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1. Introduction

Hadron matrix elements of local currents, (H’|J|H), provide the nonperturbative input required
to connect experimental observables to QCD. They enter a wide range of phenomenological appli-
cations, including precision studies of weak interactions in neutrino-nucleus scattering, dark-matter
searches, and flavor physics. Reliable first-principles determinations from lattice QCD are therefore
essential.

A major source of systematic uncertainty in these calculations is excited-state contamination
(ESC): contributions from higher-energy states that bias the extraction of ground-state matrix
elements from Euclidean three-point functions. While excited states are exponentially suppressed
at large source-sink separations, practical calculations are limited to moderate separations due to
the exponential degradation of the signal-to-noise ratio. Consequently, ESC remains large in most
channels.

Various strategies have been developed to control ESC. Analysis methods such as multi-state
fits to two- and three-point functions and the summation method aim to account for ESC explicitly.
In practice, such analyses are often combined with the use of extended interpolating operators,
designed to enhance the overlap with the ground state and reduce contributions from higher excited
states. Nevertheless, sizable excited-state effects persist in specific channels. In the nucleon sector,
it has long been observed that even source-sink separations of ~ 1.7 fm do not guarantee negligible
contamination.

Chiral perturbation theory (ChPT) provides a physical interpretation of this behavior by identi-
fying low-lying multi-hadron states, such as N states, as dominant contributors in certain channels
of the nucleon three-point functions. Incorporating this structure into multi-state fit strategies has
led to improved consistency with symmetry relations such as the generalised Goldberger—Treiman
relation, demonstrating that ESC can qualitatively affect extracted matrix elements.

The central message of this work is that large ESC can be systematically understood from sym-
metry and finite-volume enhancement arguments [11]. While the numerical evidence is presented
in the nucleon channel, the underlying mechanism is general and therefore applies to hadronic three-
point functions more broadly. By identifying the origin of these effects, we provide guidance for the
development of analysis strategies and operator constructions aimed at systematically controlling
or removing ESC in precision lattice QCD calculations.

2. Extracting hadron matrix elements from three-point functions

Hadron matrix elements are extracted from Euclidean three-point correlation functions

C3pt(ﬁ,’t;é>’ T) = <0Hf(ﬁ/7t) J(é)’ T) OH,‘ (ﬁ9 0)>’ (1)

whose spectral decomposition reads

Con(B1:3.7) = Y, 257" 257 (LT @Im )y e B0 2)

n,m

The overlap factors Z and Z encode the coupling of the interpolating operators to the states with the
same quantum numbers. In finite volume, their normalization depends on the number of particles
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in the state. The same overlaps appear in the two-point function
Cop(5.1) = (O, (5.1) O, (7. 0)) = ) 125, 7P e, 3)
n

In principle, ground-state matrix elements can be extracted from three-point functions at large
source-sink separations, where contributions from excited states are exponentially suppressed.
However, due to the signal-to-noise deterioration [35], the analysis is restricted to moderate source-
sink separations, where ESC is not negligible. Multi-level sampling algorithms are very promising
alternatives for reaching much larger source-sink separations [15, 16, 18]

In practice, (H | J'|H;) are usually extracted either from simultaneous multi-state fits to two-
and three-point functions or to suitable ratios in which the leading overlap factors cancel and the
contribution from the ground state is 7- and 7-independent. In the latter case, any residual time
dependence is a clear sign of ESC. Recently, novel methods based on the Lanczos algorithm have
been developed for the extraction of hadron matrix elements [28]. In the following, we focus on
the nucleon sector, where detailed numerical studies are complemented by effective field theory
analyses. This combination provides a particularly clear setting to illustrate and support the general
mechanism of current-enhanced ESC introduced in Ref. [11].

2.1 Nucleon matrix elements

Specialising the general framework discussed above to the nucleon sector, the corresponding
three-point function reads

Cop(7,1:3,7) = (O (F',) T (G,7) On (5, 0)) @)
:Z|O7V(P,)>Z|OIZJ(P)> (N(ﬁ/)lj(zj)lN(ﬁ» e—E;V(l—T) e—ENT+

D ZgIVZEP) ()T (@Im(B)) e D e EnT(BSC), ()
(n,m)#(N,N)

where the (nucleon) ground-state contribution has been isolated from the ESC. The first term con-
tains the nucleon matrix element of interest, while the remaining terms encode all other transitions
(Nt — Nn, N — Nn, ...). The corresponding nucleon two-point function reads

Cop(F.1) = (ON(7.1) On (5.0) = |25 [PV eV 4 5 1zg PP e (6)
n#N

To extract the matrix element, we construct the standard ratio

RI(p.1:4.7) =

Tz 4.2 > > >
C3pt(p , 1 q, T) JCzpt(p”T) C2pt(p’7l’) Czpt(pa[ - T) (7)

Czpt(ﬁ,at) C2pt(ﬁ, T) CZpt(ﬁ, t) C2pt(ﬁ,,t _T) .

Inserting Egs. (5)—(6) shows that the term proportional to (N (p”)|J (q)|N(p)) is independent of ¢
and 7. Residual time dependence therefore provides a direct measure of ESC.

In the following, we illustrate this mechanism in several nucleon channels and kinematic setups
where excited-state effects are particularly pronounced.
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2.1.1 Excited-state contamination in nucleon pseudoscalar and axial-vector matrix elements

Inserting the isovector pseudoscalar bilinear current P (7) = it (7)ysd(7) allows one to extract
(N(P)|P(q)IN(p)), which is proportional to the nucleon pseudoscalar form factor Gp. The
corresponding ratios at p’ = 0, p = —q (Fig. 1) show a pronounced dependence on both 7 and 7.
The absence of a plateau and the significant deviation from the ground-state expectation demonstrate
that ESC is very large.

An even stronger effect is seen for the temporal axial current Ay (7) = i (7)y4ysd(7T), whose
matrix element determines the induced pseudoscalar G p and axial-vector G 4 form factors. The
corresponding ratios (Fig. 3) exhibit an almost linear dependence on 7, indicating a dominant ESC.
Simulation details can be found in Refs. [3, 4, 36].

ChPT provides crucial insight. At leading order (LO-ChPT), N states contribute only at the
few-percent level to nucleon two-point functions at near-physical pion masses, while Nz states are
further suppressed [7, 8, 39]. For three-point functions, however, LO-ChPT predicts qualitatively
different behaviour: N contributions can reach O(40%) at t ~ 2 fm and depend on Q2 [9, 10].
The dominant terms arise when the pion carries the momentum injected by the current; these
contributions are not volume suppressed and can therefore remain sizable at accessible source—sink
separations.

Using these ChPT insights, and in particular that the Nz contributions dominate both the
pseudoscalar and axial-vector channels, in Ref. [36] they constraint the excited-state energy in the
P and Ay channels by extracting the excite-state (N) energy from the A4 channel.

In Ref. [6], the ChPT predictions of Refs. [9, 10] have been generalised to different moving
frames, and the expressions for the Nz contribution have been used to constraint the first excited
state at source (o< (N|J|Nx)) and sink (< (Nz|J|N)) via a ChPT-inspired ansatz.

An important consistency check is provided by the PCAC relation A, = 2im,P, with m,
the light quark mass, which implies

02

mnGa(Q%) = mGp(Q*) + 5=—Gp(Q). (8)
my

On the lattice, this relation, which is the generalisation of the Goldberger-Treimann relation [24],
can be broken by discretisasion effects, or from an improper treatement of ESC in the extraction
of the nucleon form factors from nucleon three-point functions. Nucleon form factors extracted
from standard multi-state fits were found to violate this relation well beyond expected discretisation
effects [5, 26, 30, 34].

In Ref. [6], it was demonstrated that if the Nz contributions are not properly accounted for,
violations of the Goldberger—Treiman relation—also known in the literature as PCAC relation at
the level of form factors—of up to ~ 40% are observed at small momenta and near-physical pion
masses. In contrast, incorporating the ChPT-inspired Nz contribution restores the relation at the
few-percent level [6], consistent with residual lattice artifacts. Independent determinations confirm
this behaviour [31, 36]. These results demonstrate that a precise systematic treatment of ESC
is therefore essential and must be extended beyond the nucleon case to any hadron three-point
functions. This is particularly important in precision studies of rare decays [22], where lattice
inputs for hadronic matrix elements enter directly in searches for physics beyond the Standard
Model (BSM).
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Figure 1: Standard ratios in Eq. (7) with a pseudoscalar current insertion at non-zero momentum transfer
and different source-sink separations from different lattice groups. (top left): Results from the NME
Collaboration, taken from Ref. [36]. The data are ¢- and 7-dependent at different source-sink separations
(different colours) and they differ from the expected nucleon matrix element (grey band), extracted using
multi-state fits. (top right) and (bottom): Results from the PACS Collaboration [4] and ETM Collaboration
[3], respectively, exhibit similar large ESC.

2.1.2 Excited-state contamination in nucleon scalar matrix elements

Nucleon scalar matrix elements are of particular phenomenological interest. The isoscalar
matrix element (N|gq|N) defines the quark sigma terms, o, and in particular oy = o, +
oqn- These quantities enter the nucleon mass decomposition and provide essential input for BSM
searches, such as dark-matter-nucleon interactions in Higgs portal scenarios. Phenomenological
analyses based on pion-nucleon scattering report o,y =~ 59 MeV. First-principles determinations
from lattice QCD are systematically improvable, yet most lattice results tend to yield smaller values,
leading to a tension between phenomenology and lattice determinations, see Fig. 4.

In this channel, ESC can be particularly severe. As shown in the top right and bottom plots in
Fig. 4, the ratios exhibit a pronounced dependence on ¢ and 7. A particularly instructive example
is provided in Ref. [27], where two well-motivated fit strategies were compared to the same data,
see bottom plot in Fig. 4. In the so-called {4, 3"} fit, wide priors are imposed on the excited-state
energies to stabilise the analysis, while the {4y ,3"} fit constrains the first excited state to lie
close to the non-interacting energy of the lowest positive-parity multi-hadron states, N (T)n(—i)
or N (6)7r(6)7r(6). The latter choice is motivated by their ChPT analysis, which predicts sizable
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Figure 3: Ratios in Eq. (7) with a temporal axial-
vector current insertion J = #y4ysd at non-zero
momentum transfer and different source-sink sepa-
rations from different lattice groups. (top left): Re-
sults from the NME Collaboration, Ref. [36]. (top
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the top left plot highlights the extracted nucleon ma-
trix element.

| x%/d.0.f=1.0

'
N

-10 =5 0 5 10

T —1t/2 [a]

contributions from N and Nrn states in this channel.

Although both fits describe the data equally well and yield comparable y2, the extracted values
of the isoscalar scalar charge differ significantly. For the near-physical ensemble (M, = 138 MeV),
the two strategies lead to o,y ~ 40 MeV with the {4,3*} fit and ~ 60 MeV with the {4y, 3"} fit,
respectively. The latter is consistent with the phenomenological values, see "PNDME 21" result in
the top left plot of Fig. 4. In Ref. [27], they find that at heavier pion masses (M, ~ 315 MeV), the
effect of the N and Nnr states is difficult to resolve, while at the physical point it is clearly visible.

An explanation for this m , dependence is related to the structure of the lowest scalar excitations.
At sufficiently heavy pion masses, the o meson becomes stable, and the isoscalar scalar current
couples predominantly to this single-particle state. Our variational analysis at M, = 429 MeV,
discussed in the next section, supports this interpretation. At lighter pion masses, however, the
o becomes unstable and the scalar current strongly couples to 7t S-wave states, consistent with
the ChPT prediction in Ref. [27]. Our preliminary analysis at m, = 222 MeV supports also this
interpretation. The identification of the leading contributing states is therefore not universal, but
depends on the spectrum, kinematics and choice of operators and currents.

2.2 Variational analyses for nucleon matrix elements

2.2.1 Nucleon pseudoscalar and axial-vector channels

Motivated by the LO-ChPT predictions of Refs. [6, 9, 10], a variational analysis including N-
and the lowest Nr-like interpolating operators was performed in Refs. [12, 13]. This pilot study
was carried out on an ensemble with m, =429 MeV and Ny = 3.
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Figure 4: (top left) Comparison of lattice determinations of oy with Ny = 2+ 1 and Ny =2+ 1+ 1
and phenomenological determinations from nucleon-pion scattering data. The grey band and black data
represent the FLAG 2024 average. (top right) Lattice determination from the Mainz lattice group of o,
on a single ensemble at m, = 200 MeV at different source-sink separations ¢ (different colours). The grey
band highlights the fitted value for o, and the black diamond is the result of a two-state fit to the summed
correlator. For more details see [1]. (bottom) Ratios in Eq. (7) with an isoscalar scalar current insertion at
zero momentum transfer and different source-sink separations [27].

In this approach, the N — Nxand Nn — N transition contributions were computed explicitly
and incorporated into a generalized eigenvalue problem (GEVP) analysis, discussed in more details
in the next section. The resulting GEVP-improved nucleon operators effectively suppress the leading
Nr contamination in the three-point functions.

As shown in the left panel of Fig. 5, ratios constructed with GEVP-improved nucleon operators
(red symbols) approach the ChPT-inspired ground-state expectation (green band), in contrast to those
obtained with standard nucleon operators (blue symbols). This improvement is observed across
source—sink separations 6 < t/a < 11 (a = 0.098 fm), demonstrating that the N state provides the
dominant ESC in these channels, consistent with LO-ChPT predictions even at m , = 429 MeV.

These findings were subsequently confirmed by the ETM collaboration at m , = 346 MeV and at
the physical-pion-mass ensemble (m, = 131 MeV) [2]. In the right panel of Fig. 5, a clear reduction
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Figure 5: GEVP-improved ratios with a pseudoscalar and temporal axial-vector current insertion at non-zero
momentum transfer and different source-sink separations. (left) Results from Ref. [13] at m , = 429 MeV.
(right) Results from the ETM collaboration in Ref. [2] at m , = 346 MeV.

of excited-state effects is observed when employing GEVP-improved operators (filled symbols) in
the pseudoscalar and temporal axial channels. In contrast, applying the same variational strategy
to other nucleon matrix elements, such as vector, scalar, and tensor currents, does not lead to a
comparable improvement [2]. The persistence of sizable ESC in these channels indicates that the
dominant contributing states are not the lowest N states.

This can be understood within the framework of current-enhanced states introduced in Ref. [11].
In these channels, different multi-hadron states are preferentially enhanced by the structure of the
inserted current and the chosen kinematics. The leading ESC therefore depends not only on the
energy spectrum but also on the quantum numbers of the current and kinematics.

2.2.2 Nucleon scalar channel

Motivated by the current-enhancement mechanism and the findings of Ref. [2], we performed
a variational analysis of the isoscalar scalar matrix element using N- and No-like interpolating
operators (o ~ iiu+dd+5s) on an ensemble with m , = 429 MeV, Ny =3, and V/a* = 48x243 [17].

On this ensemble, the o~ meson is a stable, deeply bound state with mass ~ 550 MeV. Solving
the GEVP for the matrix of two-point functions reveals the nucleon ground state and a second state
close to my + m, which we interpret as the No state. This state lies below the lowest N (T)n(—i)
and Nrn states. Using the nucleon components of the GEVP eigenvectors, we construct an
improved interpolating operator that removes the contributions proportional to (No-|S“+%-*|N) and
(N|S*+4-5|No) from the scalar three-point function. The resulting GEVP ratios, shown in Fig. 6,
become constant within uncertainties at all source—sink separations ¢ > 0.4 fm, indicating that there
was only one dominant ESC (No) and that it has been completely removed. This improvement
reflects that the No state is both the lowest scalar excitation in the rest frame and current-enhanced.

At lighter pion masses the situation changes qualitatively. In a preliminary analysis at m, =
222 MeV (Ny = 2+1,V/ a* = 96 x 48%), the o becomes unstable and the scalar channel is



Evidence of current-enhanced excited states in lattice QCD three-point functions Lorenzo Barca

" Figure 6: Comparison between stan-
dard (blue) and GEVP-improved (red)
12 I1 [ T1 ratios in Eq. (7) with the isoscalar
Il l 113 ITT 3T = ] TEF 1 1 [ scalar current at zero momentum and
10 /4::'/>"<\‘::'\ source-sink separations, and at m , =
{ { EEEDSRRe { } 429 MeV, see Ref. [17]. The ESC is
8 } b SR AR S A Bnd f completely removed within statistical
p + 1 { et M { 1+ uncertainties. The dominant source of
{ { ESC is the No state.
—6 —4 -2 0 2 4 6

dominated by nr S-wave states with energy ~ 420 MeV, below the o resonance. The second
GEVP state is consistent with a non-interacting Nz level, though mixing with N7 states cannot be
excluded because of the quasi-degeneracy. Despite this more intricate structure, constructing GEVP-
improved operators significantly reduces the ESC in the three-point functions. These encouraging
results suggest that a variational basis including N- and No-like operators remains beneficial also
at lighter pion masses. A dedicated analysis at near-physical pion masses will be necessary to fully
assess the interplay between No, Nx, and Nzn contributions.

2.2.3 Nucleon vector channel

In Ref. [11], nucleon isovector vector matrix elements were studied using a variational basis
with N- and Np-like interpolating operators on an ensemble with m, = 429 MeV. At first sight
this choice appears counter-intuitive, since Np states are substantially heavier than the No-, N,
or Nnr states, particularly in the rest frame. While heavier states are exponentially suppressed at
sufficiently large Euclidean times, current lattice simulations are restricted to moderate source-sink
separations, and if these heavy states appear with a large prefactor in the spectral decomposition,
they can contribute significantly to the three-point function despite its larger energy.

The variational analysis was performed on the same ensemble as in Refs. [13, 17], with
my =429 MeV, Ny = 3, and V/ a* = 48 x 243. The p two-point function exhibits an effective
mass of ~ 860 MeV in the rest frame, below the lowest ﬂ(T)ﬂ'(—T) level. Solving the GEVP in both
rest and moving frames yields a second state close to the non-interacting Np level. Constructing
GEVP-improved nucleon operators using the nucleon components of the eigenvectors leads to a
substantial reduction of ESC, particularly in moving frames (see Appendix of Ref. [11]).

Taken together, these results establish a coherent pattern: in the isovector pseudoscalar and
axial-vector channels the dominant ESC originates from N7 states; in the isoscalar scalar channel
from No states; and in the isovector vector channel from Np states. The dominant contributions
are therefore determined primarily by the structure of the inserted current and the kinematics, rather
than solely by the ordering of the energy spectrum. These findings provide direct numerical support
for the current-enhancement mechanism proposed in Ref. [11] and discussed in the next section.
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3. Mechanism of current-enhancement

We now discuss how specific excited-state contributions can become enhanced due to the
choice of current and kinematics, following Ref. [11]. Consider a basis of interpolating operators
with the quantum numbers of a hadron H,

By = {Owu,Oum,Oumms -} 9

where Og s and Ogprps denote operators which overlap to multi-particle states. There is a tower
of interpolating operators to be considered in the basis to account for the infinite tower of states in
the spectrum of H. From this basis one constructs the matrix of two-point functions

Cij(p,1) = (0:i(p.1) O;(p,0)) with O;,0; € By, (10)

HM HMM
’ﬂ’ 7/1 b

and determine the matrix of eigenvalues A = diag (A7 ...) and eigenvectors V =

(vH,yHM GHMM | ) by solving the GEVP
C(p,)V(p,t:to) = C(p,to) A(p,t;10)V (P, t;10). (11)

For a complete basis, the eigenvectors isolate the energy eigenstates and become time-independent.
The ground-state (H) components of V can be used to construct a GEVP-improved interpolator,

Qy = Z vl o . (12)
O[GBH

These improved operators can be adopted to construct GEVP-improved two-point functions

Copi (B 7) = (Qu(P,1) Qu (P, 0)) = Z V6, (B)I* <0i(5,1) O;(5,0)), (13)
OiEBH

and GEVP-improved three-point functions

Cipi(F,1:4,7) = (Qu(F' 1) T (§,7) Qu(5,0)) (14)
= > vEE) v () (0i(F. 1) T(G.7) 0;(5,0)). (15)
O,',OjEBH

For a complete basis, the ESC in the GEVP-improved correlation functions is completely removed,
and one can see the ground state dominance of the H hadron. These GEVP-improved correlation
functions can then be used to construct ratios equivalent to Eq. (7).

The key observation concerns the volume scaling of the terms in Eq. (15): ngM is expected to
be suppressed by the spatial volume compared to ng. However, the associated three-point function

Oum(p'.1) I (4,7) Ou(p.0)), 16)

can contain Wick contractions that are enhanced by a (spatial) volume factor. In particular, quark-
line disconnected topologies allow the current-meson insertion and nucleon propagation to occur
independently over the spatial volume. This volume enhancement can compensate the volume
suppression of the eigenvector component, leading to an overall unsuppressed contribution.

10
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For example, in the computation of (O (5", 1) J (G, 7) On(p,0)) for nucleon pseudoscalar
and axial-vector matrix elements, there are quark-line connected W¢ and disconnected W topolo-
gies that contribute to the Wick contractions and that read

We=( > e PN i @ ? Oy (i, 002 (Fr )T G OONGF.O)r Yo (17)
XN-Xn,2

Wp=( Y e PN e iPeingi@? (O (3, )ON(5.0)F (Ox G )T (Z0)r da.  (18)
XN-X7,2

In these expressions, p'y,+p7 = p’, (-)F represents the Wick contractions and () the gauge average.
In the quark-line disconnected topology, the gauge average can be decomposed into a factorised
(non-interacting) contribution and a gauge-connected contribution, where the latter encodes gluonic
interactions between the nucleon-nucleon and pion-current blocks. The non-interacting piece of
the quark-line disconnected diagram reads

Wy = C (B 1:5,0) X Y e P 5neid% (0 (32,00, 7))r )a» (19)
Xr.Z

where Cé\lf) (Pt P, 0) denotes the nucleon two-point functions. In the kinematics where g = p’,.,

P’y = P and by using translational invariance, one gets

WS = Cl (1) x Y. @4 E) (0 (R DT 0P Do (20)
E=Fa+P) =CY,(F.0)x (Lla)’ ) €77 ((07(0,0 T (F,7))r ) - @1

r

This shows that the quark-line disconnected diagrams are enhanced by a spatial volume factor,
contrary to the quark-line connected diagrams. In Ref. [13], on the ensemble with m , = 429 MeV
and V/a* = 48 x 243, we find that the quark-line disconnected diagrams are found to be two orders
of magnitude larger than the quark-line connected diagrams at 7 = ¢.

This spatial volume enhancement of these three-point function comes when the pion carries the
same momentum of the current, which is consistent with the LO-ChPT predictions [9, 10] and the
many lattice QCD analyses discussed before. Notice that WI()O ) contributes only when the nucleon-
nucleon and the current-pion correlation functions are both non-zero. For the spatial components
of the axial-vector current, this is non-vanishing if the current has non-vanishing momentum along
the direction of the axial-vector component, as (O, (g) Ax(q)) « iqxfr. In Ref. [2], they study
the ratio W /Wp on two different ensembles, confirming that the ratio decreases approximately
with (L/a)3, and it’s shown in Fig. 7. A more clear comparison can be made at fixed pion masses
and two different volumes as the amplitudes depend also on the pion masses, see Eq. (2.45) of
Ref. [6]. The mechanism discussed above suggests concrete strategies to control large excited-state
contamination in hadron three-point functions.

4. Strategies to account for large excited-state contamination

Variational analysis The most robust approach is a variational analysis. By constructing a
sufficiently rich operator basis and solving the GEVP, one can isolate the relevant states and
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Figure 7: Ratio W /W), with the N interpolator at the source, cf. Egs. (17)-(18). The ratios are constructed
with J = P and at different source-sink separations ¢g. (left) Ratios on ensemble "cA24" with L = 2.27 fm
and m, = 346 MeV; (right) Ratios computed on ensemble "cA48" with L = 4.50 fm and m , = 131 MeV.
For more details, see Ref. [2].

directly remove the dominant excited-state contributions from both two- and, in particular, three-
point functions. The effectiveness of this method relies critically on including in the variational
basis those operators that couple strongly to the current-enhanced states identified for the given
channel and kinematics. Ref. [11] provides a systematic way to identify these most relevant
operators. In Refs. [13, 17], it was sufficient to include only the current-enhanced operators. In
practice, constructing a large variational basis requires an efficient framework for computing the
corresponding matrices of two- and three-point correlation functions. The distillation method [37],
provides a systematic and flexible approach for constructing extended multi-hadron operators. See
Refs. [21, 38] for some applications. Distillation can also be combined with stochastic techniques to
construct local current insertions efficiently, as introduced in Ref. [29]. Beyond removing ESC, the
variational framework enables direct access to transition matrix elements, such as (Nx|J|N) [14],
(nr/p|V,|B) [33], and excited-meson radiative transitions [38].

Multi-state fits and related approaches Cheaper alternatives to a full variational analysis can also
mitigate ESC. Since the volume-enhanced contributions originate from current-meson diagrams,
the energy E ;s of the dominant mesonic state can be extracted from the current-meson two-point
function, (O (G, 1) T (G, 7)) oc e”EM(=7)  This information can be used as a prior in multi-state fit
ansitze by putting priors to Egpy =~ Eg + Eyy, or to subtract the dominant excited-state contribution
directly [4]. If a single excited state dominates, such as N in the nucleon pseudoscalar and axial
channels, one can construct suitable linear combinations of three-point functions and their temporal
derivatives to cancel this contribution [4, 40], see Fig. 8. This approach is particularly effective in
large volumes, where N states are approximately non-interacting, but may become less reliable in
smaller volumes or when current-enhanced states are resonances.

Recently, Ref. [41] implemented the idea of Ref. [11] in a simplified variational setup. Instead
of solving a full GEVP, they construct an optimal interpolator O(])\I,)t = On + copt Onm, Where copy
needs to be determined, and the optimal operator is used to cancel the leading ESC in nucleon
tensor and scalar charges, g7 and gg, respectively. In a full variational analysis, the coefficient ¢
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corresponds to the nucleon component of the GEVP eigenvector. Using this method, they obtain
the most precise lattice determinations of g7 and gs.
ChPT predictions for excited-state contribution Excited-state effects can also be estimated
using ChPT. Guided by the current-enhancement mechanism, one can identify the dominant in-
termediate states in each channel: N7 in nucleon axial and pseudoscalar three-point functions,
consistent with Refs. [6, 9, 10]; N (6)7r(6)7r(6) or No in the isoscalar scalar nucleon channel [27];
N(())n(i)n(—f) or Np in the isovector vector nucleon channel [11, 25]; B*K in By — K{v, decays
[19]; D*min D — nfv, decays [20]; and many more.

Since the argument relies only on symmetry considerations and spatial-volume enhancement
of specific diagrams, it is quite general and applicable to a wide class of hadronic three-point
functions. For instance, it can be applied to the computation of nucleon PDFs and GPDs [23, 32].

5. Conclusions

I have presented evidence that ESC in three-point functions can be enhanced and substantially
larger than commonly assumed based on naive volume suppression arguments. Although multi-
hadron overlap factors are suppressed by powers of the spatial volume, this suppression can be
compensated by a corresponding volume enhancement in the current matrix elements for specific
states. As a result, current-induced multi-hadron contributions can remain unsuppressed and
significant at the source—sink separations accessible in present-day simulations. In the nucleon
sector, this effect is particularly pronounced in the pseudoscalar and axial channels, where the
observed time dependence is consistent with dominant Nx intermediate states. Most importantly,
if these contributions are not properly accounted for, the extracted form factors violate badly
the generalised Goldberger-Treiman relation. Once the relevant multi-hadron states are included,
the symmetry relation is restored. This demonstrates that uncontrolled ESC can render matrix
elements unreliable. A systematic treatment of the relevant ESC is therefore a necessary condition
for precision lattice QCD determinations. The mechanism discussed here is general and applies
to hadronic three-point functions beyond the nucleon case. I hope that the arguments presented in
this work, will provide practical guidance for future analyses aiming at reliable determinations of
hadron matrix elements.
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