies of 𝑆𝑈 (𝑁𝑐) theories have a long history [100–102], and 𝑆𝑝(2𝑁) theories
are being explored using density-of-states techniques particularly suited to systems with phase
coexistence. A further motivation for the 𝑆𝑝(2𝑁) programme comes from the large-𝑁𝑐 limit.
The 𝑆𝑝(2𝑁) sequence of gauge groups shares the same large-𝑁𝑐 limit as 𝑆𝑈 (𝑁𝑐) theories in the
common sector of the bound-state spectrum. Studies of 𝑆𝑈 (𝑁𝑐) glueballs [103–105] and related
observables, together with 𝑆𝑝(2𝑁) glueball and topology results [74–77], yield complementary
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information on large-𝑁𝑐 universality in non-Abelian gauge theories, enriching the programme
beyond its phenomenological motivations.

In this contribution I focus on recent results of the TELOS Collaboration’s 𝑆𝑝(4) lattice
programme. The specific model studied contains 𝑁 𝑓 = 2 fundamental and 𝑛 𝑓 = 3 antisymmetric
Dirac fermions, as proposed in Refs. [29, 48]. Rather than providing a detailed technical review
of any one observable, I aim to connect the main physical questions to the current status of lattice
calculations. The discussion is organised as follows. In Sec. 2 I summarise the composite Higgs
logic and the specific role of the 𝑆𝑝(4) model. In Sec. 3 I outline the lattice strategy and the hierarchy
of theories that have been studied. Spectrum results, which form the core of the programme and
include lowest-lying meson states and chimera baryons, are described in Sec. 4. I then report on
dark matter observables in Sec. 5, and thermodynamics in Sec. 6. Brief concluding remarks are
given in Sec. 7.

2. The Composite Higgs framework and the 𝑆𝑝(4) model

The composite Higgs scenario rests on a dynamical mechanism wherein a global symmetry 𝐺
in a new strongly interacting sector is spontaneously broken to a subgroup 𝐻,

𝐺 → 𝐻 . (1)

The associated Goldstone bosons are described, at low energies, by a non-linear sigma model on the
coset 𝐺/𝐻. For massless fermions, the leading order effective Lagrangian is

Leff =
𝑓 2

4
Tr

(
𝐷𝜇𝑈𝐷

𝜇𝑈†
)
, (2)

where 𝑓 denotes the Goldstone decay constant and 𝑈 is a non-linear realisation of the symmetry.
The explicit breaking of the global symmetry by Standard Model gauge interactions and Yukawa
couplings generates a potential for the Goldstone bosons. The Higgs expectation value emerges as a
consequence of vacuum alignment in this potential, an effect pioneered by Peskin. This framework
provides a natural solution to the hierarchy problem through the Goldstone mechanism, protecting
the Higgs mass up to the compositeness scale 𝑓 . While the general structure is well established,
extracting non-perturbative information from a candidate UV completion requires detailed knowledge
of the strongly coupled sector.

A minimal UV realisation of composite Higgs dynamics exploiting pseudo-real fermionic
representations is provided by 𝑆𝑝(4) gauge theories. With 𝑁 𝑓 = 2 Dirac fermions in the funda-
mental representation, the global flavour symmetry in the massless limit is 𝑆𝑈 (4), expected to be
spontaneously broken to 𝑆𝑝(4) through fermion condensation,

𝑆𝑈 (4) → 𝑆𝑝(4) . (3)

This breaking pattern generates five pseudo-Nambu–Goldstone bosons: four assemble into an 𝑆𝑈 (2)𝐿
doublet identifiable with the Higgs boson, while the fifth is a gauge singlet whose phenomenological
role depends on details of explicit symmetry breaking and model embedding. The singlet can
naturally mediate interactions with dark-matter-like sectors.
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To simultaneously realise composite Higgs and top partial compositeness, the TELOS pro-
gramme focuses on a 𝑆𝑝(4) gauge theory augmented with 𝑛 𝑓 = 3 Dirac fermions in the two-index
antisymmetric representation, as proposed in Refs. [29, 31]. This multi-representation framework
departs fundamentally from QCD-like dynamics. First, the spectrum becomes substantially richer:
mesons form independently in each fermionic sector, supplemented by mixed states and chimera
baryons—composite fermionic bound states built from both representations. Second, the enhanced
global symmetry structure (from pseudo-real representations) differs qualitatively from QCD. For
fundamental fermions, baryon-number conservation is embedded within flavour symmetry, gener-
ating degeneracies between mesons and diquarks absent in QCD. Third, the interplay of flavour
symmetries, triangle anomalies, and state mixing produces an isosinglet sector without direct QCD
analogue, presenting both theoretical challenges and opportunities.

This departure from QCD is a crucial feature that allows phenomenologically motivated control
over the spectrum. A comprehensive lattice programme must not merely verify the global symmetry-
breaking pattern, but also establish whether the spectrum, decay constants, and finite-temperature
behaviour are consistent with phenomenological expectations. While a parametrically light scalar
that will become the Standard Model Higgs is expected by construction, several crucial questions
remain. Among them are: Do we get the expected symmetry breaking pattern? How do vector
resonance masses scale relative to the decay constant? What is the structure of the flavour-singlet
sector and its mixing with gluonic states? Can chimera baryons with appropriate quantum numbers
and couplings generate top masses via partial compositeness? Do the dynamics support viable
dark-matter candidates or strong first-order phase transitions in the early universe? These are
fundamentally non-perturbative questions, accessible only through lattice methods.

3. Lattice strategy and methodology

For a robust investigation of a theory for which we lack direct guidance from experiment, a
hierarchy of progressively more realistic theories must be studied systematically. The methodology
addresses this complexity through a carefully designed staged approach. The programme begins
with the pure gauge sector, where glueball spectroscopy and thermodynamics provide a clean
laboratory for extracting fundamental non-perturbative information without complications from
fermion dynamics. Single-representation theories are then studied independently, enabling controlled
exploration of continuum limits and chiral extrapolations within the fundamental and antisymmetric
fermionic sectors separately. Finally, the full multi-representation theory is examined, where
the richest phenomenological content emerges but at significantly higher computational cost and
analytical complexity. This hierarchical structure constitutes a core strength of the programme,
permitting systematic development of physical intuition and identification of qualitatively new
phenomena while maintaining contact with simpler sub-systems.

The lattice formulation employs a discretised four-dimensional Euclidean action. The gauge
sector utilises the standard Wilson plaquette action, while fermions are treated via Wilson–Dirac
formalism in the appropriate representations of 𝑆𝑝(4) [71, 72, 78]. For the full theory with 𝑁 𝑓 = 2
fundamental and 𝑛 𝑓 = 3 antisymmetric Dirac fermions, the action decomposes as

𝑆 = 𝑆𝑔 + 𝑆 (𝐹 )
𝑓

+ 𝑆 (𝐴𝑆)
𝑓

, (4)
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with the gauge contribution given by

𝑆𝑔 = 𝛽
∑︁
𝑥

∑︁
𝜇<𝜈

(
1 − 1

4𝑁
ℜTr P𝜇𝜈 (𝑥)

)
, (5)

where P𝜇𝜈 (𝑥) is the plaquette operator and 𝛽 = 4𝑁/𝑔2 = 8/𝑔2 for 𝑆𝑝(4). The fermionic action is

𝑆
(𝑅)
𝑓

= 𝑎4
𝑁𝑅∑︁
𝑗=1

∑︁
𝑥,𝑦

𝜓̄
(𝑅)
𝑗

(𝑥) 𝐷 (𝑅)
𝑚 (𝑥, 𝑦) 𝜓 (𝑅)

𝑗
(𝑦) , (6)

where 𝑅 ∈ {𝐹, 𝐴𝑆} denotes the representation, 𝑁𝐹 = 2 and 𝑁𝐴𝑆 = 3, and the massive Wilson–Dirac
operator reads

𝐷
(𝑅)
𝑚 (𝑥, 𝑦) =

(
4/𝑎 + 𝑚 (𝑅)

0

)
𝛿𝑥,𝑦−

1
2𝑎

∑︁
𝜇

[
(1 − 𝛾𝜇)𝑈 (𝑅)

𝜇 (𝑥) 𝛿𝑥+𝜇̂,𝑦 + (1 + 𝛾𝜇)𝑈 (𝑅)†
𝜇 (𝑥 − 𝜇̂) 𝛿𝑥− 𝜇̂,𝑦

]
.

(7)
Here𝑈 (𝑅)

𝜇 (𝑥) denotes the gauge link in the appropriate representation. For the multi-representation
theory, gauge ensembles are generated using (rational) hybrid Monte Carlo algorithms [78], while
earlier studies in the pure-gauge and quenched single-sector regimes employed heat-bath methods
with overrelaxation [71].

Spectroscopic observables are extracted from two-point correlation functions of gauge-invariant
composite operators. A single operator 𝑂 with specified quantum numbers yields a correlator

𝐶 (𝑡) = ⟨𝑂 (𝑡)𝑂†(0)⟩ (8)

whose spectral decomposition reveals physical excitations; the ground state dominates at large
Euclidean time. In practice, a set of operators {𝑂𝑖} with identical quantum numbers is constructed,
generating correlation matrices 𝐶 (𝑡) with elements

𝐶𝑖 𝑗 (𝑡) = ⟨𝑂𝑖 (𝑡)𝑂†
𝑗
(0)⟩ . (9)

Masses of low-lying states are extracted from the formulation of the generalised eigenvalue problem

𝐶 (𝑡)𝑣𝑛 (𝑡, 𝑡0) = 𝜆𝑛 (𝑡, 𝑡0) 𝐶 (𝑡0)𝑣𝑛 (𝑡, 𝑡0) , (10)

where the principal eigenvalues 𝜆𝑛 encode state masses.
While most operators have marked similarities with those used in QCD, a noticeable exception

are operators that overlap with chimera baryons. Chimera baryons are gauge-invariant fermionic
bound states composed of fermions from both the fundamental and antisymmetric representations.
In the 𝑆𝑝(4) model, the lattice interpolating operators take the form

OCB,R ∼
(
𝑄𝑎 𝐶Γ𝑄𝑏

)
Ω𝑎𝑐Ω𝑏𝑐 Ψ𝑐𝑏 , (11)

where 𝑄 (Ψ) are fermion fields in the fundamental (antisymmetric) representation, Ω is the 4 × 4
symplectic matrix, and 𝐶 is the charge-conjugation matrix. The irreducible representation 𝑅 of the
global symmetry group selects the chimera baryon species: 𝑅 = 5 for Γ = 𝛾5 yields ΛCB (𝐽 = 1/2),
while 𝑅 = 10 for Γ = 𝛾𝑖 is decomposed into ΣCB (𝐽 = 1/2) and Σ∗

CB (𝐽 = 3/2) by standard spin
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projectors. Parity projections further resolve each into even- and odd-parity states. In the large-𝑁
limit, chimera baryons have O(1) masses and thus appear generically in the low-lying spectrum
alongside the mesons.

A complementary spectroscopic technique exploiting spectral-density reconstruction has recently
been applied [106, 107]. The Hansen-Lupo-Tantalo (HLT) method [108] circumvents limitations
of traditional Euclidean-time correlator analysis used in the GEVP—namely, restricted temporal
windows, statistical noise, and difficulty resolving nearby states. The approach determines a
smeared Euclidean-space image of the correlation functions from which peak locations can be
inferred with systematic uncertainties properly quantified. This methodology provides independent
verification of standard mass determinations and enables uniform treatment of channels exhibiting
rapid signal degradation. Its first application to 𝑆𝑝(4) theories carries both methodological and
phenomenological significance.

Systematic uncertainties still require careful attention. Finite-volume effects are particularly acute
for Goldstone modes and scattering observables. Lattice-spacing artefacts demand special scrutiny
in these non-QCD theories, where the available dynamical range is often constrained. Fermion-mass
extrapolations present subtleties: the phenomenologically relevant regime may not coincide with the
light-quark chiral limit. In the full multi-representation theory, current computational resources limit
ensemble statistics compared to simpler sectors, constraining continuum extrapolation precision. It
is essential to distinguish sectors where systematic uncertainties are robustly controlled from those
remaining exploratory.

4. Spectrum

The TELOS spectrum programme is organised along the hierarchical strategy outlined in Sec. 3:
pure gauge, one representation at a time, and finally the full multi-representation theory.

Pure-gauge sector. The pure 𝑆𝑝(4) Yang–Mills theory provides a clean and theoretically
transparent baseline. Glueball spectroscopy has been carried out systematically for the sequence
𝑆𝑝(2𝑁) with 𝑁 = 1, 2, 3, 4, with controlled continuum extrapolations performed in each case
[70, 74, 75]. In the continuum limit, the lightest glueball states populate the scalar (0++), tensor
(2++), and pseudoscalar (0−+) channels, following the same ordering as in 𝑆𝑈 (𝑁𝑐) pure Yang–Mills
theories. A joint large-𝑁 extrapolation of the 𝑆𝑝(2𝑁) and 𝑆𝑈 (𝑁𝑐) glueball spectra, expressed
in units of the string tension

√
𝜎, yields compatible results in the 𝑁 → ∞ limit [75], providing

direct numerical evidence for large-𝑁 universality in the common sector. The data also support a
conjectured group-family-independent relation between the lightest scalar glueball mass and the string
tension, normalised by the ratio of Casimir operators in the fundamental and adjoint representations
[74]: 𝜂 ≡ 𝑚2

0++𝐶2(𝐹)/(𝜎𝐶2(𝐴)) takes a consistent value across 𝑆𝑝(2𝑁) and 𝑆𝑈 (𝑁𝑐) in both 2 + 1
and 3 + 1 dimensions. These gluonic results also supply the necessary non-perturbative input for
understanding the scalar meson channels in theories with dynamical fermions, where glueball–meson
mixing is expected to be phenomenologically relevant.

Fundamental fermionic sector. The 𝑆𝑝(4) theory with 𝑁 𝑓 = 2 dynamical Dirac fermions in the
fundamental representation is the minimal sector responsible for the 𝑆𝑈 (4) → 𝑆𝑝(4) symmetry-
breaking pattern. A systematic continuum-limit study [72] provides masses and decay constants of
flavoured pseudoscalar, vector, and axial-vector mesons across five values of the lattice coupling
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and multiple fermion masses. The Gell-Mann–Oakes–Renner (GMOR) relation is applied across
the lightest ensemble sets, confirming the theory is chirally broken, and the Wilson flow scale 𝑤0

is used to express all dimensionful quantities in a mass-dependent scheme suited for chiral and
continuum extrapolations. A global fit combining next-to-leading-order Wilson chiral perturbation
theory with hidden local symmetry (HLS) yields the coupling 𝑔𝜒VPP = 6.0(4) (2), consistent with
the KSRF relation; the corresponding massless-limit ratio is 𝑚𝑉/

√
2 𝑓PS = 5.72(18) (13), placing

𝑆𝑝(4) in the same range as 𝑆𝑈 (3) and 𝑆𝑈 (4) with 𝑁 𝑓 = 2 fundamental fermions. Violations of the
Weinberg sum rules are found to be independent of the fermion mass, a non-trivial self-consistency
test of the Effective Field Theory (EFT) description.

Antisymmetric fermionic sector. A dedicated study, reported in Ref. [80], has established
continuum-limit results for the meson spectrum in the theory with 𝑛 𝑓 = 3 dynamical Dirac fermions
in the two-index antisymmetric representation. A central result is the finding that the mass hierarchy
is broadly the same as in the fundamental sector.

Full multi-representation theory. The theory with both 𝑁 𝑓 = 2 fundamental and 𝑛 𝑓 = 3
antisymmetric dynamical fermions is the most phenomenologically rich and computationally
demanding setting. The first lattice exploration was reported in [78], which mapped the parameter
space and performed an initial spectroscopic survey at a single lattice spacing. The major advance
is Ref. [107], which applies the HLT spectral density algorithm for the first time to both mesons
and chimera baryons in this theory, using five gauge ensembles with temporal extents 𝑁𝑡 = 48, 64,
and 96. Spectral densities are reconstructed from two-point correlation functions using Gaussian
and Cauchy smearing kernels, and masses, matrix elements, and overlap factors are extracted via
systematic peak fitting; cross-validation against a variational (GEVP) analysis confirms mutual
consistency throughout. The complete low-lying spectrum is mapped in twelve flavoured meson
channels and six chimera baryon channels, with ground and first excited states resolved in all cases
(see Fig. 1). Renormalised meson matrix elements extracted simultaneously yield Weinberg sum
rule violations approximately one order of magnitude smaller than in the quenched approximation,
confirming the qualitative importance of dynamical fermion effects.

A deeper look at chimera baryons and partial compositeness. The quenched approximation
provides the first controlled view of the chimera baryon spectrum. Ref. [81], which initiated the
study on a quenched setting, reports continuum and massless extrapolations using five values of
the gauge coupling 𝛽 and lattices of size up to 60 × 483. The extrapolation employs fitting ansätze
inspired by baryon chiral perturbation theory, including corrections quadratic and cubic in the pNGB
mass and linear in the lattice spacing. The resulting mass hierarchy in the parity-even sector, shown
in Fig. 2 (Left), is 𝑚̂ΣCB < 𝑚̂ΛCB < 𝑚̂Σ∗

CB
; the lightest chimera baryon, ΣCB, has a mass comparable

to the vector meson composed of antisymmetric-sector fermions, providing the first quantitative
benchmark for partial-compositeness model building.

The inclusion of dynamical fermions substantially extends the picture [107, 109]. Using five
ensembles with 𝛽 = 6.5, 𝑎𝑚as

0 = −1.01, and varying fundamental masses and temporal extents,
chimera baryon correlation functions are analysed with the HLT spectral-density method and
cross-validated against GEVP. For all three chimera baryon types, parity-even states are lighter
than their parity-odd counterparts. The spin-1/2 parity-even state Σ+

CB emerges once again as the
candidate top partner in the partial compositeness model.

The potential phenomenological relevance of Σ+
CB is further quantified by its one-loop renor-
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Figure 1: Low-lying spectrum of the 𝑆𝑝(4) theory with 𝑁 𝑓 = 2 fundamental and 𝑛 𝑓 = 3 antisymmetric
dynamical fermions, from Ref. [107]. Shown are flavoured meson masses (fundamental and antisymmetric
sectors, twelve channels) and chimera baryon masses (three parity pairs), expressed in units of the Wilson
flow scale 𝑤0, across five gauge ensembles (see Ref. [107] for the description of the five ensembles used).
Results from the HLT spectral-density method (displayed) and the GEVP variational analysis are in mutual
agreement throughout.
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Figure 2: Chimera baryon results in 𝑆𝑝(4) gauge theories. Left (from Ref. [81]): continuum-extrapolated
masses ofΛCB, ΣCB, and Σ∗

CB in the quenched approximation as a function of pNGB mass squared, establishing
the mass hierarchy 𝑚̂ΣCB < 𝑚̂ΛCB < 𝑚̂Σ∗

CB
; the glueball spectrum is shown for reference. Right (from Ref. [109]):

renormalised overlap factors 𝐾̂𝐵,0 ≡ 𝑤3
0𝐾𝐵,0 with dynamical fermions across five ensembles, showing that

Σ+
CB has the largest value among the top partner candidates.
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Figure 3: Flavour-singlet meson masses in the 𝑆𝑝(4) gauge theory with 𝑁 𝑓 = 2 dynamical fundamental
fermions, from Ref. [110]. Left: mass ratios 𝑚𝜂′/𝑚𝜌 as a function of 𝑚𝜋/𝑚𝜌 for two lattice couplings,
showing that the pseudoscalar singlet lies below the vector meson masses. Right: mass of the scalar singlet 𝜎,
illustrating its pronounced dependence on the lattice spacing.

malised overlap factor 𝐾Σ+,0. A key result, reported in Fig. 2 (Right), is the dimensionless ratio

𝐾Σ+,0

𝑓 3
PS

∼ 25 , (12)

substantially larger than the analogous quantity in the 𝑆𝑈 (4) theory with two representations
(∼ 3) [66] and comparable to the QCD proton value (∼ 20). This overlap factor enters the estimate of
the top Yukawa coupling in composite Higgs models with top partial compositeness; its enhancement
in 𝑆𝑝(4) relative to 𝑆𝑈 (4) singles out Σ+

CB as a preferred top partner candidate and motivates
large-scale continuum-limit studies of the full theory.

Isosinglet sector. In the 𝑆𝑝(4) theory with 𝑁 𝑓 = 2 fundamental fermions, global symmetry
considerations imply the existence of a pseudoscalar singlet 𝜂′ (the analogue of the anomalously heavy
𝜂′ of QCD) and a scalar singlet 𝜎. Their masses cannot be determined from connected diagrams
alone: one must evaluate disconnected contributions, the computation of which is technically
demanding and requires stochastic variance-reduction methods. Reference [110] provides the first
dedicated lattice determination of 𝑚𝜂′ and 𝑚𝜎 in this theory.

As shown in Fig. 3 (Left), for degenerate fermion masses, the pseudoscalar singlet lies in the
range 𝑚𝜋 < 𝑚𝜂′ < 𝑚𝜌 over 0.7 ≲ 𝑚𝜋/𝑚𝜌 ≲ 0.9, where 𝑚𝜌 is the vector meson mass. This ordering
is qualitatively identical to that found in 𝑆𝑈 (2) and 𝑆𝑈 (3) theories with the same matter content,
suggesting that the singlet mass hierarchy is not strongly sensitive to the gauge group or the modified
chiral structure [110]. The scalar singlet 𝜎, shown in Fig. 3 (Right), exhibits large lattice-spacing
artefacts: its mass is comparable to 𝑚𝜋 on the coarser lattice (𝛽 = 6.9) but rises to be comparable
to or above 𝑚𝜌 on the finer lattice (𝛽 = 7.2), remaining below the two-pion threshold. Although a
continuum limit for 𝑚𝜎 is not yet available, these observations already point to a non-trivial interplay
between the anomaly and the lattice regularisation in the scalar channel.

In the non-degenerate case (𝑁 𝑓 = 1 + 1), explicit flavour-symmetry breaking splits the global
symmetry from 𝑆𝑝(4) to 𝑆𝑝(2)×𝑆𝑝(2) ∼ 𝑆𝑈 (2)×𝑆𝑈 (2), generating two pseudoscalar singlets—𝜋0

and 𝜂′—that mix via a non-trivial correlation matrix. A GEVP analysis is required to disentangle
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them. As the bare mass splitting increases, 𝑚𝜂′ grows relative to all other states and can exceed the
vector meson mass, in contrast to the mass-degenerate limit. This inversion of the mass hierarchy
has immediate implications for phenomenological models with non-degenerate fermions. In the full
multi-representation theory, a different 𝜂-mixing arises, due to the fact that only one anomalous U(1)
is present. Ther resulting mixing angle has been determined in Ref. [111].

Taken together, the TELOS spectroscopic programme now provides a coherent picture spanning
several observables in various regions of parameter space. The lattice has moved the discussion
from qualitative plausibility arguments to the level of explicit non-perturbative observables.

5. Dark matter observables

The 𝑆𝑝(4) gauge theory with 𝑁 𝑓 = 2 fundamental Dirac fermions is not only a candidate for
composite Higgs model building but also a minimal model for the strongly interacting massive
particle (SIMP) paradigm of dark matter [91, 92]. In the SIMP scenario, dark matter is identified
with the pNGBs arising from the spontaneous breaking of the global 𝑆𝑈 (4) symmetry to 𝑆𝑝(4),
yielding five Goldstone bosons that span the 𝑆𝑈 (4)/𝑆𝑝(4) coset and transform as the 5 of the
unbroken 𝑆𝑝(4) ∼ 𝑆𝑂 (5). The distinctive feature of this scenario is that the thermal relic density is
maintained primarily through number-changing 3 → 2 semi-annihilation processes, driven by the
Wess–Zumino–Witten (WZW) anomaly term in the effective field theory, rather than the standard
2 → 2 freeze-out mechanism driven by DM annihilation into SM particles.

The 2 → 2 self-scattering of pNGBs—denoted 𝜋D—in the dark sector controls small-scale
structure formation and is directly constrained by astrophysical observations, most notably the Bullet-
cluster bound 𝜎scatter/𝑚DM ≲ 1 cm2/g. The two-pNGB system decomposes in 𝑆𝑝(4) representations
as

5 ⊗ 5 = 1 ⊕ 10 ⊕ 14 . (13)

The 10 channel is phenomenologically special: it is the representation that contains the dark vector
meson 𝜌D, and it appears in both 2 → 2 scattering and 3 → 2 semi-annihilation. When the vector
meson mass is near the two- or three-pNGB threshold, resonance effects can substantially modify the
cross sections. A low-energy effective description based on hidden local symmetry (HLS) provides
a framework for analysing these effects analytically and has been used to assess compatibility with
the Bullet-cluster constraint [96]. However, the quantitative reliability of such EFT treatments in the
phenomenologically relevant region of parameter space requires direct non-perturbative input.

The lattice programme addresses this through Lüscher’s finite-volume formalism [112, 113]:
finite-volume energy eigenvalues, extracted from two-point correlation matrices via GEVP, encode
the elastic scattering phase shifts in the infinite-volume theory through a quantisation condition
relating finite-volume energy levels to partial-wave amplitudes1. The interpolating-operator basis
combines single-meson operators, O𝑉𝜇

(𝑡, ®𝑃) =
∑

®𝑥 𝑄𝑖Γ𝜇𝑄
𝑗𝑒𝑖

®𝑃 · ®𝑥 with Γ𝜇 = 𝛾𝜇 and 𝛾0𝛾𝜇, and
antisymmetrised two-pNGB operators O𝜋D𝜋D (𝑡, ®𝑃), projected onto irreducible representations of
the appropriate little group for each choice of total centre-of-mass momentum ®𝑃. Four momentum
frames, ®𝑑 = (2𝜋/𝐿) ®𝑃 = (0, 0, 0), (0, 0, 1), (1, 1, 0), (1, 1, 1), are used, corresponding to the little

1See Ref. [60] for a similar study in SU(2) with two fundamental fermions.
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Figure 4: Finite-volume centre-of-mass energy spectra 𝐸cm/𝑚𝜋D in the spin-1 (10) channel of 𝜋D𝜋D scattering
for three sets of lattice parameters, from Ref. [115]. Different symbols and colours distinguish the four
centre-of-mass momentum frames ®𝑑 = (0, 0, 0), (0, 0, 1), (1, 1, 0), and (1, 1, 1). Horizontal lines mark the
two- and four-pNGB thresholds.

groups Oℎ, 𝐶4𝑣 , 𝐶2𝑣 , and 𝐶3𝑣 respectively. We restrict to 𝑝-wave scattering (𝐽𝑃 = 1−) and neglect
higher partial waves.

Scattering in the 14 channel was studied in Ref. [114], which finds a repulsive interaction
throughout the elastic region. The TELOS analysis [115] extends this programme to the phenomeno-
logically important 10 channel, considering three sets of lattice parameters (𝛽,−𝑎𝑚0) = (6.9, 0.92),
(7.05, 0.863), and (7.05, 0.867), referred to as heavy, medium, and light, respectively, each realised
on three or four lattice volumes. The obtained centre-of-mass energies normalised to 𝑚𝜋𝐷 are
reported in Fig. 4.

The phase shift 𝛿1 in the spin-1 channel is extracted from the finite-volume spectra via the
Lüscher quantisation condition. In the heavy ensemble (Fig. 5 (Left)), the phase shifts are small
throughout the elastic region, and the data are well described by the spin-1 effective range expansion,

𝑝3 cot 𝛿1 = − 1
𝑎3

1
+ 1

2𝑟1
𝑝2 + O(𝑝4) , (14)

where 𝑝 is the centre-of-mass momentum and 𝑎1, 𝑟1 are the scattering length and effective range. A
constant fit to the leading-order term yields 𝑎1 𝑚𝜋D = −1.76+0.11

−0.47, confirming that the 10 channel is
attractive, in direct contrast to the repulsive 14 channel [114]. In the light ensemble (Fig. 5 (Centre)),
a resonance is observed in the elastic region. The data are fitted with a Breit–Wigner parametrisation
combined with a tree-level HLS decay width,

cot 𝛿1 =

𝑚2
𝜌′D

− 𝑠
√
𝑠 Γ(𝑠)

, Γ(𝑠) =
(𝑔𝜌′D𝜋D𝜋D)2

6𝜋
𝑝3

𝑠
, (15)

where 𝜌′D is the first excited dark vector state and 𝑔𝜌′D𝜋D𝜋D is its coupling to two pNGBs. The best fit
gives 𝑔𝜌′D𝜋D𝜋D = 10.3+1.6

−1.0.
The partial-wave cross section 𝜎1 = 3 · 4𝜋 sin2 𝛿1/𝑝2 in the 10 channel, evaluated at 𝑚DM =

𝑚𝜋D = 100 MeV, is compared to the 14 channel result of Ref. [114]. Both are displayed in Fig. 5
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Figure 5: Left and Centre: infinite-volume 𝑝-wave phase shift 𝛿1 in the 10 channel of 𝜋D𝜋D scattering
respectively for the heavy (ERE fit) and light (Breit–Wigner fit) ensembles, from Ref. [115]. Right: self-
scattering cross section 𝜎/𝑚DM in the 10 and 14 channels for 𝑚DM = 100 MeV; the 14 result is taken from
Ref. [114].

(Right). At the galactic-halo velocities relevant to 2 → 2 dark matter scattering (𝐸cm ≲ 1 MeV), the
14 channel dominates and the 10 channel is kinematically suppressed. However, the resonance peak
in the 10 channel at higher centre-of-mass energies implies significant contributions in different
kinematic regimes, including those relevant for small-scale structure formation.

Comparisons with scattering studies in related gauge theories, including large-𝑁 analyses of
pion scattering in 𝑆𝑈 (𝑁) [116, 117], help isolate which features of the 𝑆𝑝(4) results are specific
to the symplectic group structure and which are universal consequences of strong dynamics. The
present findings constitute the first first-principles, non-perturbative determination of the 10-channel
scattering amplitude in 𝑆𝑝(4), providing direct input to SIMP dark matter phenomenology beyond
spectrum-level proxies or EFT estimates.

6. Finite-temperature dynamics and cosmology

The final theme of this review is thermodynamics. If a strongly coupled BSM sector underwent
a first-order phase transition in the early Universe, it could generate a stochastic gravitational-wave
background. The quantitative prediction of such a signal requires non-perturbative inputs: the critical
temperature, latent heat, interface tension, and the gravitational-wave power-spectrum parameters 𝛼
(transition strength) and 𝛽/𝐻∗ (duration). These are not quantities that can reliably be extracted
from weak-coupling intuition.

The pure 𝑆𝑝(4) Yang–Mills theory provides the simplest starting point. Its thermodynamics has
been studied using conventional approaches [70, 118] and density-of-states methods, in particular
the efficient logarithmic linear relaxation (LLR) algorithm [119]. Rather than measuring thermal
expectation values at a fixed coupling, LLR reconstructs the density of states 𝜌(𝐸), from which the
partition function

𝑍 (𝛽) =
∫

𝑑𝐸 𝜌(𝐸)𝑒−𝛽𝐸 (16)

follows for any 𝛽. This is especially advantageous near a first-order transition, where ordinary
importance sampling suffers from exponentially suppressed tunnelling between coexisting phases2.

2An alternative method, the multicanonical algorithm, has been used in the recent Refs. [120, 121] for finite temperature
𝑆𝑈 (𝑁).
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Figure 6: Thermodynamic observables in 𝑆𝑝(4) Yang–Mills theory from the LLR density-of-states method.
Left: plaquette probability distribution tuned to the critical coupling (showing two peaks of equal hight) at
𝑁𝑡 = 4 for the indicated extensions of 𝑁𝑠 , with 𝑁rep the number of intervals used in the calculation (for details,
see Ref. [124]). Right: the finite-volume interface tension 𝐼 for 𝑁𝑡 = 4 and 𝑁𝑡 = 5, defined in Ref. [122, 123].

A systematic programme of LLR studies has now characterised the first-order confine-
ment/deconfinement transition of 𝑆𝑝(4) Yang–Mills theory. The initial study, performed in
the thermodynamic limit at temporal extent 𝑁𝑡 = 4, delivered the first lattice determinations of
the latent heat and interface tension of this theory [122]. Critical couplings extracted from the
plaquette probability distribution (see Fig. 6 (Left)), the specific heat, and the Binder cumulant
were found to be mutually consistent. Extending the computation to 𝑁𝑡 = 5 enables the first steps
toward the continuum extrapolation [123, 124]. However, the interface tension at 𝑁𝑡 = 5 is found
to be approximately half the 𝑁𝑡 = 4 value, revealing significant discretisation artefacts, see Fig. 6
(Right). The required spatial-to-temporal aspect ratio grows with 𝑁𝑡 , raising the computational cost
substantially. Note that this requirement characterises the physical system, not the algorithm.

The picture becomes even richer once dynamical fermions are added. Finite-temperature studies
of the 𝑁 𝑓 = 2 model, currently at a more preliminary stage, aim to locate and characterise the phase
structure as the fermion mass is varied.

One should again be careful not to overstate the present status. Gravitational-wave predictions
require combining lattice inputs with model-specific assumptions about the cosmological history,
bubble dynamics, and couplings to the Standard Model. Nevertheless, the lattice contribution is
indispensable because it supplies the first-principles quantities that enter any serious calculation. In
that sense, the finite-temperature part of the TELOS programme is a natural extension of the same
strong-sector dynamics into early Universe cosmology.

7. Conclusions

The physics case for studying compositeness on the lattice has become stronger in the precision
era of the Standard Model. The lack of direct evidence for new particles has shifted attention toward
frameworks in which new strong dynamics may hide behind effective descriptions whose parameters
must be determined non-perturbatively. Composite Higgs theories are among the most compelling
examples, and the 𝑆𝑝(4) programme has emerged as one of the clearest case studies of how lattice
field theory can address them systematically.
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The spectroscopic programme has matured from isolated single-sector studies into a coherent
quantitative framework. Controlled continuum-limit results now exist in the pure-gauge, fundamental,
and antisymmetric fermionic sectors. The application of the HLT spectral-density method to the full
multi-representation theory has enabled cross-validation against the GEVP method. The isosinglet
sector—which requires disconnected diagrams—has been studied for the first time, finding the
pseudoscalar singlet between the pNGB and vector meson masses and uncovering strong discretisation
sensitivity in the scalar singlet 𝜎 that will require careful continuum control. On the chimera
baryon side, the overlap factor 𝐾Σ+,0/ 𝑓 3

PS ∼ 25, substantially larger than the analogous quantity in
𝑆𝑈 (4) theories, singles out Σ+

CB as a preferred top partner and provides a concrete benchmark for
partial-compositeness model building.

The programme has expanded beyond spectroscopy into dark matter and cosmology. The first
non-perturbative determination of the 10-channel pNGB scattering amplitude reveals an attractive
interaction with a resonance in the light-pion regime—strikingly different from the repulsive 14
channel—and constrains SIMP dark matter cross sections at a level noticeably beyond EFT estimates.
On the thermodynamic side, the LLR density-of-states method has delivered the first lattice high-
precision determinations of the latent heat and interface tension of 𝑆𝑝(4) Yang–Mills theory, taking
the first steps toward the continuum extrapolation of the gravitational-wave parameters potentially
relevant to early-Universe phase transitions.

Despite all this progress, the programme remains vast. The full multi-representation theory
requires more extensive continuum control, and the scalar singlet sector remains largely unexplored.
The finite-temperature theory with dynamical fermions is still developing. The eventual goal of
combining all lattice outputs into a complete phenomenological implementation remains ambitious.
But this is exactly how progress should look where the relevant dynamics is intrinsically non-
perturbative: steady accumulation of robust results, each reducing the number of assumptions in
model building.

While this review has a very specific focus, there have been other remarkable recent advances
by the lattice community in addressing several aspects of BSM physics. Noteworthy among these
are the paradigm of symmetric mass generation (see, e.g., Refs. [125–127]) and calculations in the
framework of the custodial two-Higgs-doublet model [128]. Concerning dark matter models, axions
remain a popular subject of investigation (see, e.g., the recent works [129, 130]). Early-universe
phase transitions in an 𝑆𝑈 (4) theory have been investigated in [131].

In summary, the status of compositeness for new physics from the lattice is, in my view,
encouraging. The main qualitative ideas are now supported by an increasingly rich body of
quantitative work, and the route from ultraviolet gauge theory to phenomenology is becoming
progressively better mapped.
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