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1. Introduction

Hadron matrix elements of local currents, ⟨𝐻′ |𝐽 |𝐻⟩, provide the nonperturbative input required
to connect experimental observables to QCD. They enter a wide range of phenomenological appli-
cations, including precision studies of weak interactions in neutrino-nucleus scattering, dark-matter
searches, and flavor physics. Reliable first-principles determinations from lattice QCD are therefore
essential.

A major source of systematic uncertainty in these calculations is excited-state contamination
(ESC): contributions from higher-energy states that bias the extraction of ground-state matrix
elements from Euclidean three-point functions. While excited states are exponentially suppressed
at large source-sink separations, practical calculations are limited to moderate separations due to
the exponential degradation of the signal-to-noise ratio. Consequently, ESC remains large in most
channels.

Various strategies have been developed to control ESC. Analysis methods such as multi-state
fits to two- and three-point functions and the summation method aim to account for ESC explicitly.
In practice, such analyses are often combined with the use of extended interpolating operators,
designed to enhance the overlap with the ground state and reduce contributions from higher excited
states. Nevertheless, sizable excited-state effects persist in specific channels. In the nucleon sector,
it has long been observed that even source-sink separations of ≈ 1.7 fm do not guarantee negligible
contamination.

Chiral perturbation theory (ChPT) provides a physical interpretation of this behavior by identi-
fying low-lying multi-hadron states, such as 𝑁𝜋 states, as dominant contributors in certain channels
of the nucleon three-point functions. Incorporating this structure into multi-state fit strategies has
led to improved consistency with symmetry relations such as the generalised Goldberger–Treiman
relation, demonstrating that ESC can qualitatively affect extracted matrix elements.

The central message of this work is that large ESC can be systematically understood from sym-
metry and finite-volume enhancement arguments [11]. While the numerical evidence is presented
in the nucleon channel, the underlying mechanism is general and therefore applies to hadronic three-
point functions more broadly. By identifying the origin of these effects, we provide guidance for the
development of analysis strategies and operator constructions aimed at systematically controlling
or removing ESC in precision lattice QCD calculations.

2. Extracting hadron matrix elements from three-point functions

Hadron matrix elements are extracted from Euclidean three-point correlation functions

𝐶3pt( ®𝑝′, 𝑡; ®𝑞, 𝜏) = ⟨O𝐻 𝑓
( ®𝑝′, 𝑡) J ( ®𝑞, 𝜏) Ō𝐻𝑖

( ®𝑝, 0)⟩, (1)

whose spectral decomposition reads

𝐶3pt( ®𝑝′, 𝑡; ®𝑞, 𝜏) =
∑︁
𝑛,𝑚

𝑍
|𝑛( ®𝑝′ ) ⟩
O𝐻𝑓

𝑍̄
|𝑚( ®𝑝) ⟩
O𝐻𝑖

⟨𝑛( ®𝑝′) |J ( ®𝑞) |𝑚( ®𝑝)⟩ 𝑒−𝐸′
𝑛 (𝑡−𝜏 )𝑒−𝐸𝑚𝜏 . (2)

The overlap factors 𝑍 and 𝑍̄ encode the coupling of the interpolating operators to the states with the
same quantum numbers. In finite volume, their normalization depends on the number of particles
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in the state. The same overlaps appear in the two-point function

𝐶2pt( ®𝑝, 𝑡) = ⟨O𝐻𝑖
( ®𝑝, 𝑡) Ō𝐻𝑖

( ®𝑝, 0)⟩ =
∑︁
𝑛

|𝑍 |𝑛( ®𝑝) ⟩
O𝐻𝑖

|2 𝑒−𝐸𝑛𝑡 . (3)

In principle, ground-state matrix elements can be extracted from three-point functions at large
source-sink separations, where contributions from excited states are exponentially suppressed.
However, due to the signal-to-noise deterioration [35], the analysis is restricted to moderate source-
sink separations, where ESC is not negligible. Multi-level sampling algorithms are very promising
alternatives for reaching much larger source-sink separations [15, 16, 18]

In practice, ⟨𝐻 𝑓 |J |𝐻𝑖⟩ are usually extracted either from simultaneous multi-state fits to two-
and three-point functions or to suitable ratios in which the leading overlap factors cancel and the
contribution from the ground state is 𝑡- and 𝜏-independent. In the latter case, any residual time
dependence is a clear sign of ESC. Recently, novel methods based on the Lanczos algorithm have
been developed for the extraction of hadron matrix elements [28]. In the following, we focus on
the nucleon sector, where detailed numerical studies are complemented by effective field theory
analyses. This combination provides a particularly clear setting to illustrate and support the general
mechanism of current-enhanced ESC introduced in Ref. [11].

2.1 Nucleon matrix elements

Specialising the general framework discussed above to the nucleon sector, the corresponding
three-point function reads

𝐶3pt( ®𝑝′, 𝑡;®𝑞, 𝜏) = ⟨O𝑁 ( ®𝑝′, 𝑡) J ( ®𝑞, 𝜏) Ō𝑁 ( ®𝑝, 0)⟩ (4)

= 𝑍
|𝑁 ( ®𝑝′ ) ⟩
O𝑁

𝑍̄
|𝑁 ( ®𝑝) ⟩
O𝑁

⟨𝑁 ( ®𝑝′) |J ( ®𝑞) |𝑁 ( ®𝑝)⟩ 𝑒−𝐸′
𝑁
(𝑡−𝜏 ) 𝑒−𝐸𝑁 𝜏 +

+
∑︁

(𝑛,𝑚)≠(𝑁,𝑁 )
𝑍
|𝑛( ®𝑝′ ) ⟩
O𝑁

𝑍̄
|𝑚( ®𝑝) ⟩
O𝑁

⟨𝑛( ®𝑝′) |J ( ®𝑞) |𝑚( ®𝑝)⟩ 𝑒−𝐸′
𝑛 (𝑡−𝜏 ) 𝑒−𝐸𝑚𝜏 (ESC) , (5)

where the (nucleon) ground-state contribution has been isolated from the ESC. The first term con-
tains the nucleon matrix element of interest, while the remaining terms encode all other transitions
(𝑁𝜋 → 𝑁𝜋, 𝑁 → 𝑁𝜋, ...). The corresponding nucleon two-point function reads

𝐶2pt( ®𝑝, 𝑡) = ⟨O𝑁 ( ®𝑝, 𝑡) Ō𝑁 ( ®𝑝, 0) = |𝑍 |𝑁 ( ®𝑝) ⟩
O𝑁

|2 𝑒−𝐸𝑁 𝑡 +
∑︁
𝑛≠𝑁

|𝑍 |𝑛( ®𝑝) ⟩
O𝑁

|2 𝑒−𝐸𝑛𝑡 . (6)

To extract the matrix element, we construct the standard ratio

𝑅J ( ®𝑝′, 𝑡; ®𝑞, 𝜏) =
𝐶

J
3pt( ®𝑝

′, 𝑡; ®𝑞, 𝜏)
𝐶2pt( ®𝑝′, 𝑡)

√︄
𝐶2pt( ®𝑝′, 𝜏) 𝐶2pt( ®𝑝′, 𝑡) 𝐶2pt( ®𝑝, 𝑡 − 𝜏)
𝐶2pt( ®𝑝, 𝜏) 𝐶2pt( ®𝑝, 𝑡) 𝐶2pt( ®𝑝′, 𝑡 − 𝜏)

. (7)

Inserting Eqs. (5)–(6) shows that the term proportional to ⟨𝑁 ( ®𝑝′) |J ( ®𝑞) |𝑁 ( ®𝑝)⟩ is independent of 𝑡
and 𝜏. Residual time dependence therefore provides a direct measure of ESC.

In the following, we illustrate this mechanism in several nucleon channels and kinematic setups
where excited-state effects are particularly pronounced.
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2.1.1 Excited-state contamination in nucleon pseudoscalar and axial-vector matrix elements

Inserting the isovector pseudoscalar bilinear current P(𝜏) = 𝑢̄(𝜏)𝛾5𝑑 (𝜏) allows one to extract
⟨𝑁 ( ®𝑝′) |P( ®𝑞) |𝑁 ( ®𝑝)⟩, which is proportional to the nucleon pseudoscalar form factor 𝐺P . The
corresponding ratios at ®𝑝′ = ®0, ®𝑝 = −®𝑞 (Fig. 1) show a pronounced dependence on both 𝑡 and 𝜏.
The absence of a plateau and the significant deviation from the ground-state expectation demonstrate
that ESC is very large.

An even stronger effect is seen for the temporal axial current A4(𝜏) = 𝑢̄(𝜏)𝛾4𝛾5𝑑 (𝜏), whose
matrix element determines the induced pseudoscalar 𝐺𝑃 and axial-vector 𝐺𝐴 form factors. The
corresponding ratios (Fig. 3) exhibit an almost linear dependence on 𝜏, indicating a dominant ESC.
Simulation details can be found in Refs. [3, 4, 36].

ChPT provides crucial insight. At leading order (LO-ChPT), 𝑁𝜋 states contribute only at the
few-percent level to nucleon two-point functions at near-physical pion masses, while 𝑁𝜋𝜋 states are
further suppressed [7, 8, 39]. For three-point functions, however, LO-ChPT predicts qualitatively
different behaviour: 𝑁𝜋 contributions can reach O(40%) at 𝑡 ∼ 2 fm and depend on 𝑄2 [9, 10].
The dominant terms arise when the pion carries the momentum injected by the current; these
contributions are not volume suppressed and can therefore remain sizable at accessible source–sink
separations.

Using these ChPT insights, and in particular that the 𝑁𝜋 contributions dominate both the
pseudoscalar and axial-vector channels, in Ref. [36] they constraint the excited-state energy in the
P and A𝑘 channels by extracting the excite-state (𝑁𝜋) energy from the A4 channel.

In Ref. [6], the ChPT predictions of Refs. [9, 10] have been generalised to different moving
frames, and the expressions for the 𝑁𝜋 contribution have been used to constraint the first excited
state at source (∝ ⟨𝑁 |J |𝑁𝜋⟩) and sink (∝ ⟨𝑁𝜋 |J |𝑁⟩) via a ChPT-inspired ansatz.

An important consistency check is provided by the PCAC relation 𝜕𝜇A𝜇 = 2𝑖𝑚ℓP, with 𝑚ℓ

the light quark mass, which implies

𝑚𝑁𝐺𝐴(𝑄2) = 𝑚ℓ𝐺𝑃 (𝑄2) + 𝑄2

2𝑚𝑁

𝐺̃𝑃 (𝑄2). (8)

On the lattice, this relation, which is the generalisation of the Goldberger-Treimann relation [24],
can be broken by discretisasion effects, or from an improper treatement of ESC in the extraction
of the nucleon form factors from nucleon three-point functions. Nucleon form factors extracted
from standard multi-state fits were found to violate this relation well beyond expected discretisation
effects [5, 26, 30, 34].

In Ref. [6], it was demonstrated that if the 𝑁𝜋 contributions are not properly accounted for,
violations of the Goldberger–Treiman relation–also known in the literature as PCAC relation at
the level of form factors–of up to ∼ 40% are observed at small momenta and near-physical pion
masses. In contrast, incorporating the ChPT-inspired 𝑁𝜋 contribution restores the relation at the
few-percent level [6], consistent with residual lattice artifacts. Independent determinations confirm
this behaviour [31, 36]. These results demonstrate that a precise systematic treatment of ESC
is therefore essential and must be extended beyond the nucleon case to any hadron three-point
functions. This is particularly important in precision studies of rare decays [22], where lattice
inputs for hadronic matrix elements enter directly in searches for physics beyond the Standard
Model (BSM).
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τ − t/2 [a]

and indeed the particular πN state described in Fig. 3 was
confirmed to be a major contribution as the leading πN
contribution in R5z

A4
ðt; qÞ.

Similar contributions from the same πN states may
appear even in R5z

Ai
ðt; qÞ. Indeed, Ref. [30] proved it by

providing a more general discussion at tree level in baryon
ChPT compared to Refs. [27,28], and showed that the
relative signs of the two πN contributions are reversed
between the A4 and Ai correlators.
As described earlier at the end of Sec. II A, in our

previous works [13–15,25], the FP form factor obtained
from R̄5z

Ai
ðt; qÞ was indeed significantly affected by the

excited-state contamination, though no such effect was
observed for the FA form factor. Recent studies solving the
generalized eigenvalue problem including πN operators

also show that the πN contributions are strong in F̃Pðq2Þ
and G̃Pðq2Þ, but not in F̃Aðq2Þ [32,33]. Therefore, we
assume that the contributions from the leading πN state for
R5z

Aμ
ðt; qÞ can be described as follows:

R̄5z
Ai
ðt; qÞ≡R5z

Ai
ðt; qÞ − δi3R5z

A3
ðt; q0Þ

¼ −q3qiK−1!F̃Pðq2Þ − Δþðt; tsep; qÞ
"
; ð18Þ

R5z
A4
ðt; qÞ ¼ iq3K−1!#F̃Aðq2Þ − ðENðqÞ −MNÞF̃Pðq2Þ

$

þ EπðqÞΔ−ðt; tsep; qÞ
"
; ð19Þ

where the functions Δ%ðt; tsep; qÞ encode the leading πN
contributions, which provide the residual t dependence
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FIG. 1. Using the standard ratio method, the values of FA (upper left panel), 2MNFP (upper right panel) and G̃P (lower panel)
calculated from PACS10/L160 with tsep=a ¼ 13 (diamonds), 16 (squares), and 19 (circles) for seven nonzero momentum transfers
(labeled from Q1 to Q7) as functions of the current insertion time slice t.
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FIG. 1. Using the standard ratio method, the values of FA (upper left panel), 2MNFP (upper right panel) and G̃P (lower panel)
calculated from PACS10/L160 with tsep=a ¼ 13 (diamonds), 16 (squares), and 19 (circles) for seven nonzero momentum transfers
(labeled from Q1 to Q7) as functions of the current insertion time slice t.
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Moreover, the energy of the first excited state extracted
from the three-point function is in general in agreement
with the energy of the noninteracting two-particle states of
Nð0Þ þ πð−p⃗Þ and Nðp⃗Þ þ πð−p⃗Þ. We do not observe
states with energies lower than the noninteracting state
energies unlike what was found in Ref. [46].

VII. EXTRACTION OF THE PSEUDOSCALAR
FORM FACTOR G5ðQ2Þ FROM LATTICE

QCD CORRELATORS

In this section we discuss the analysis of the correlators
for the extraction of the pseudoscalar form factor, and in
particular the effect of the excited states. We first consider
the pseudoscalar matrix element, since it is only connected
to one form factor, G5ðQ2Þ, as described in Eq. (B4) and
thus the simplest to extract.
For the identification of the nucleon matrix element we

apply the three approaches discussed in Sec. IV B in order
to analyze contributions from excited states. In Figs. 9
and 10, we demonstrate how excited state contributions are
identified for the two smallest Q2. In particular, we show
the ratio of Eq. (28) for all the available values of ts. In the
construction of the ratio we use two-point functions

FIG. 8. The energy of the first excited state as a function of Q2.
The orange dashed and cyan dashed-dotted lines are the energies
of the noninteracting systems Nðp⃗Þ þ πð−p⃗Þ and Nð0⃗Þ þ πðp⃗Þ,
respectively, and with magenta dotted line is the Roper energy
(using as mass the one from PDG [86]). The red circles are
extracted by fitting the two-point function including one excited
state. The blue right- and green-down-pointing triangles are
E3pt
1 ðp⃗Þ and E3pt

1 ðp⃗0 ¼ 0⃗Þ, respectively, extracted from the
three-point function of the temporal axial-vector current with
two-state fits as given in Eq. (33).

FIG. 9. Excited states analysis for the ratio of the pseudoscalar three-point correlator for the extraction of G5ðQ2Þ, renormalized with
ZS. We show results for the first nonzero momentum transfer. In the upper panel, we show results when usingM1 and in the second when
using M2. In the left panel, we show the ratio given in Eq. (28), for sink-source time separations ts=a ¼ 8, 10, 12, 14, 16, 18, 20 with
blue circles, orange down-pointing triangles, up-pointing green triangles, left-pointing red triangles, right-pointing purple triangles,
brown rhombus and magenta crosses, respectively. The results are shown as a function of the insertion time tins shifted by ts=2. In the
middle panel, we show the plateau method as a function of ts using the same symbol for each ts as used for the ratio in the left panel.
These are obtained by excluding seven time slices away from the source and sink for ts=a > 14, while for smaller time separations, the
value at the midpoint is used. In the right panel we show summation (green triangles) and two-state fits (black squares) results as we
increase the smallest time separation tlows used in the fit. The open symbol is our choice of the ground state matrix element. The gray band
in the middle panel is the predicted time dependence of the ratio using the parameters extracted from the two-state fit corresponding to
the open symbol, namely when tlows ¼ 14a ¼ 1.12 fm. The dotted lines and associated error bands shown in the left panel are the
resulting two-state fits using the aforementioned value of tlows . The χ2=d:o:f is 1.02 and 0.98 for M1 and M2, respectively.
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Figure 1: Standard ratios in Eq. (7) with a pseudoscalar current insertion at non-zero momentum transfer
and different source-sink separations from different lattice groups. (top left): Results from the NME
Collaboration, taken from Ref. [36]. The data are 𝑡- and 𝜏-dependent at different source-sink separations
(different colours) and they differ from the expected nucleon matrix element (grey band), extracted using
multi-state fits. (top right) and (bottom): Results from the PACS Collaboration [4] and ETM Collaboration
[3], respectively, exhibit similar large ESC.

2.1.2 Excited-state contamination in nucleon scalar matrix elements

Nucleon scalar matrix elements are of particular phenomenological interest. The isoscalar
matrix element ⟨𝑁 |𝑞𝑞 |𝑁⟩ defines the quark sigma terms, 𝜎𝑞𝑁 , and in particular 𝜎𝜋𝑁 = 𝜎𝑢𝑁 +
𝜎𝑑𝑁 . These quantities enter the nucleon mass decomposition and provide essential input for BSM
searches, such as dark-matter-nucleon interactions in Higgs portal scenarios. Phenomenological
analyses based on pion-nucleon scattering report 𝜎𝜋𝑁 ≈ 59 MeV. First-principles determinations
from lattice QCD are systematically improvable, yet most lattice results tend to yield smaller values,
leading to a tension between phenomenology and lattice determinations, see Fig. 4.

In this channel, ESC can be particularly severe. As shown in the top right and bottom plots in
Fig. 4, the ratios exhibit a pronounced dependence on 𝑡 and 𝜏. A particularly instructive example
is provided in Ref. [27], where two well-motivated fit strategies were compared to the same data,
see bottom plot in Fig. 4. In the so-called {4, 3∗} fit, wide priors are imposed on the excited-state
energies to stabilise the analysis, while the {4𝑁 𝜋 , 3∗} fit constrains the first excited state to lie
close to the non-interacting energy of the lowest positive-parity multi-hadron states, 𝑁 (®1)𝜋(−®1)
or 𝑁 (®0)𝜋(®0)𝜋(®0). The latter choice is motivated by their ChPT analysis, which predicts sizable
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τ − t/2 [a]

with a given tsep. See Appendix B, for detailed derivations
based on an argument given by Meyer-Ottnad-Schulz [29].
For the case when the axial-vector current operator

carries the momentum q, the πN contribution can be
expressed by the following form with t-independent coef-
ficients BðqÞ and CðqÞ:

Δ#ðt; tsep; qÞ ¼ BðqÞe−ΔEðq;−qÞt # CðqÞe−ΔEð0;qÞðtsep−tÞ;
ð20Þ

where the noninteracting estimate ΔEðq; kÞ ¼ EπðkÞ þ
ENðqþ kÞ − ENðqÞ may be used. Therefore, the time
derivative of the πN contribution Δ#ðt; tsep; qÞ may have

the following property:

∂4Δ#ðt; tsep; qÞ ¼ −EπðqÞΔ∓ðt; tsep; qÞ
þ
!
ENðqÞ −MN

"
Δ#ðt; tsep; qÞ; ð21Þ

which offers us to separate the πN contribution
Δ#ðt; tsep; qÞ from the F̃P form factor using two types of
the time derivative of the correlator ratio, ∂4R̄

5z
Ai
ðt; qÞ and

∂4R5z
A4
ðt; qÞ.3 Hereafter, the nucleon energy ENðqÞ and the
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FIG. 2. Results of the ratio R5z
A4
ðt; qÞ=ðiq3K−1Þ calculated from PACS10/L160 with tsep=a ¼ 13 (diamonds), 16 (squares), and 19

(circles) for seven nonzero momentum transfers (labeled from Q1 to Q7) as functions of the current insertion time slice t. The nucleon
matrix element of A4 exposes the presence of πN-state contribution described by Δ−ðtÞ defined in Eq. (20).

FIG. 3. Schematic view of the ground-state contribution (a) and two types of the leading πN contributions (b) and (c) for the axial-
vector matrix element.

3The time derivative ∂4 is defined by ∂4fðtÞ ¼
1
2 ðfðtþ 1Þ − fðt − 1ÞÞ so that Eq. (21) is valid up to Oða2Þ.
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τ − t/2 [a]

τ − t/2 [a]

ΔZS
OðμÞ ¼

!
2β0

gSðμÞ2

16π2

"− γ0
2β0

× exp
#Z

gSðμÞ

0
dg0

!
γSðg0Þ
βSðg0Þ

þ γ0
β0g0

"$
; ð52Þ

and may be expanded to all orders of the coupling constant.
The superscript S denotes the scheme of choice. The
expressions for the scalar and pseudoscalar operators are
known to three-loops in perturbation theory and can be
found in Ref. [76] and references therein. In Fig. 5 we
present our results for ZP and ZS. We collect our results for
the renormalization functions in Table III. We note that the
errors given are statistical. A full analysis of systematic
errors is ongoing and will be presented in an upcoming
publication. It is expected that systematic errors will mostly
affect the errors on ZP and ZS and will not have any
significant effect on the results presented here.

VI. EXTRACTION OF EXCITED ENERGIES

In this section we discuss the details for the identification
of the nucleon matrix elements. As mentioned in Sec. IV B,
we apply two procedures, referred to asM1 andM2. Our fit
procedure is illustrated for the case of the Nf ¼ 2þ 1þ 1
cB211.072.64 ensemble but the same procedure is carried
out for the two Nf ¼ 2 ensembles. The two-stateM1 fit has
been used in previous analyses of form factors, including
GPðQ2Þ. However, as pointed out in Ref. [67], the lowest
πN state that is suppressed in the two-point function may
become dominant in the three-point function in the case
of GPðQ2Þ that is dominated by the pion pole at low Q2

values. Therefore, we allow the energy of the first excited
state to be different in the two- and three-point functions,
as done in the type M2 fit. As suggested in Ref. [46], one
can use the temporal component of the axial vector current,
A0, which is very precise, in order to determine the first
excited energy. See also Refs. [82,83]. The temporal
component has not been used in most of the previous
[20,45,47,56,84,85], since it has been found to suffer from
large excited state contributions.
In Figs. 6 and 7 we show, respectively, the results when

using the two-state M1 and M2 fit types. We use the ratio
constructed with the three-point function of the temporal

axial-vector current. We perform a simultaneous fit on
several sink-source time separations, ts, excluding the three
smallest ts to ensure no contamination from higher excited
states. As can be seen, theM2 fit describes better the data as
reflected by the better χ2=d:o:f.
In Fig. 8 we show the energy of the first excited state

extracted from fitting the two-point and the three-point
function of the temporal axial-vector current. We observe
that the first excited energy as extracted from the two-point
function is in agreement with the energy of the Roper.
This is a different behavior from what is observed in the
two recent studies [46,49], where the first excited state
extracted from the two-point function is much higher.

TABLE III. Scalar and pseudoscalar renormalization functions
after lattice cutoff artifacts are subtracted, the chiral limit taken
and the conversion to MS-scheme. The first row has the results
for the Nf ¼ 2þ 1þ 1 ensemble with β ¼ 1.778, and the second
row for the two Nf ¼ 2 ensembles with β ¼ 2.1. The errors given
are statistical.

Ensemble ZA ZPðMS; 2 GeVÞ ZSðMS; 2 GeVÞ
cB211.072.64 0.763(1) 0.462(4) 0.620(4)
cA2.09:f48; 64g 0.791(1) 0.500(30) 0.661(2)

FIG. 6. The ratio when using the A0 current versus tins − ts=2
for the lowest nonzero Q2. The sink-source time separations
ts=a ¼ 8, 10, 12, 14, 16, 18, 20 are shown with blue circles,
orange down triangles, up green triangles, left red triangles, right
purple triangles, brown rhombus and magenta crosses, respec-
tively. The bands are constructed using a two-state fit where the
energy gap with p⃗0 ¼ 0⃗ and p⃗ is fixed from a two-state fit to the
two-point function (fit type M1). The χ2=d:o:f ¼ 2.1.

FIG. 7. The same as in Fig. 6 but using the two-state approach
where the energy gap at p⃗0 ¼ 0⃗ and p⃗ in the three-point functions
are treated as free parameters (fit type M2). The χ2=d:o:f ¼ 1.

C. ALEXANDROU et al. PHYS. REV. D 103, 034509 (2021)
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Figure 3: Ratios in Eq. (7) with a temporal axial-
vector current insertion J = 𝑢̄𝛾4𝛾5𝑑 at non-zero
momentum transfer and different source-sink sepa-
rations from different lattice groups. (top left): Re-
sults from the NME Collaboration, Ref. [36]. (top
right) and (bottom): PACS [4] and ETM [3], respec-
tively, show similarly large ESC. The grey band in
the top left plot highlights the extracted nucleon ma-
trix element.

contributions from 𝑁𝜋 and 𝑁𝜋𝜋 states in this channel.
Although both fits describe the data equally well and yield comparable 𝜒2, the extracted values

of the isoscalar scalar charge differ significantly. For the near-physical ensemble (𝑀𝜋 = 138 MeV),
the two strategies lead to 𝜎𝜋𝑁 ≈ 40 MeV with the {4, 3∗} fit and ≈ 60 MeV with the {4𝑁 𝜋 , 3∗} fit,
respectively. The latter is consistent with the phenomenological values, see "PNDME 21" result in
the top left plot of Fig. 4. In Ref. [27], they find that at heavier pion masses (𝑀𝜋 ≈ 315 MeV), the
effect of the 𝑁𝜋 and 𝑁𝜋𝜋 states is difficult to resolve, while at the physical point it is clearly visible.

An explanation for this𝑚𝜋 dependence is related to the structure of the lowest scalar excitations.
At sufficiently heavy pion masses, the 𝜎 meson becomes stable, and the isoscalar scalar current
couples predominantly to this single-particle state. Our variational analysis at 𝑀𝜋 = 429 MeV,
discussed in the next section, supports this interpretation. At lighter pion masses, however, the
𝜎 becomes unstable and the scalar current strongly couples to 𝜋𝜋 S-wave states, consistent with
the ChPT prediction in Ref. [27]. Our preliminary analysis at 𝑚𝜋 = 222 MeV supports also this
interpretation. The identification of the leading contributing states is therefore not universal, but
depends on the spectrum, kinematics and choice of operators and currents.

2.2 Variational analyses for nucleon matrix elements

2.2.1 Nucleon pseudoscalar and axial-vector channels

Motivated by the LO-ChPT predictions of Refs. [6, 9, 10], a variational analysis including 𝑁-
and the lowest 𝑁𝜋-like interpolating operators was performed in Refs. [12, 13]. This pilot study
was carried out on an ensemble with 𝑚𝜋 = 429 MeV and 𝑁 𝑓 = 3.
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τ − t/2 [a]

Geff
S ðt; tsÞ⟶

t;ðts−tÞ≫Δ−1

GS: ð15Þ

We extract the ground-state contribution for each flavor
combination of the scalar current corresponding to σπN , σs,
and σ0. Errors are computed using the bootstrap method on
binned data with a bin size of 2. For the conversion to
physical units, we first express dimensionful quantities in
units of t0 using Ref. [35] (see Table I) and finally use the
value from [21]

ffiffiffiffi
t0

p
¼ 0.14464ð87Þ fm ð16Þ

to calibrate the scale.
Excited-state analysis.—A major obstacle to achieving

reliable and precise determinations of the ground-state
matrix element is the well-known noise problem of nucleon
correlation functions [47,48]. For typical source-sink sep-
arations in current lattice calculations, the ratio in Eq. (14)
will be contaminated by exponentially suppressed terms
associated with resonances and multihadron states. Several
approaches were developed to have a better control over the
excited-state systematics (see Refs. [49,50] and references
therein). The summation method [51–53] and multistate fits
are the most widely used among them.
In the summation method, the ground-state matrix

element is determined from the summed ratio

SðtsÞ ¼ a
Xts−a

t¼a

Geff
S ðt; tsÞ ⟶

ts≫Δ−1

b1 þ ðts − aÞGS ð17Þ

by fitting b1 andGS to SðtsÞ. We have extended the number
of source-sink separations compared to our analysis of the
isovector vector form factor [54] to include smaller source-
sink separations. This enables us to monitor the range of ts
where the result from the linear ansatz of Eq. (17)
stabilizes.

Rather than selecting a single fit starting at a certain
value tmin

s , we follow the procedure defined in [55] and
determine GS from an average over a range of tmin

s values
with weights

wðtmin
s Þ ¼ 1

2N

"
tanh

tmin
s − tlo
Δt

− tanh
tmin
s − tup
Δt

#
; ð18Þ

withN a normalization factor. The choice of lower (tlo) and
upper (tup) bound suppresses the excessive influence of
excited states at small values of ts and the exponentially
increasing noise at larger values, respectively. We find the
choices

tlo ¼ 0.8 fm; tup ¼ 1.0 fm; and Δt¼ 0.08 fm; ð19Þ

to give estimates for the ground-state matrix element that
are more robust against statistical fluctuations than choos-
ing one particular value of tmin

s . Since the onset of a plateau
in the extracted matrix element as a function of tmin

s , such as
in the left panel of Fig. 1, does not entirely exclude the
possibility of remnant excited-state contributions, we also
apply two further analysis methods. We note that the
average using Eq. (18) is only applied to the fit results
of Eq. (17) for different tmin

s .
As a cross check, we performed fits to the summed

correlator including the first excited-state contribution,

SðtsÞ ¼ b̃1 þ ðGS þ m̃11e−tsΔÞts

þ 2m̃10

sinhðaΔ=2Þ
e−tsΔ=2 sinh

ðts − aÞΔ
2

þ… ð20Þ

where m̃10 and m̃11 involve matrix elements of Sq from first
excited to ground state and excited to excited state,
respectively. The excited-state contributions are parametri-
cally suppressed by Δ · ts. In this case, we need priors for

FIG. 1. Left: Results of linear fits to the summed correlator on ensemble D200 with the starting time slice given on the x-axis. The blue
shaded area is the weighted average using Eq. (18) shown as a black line in the bottom of the plot, for the particular choice of parameters
from Eq. (19). Right: fit result of an explicit two-state fit to the effective form factor. The gray band represents the result for the ground-
state matrix element of that fit; it is shown together with the result of the window average (black filled square) and the result of a two-
state fit to the summed correlator (black diamond).
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261902-3two studies to be 100% correlated. The FLAG result for
Nf ¼ 2 can be found in the FLAG 21 report [5].
Moving on to σs and the calculations detailed in

Table 71, for Nf ¼ 2þ 1þ 1 MILC 12C (hybrid) and
BMW 20A satisfy the quality criteria, however, the latter is
a preprint and is not considered for averaging. In order to
convert the result for hNjs̄sjNi given in MILC 12C to a
value for σs, we multiply by the appropriate FLAG average
for ms given in Eq. (35) of FLAG 19. This gives our result
for four flavors, which is unchanged since the last FLAG
report,

Nf ¼ 2þ1þ1∶ σs¼ 41.0ð8.8ÞMeV Ref: ½107&: ð446Þ

For Nf ¼ 2þ 1 we perform a weighted average of BMW
11A (FH), MILC 12C (hybrid), Junnarkar 13 (FH), BMW
15 (FH), χQCD 15A (direct), RQCD 22 (FH) and Mainz 23
(direct). MILC 09D [1027] also passes the FLAG selection
rules, however, this calculation is superseded by MILC
12C. As for Eq. (446), the strangeness scalar matrix
element determined in the latter study is multiplied by
the three-flavor FLAG average for ms given in Eq. (33) of
FLAG 19. There are correlations between the MILC 12C
and Junnarkar 13 results as there is some overlap between

the sets of asqtad ensembles used in both cases. We take the
statistical errors for these two studies to be 100% correlated
and, similarly, for the Mainz 23 and RQCD 22 studies (as
for σπN). The global average is

Nf¼2þ1∶ σs¼44.9ð6.4ÞMeV Refs: ½102–108&; ð447Þ

where the error has been increased by around 10% because
χ2=dof ¼ 1.2317 for the weighted average. For all the other
averages presented above, the χ2=dof is less than one and
no rescaling of the error is applied. There are no Nf ¼ 2
studies of σs which pass the FLAG quality criteria, see the
FLAG 21 report for further details.
We remark that it was not possible to determine δðaminÞ

for the above works based on the information provided.
All the results for σπN and σs are displayed in Figs. 46

and 47 along with the averages given above. Note that
where fTud

¼ fTu
þ fTd

or fTs
is quoted in Tables 71 and

72, we multiply by the experimental proton mass in order to
include the results in the figures. For σπN, the averages are
consistent with the respective FLAG 21 values, however,
the errors are significantly reduced. For four flavors, this is
due to the PNDME 21 direct result, which dominates the
average. The results that enter the average for three flavors,

FIG. 46. Lattice results and FLAG averages for the nucleon sigma term, σπN , for the Nf ¼ 2þ 1, and 2þ 1þ 1 flavor calculations.
Determinations via the direct approach are indicated by squares and circles, and the Feynman-Hellmann method by triangles. Results
from recent analyses of π − N scattering [1028–1030,1040,1041] (filled blue circles) are shown for comparison. Note that the charged
pion is used to define the isospin limit in these phenomenological analyses, while the neutral pion with Mπ ∼ 135 MeV is usually used
to define the physical point in lattice simulations. We adjust the results to be consistent with the latter, applying the correction for the
different conventions determined in Ref. [1041].
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lattice, N ¼ ϵabc½uaTCγ5ð1þ γ4Þdb&uc, with color indices
fa; b; cg and charge conjugation matrix C. The nucleon
source-sink separation is labeled by τ and the operator
insertion time by t.
The issue of ESC arises because N couples not only to

the ground-state nucleon but to all its excitations, including
multihadron states with the same quantum numbers. In the
current data, the signal in C3pt

S extends to τ ≈ 1.5 fm, at
which source-sink separation the contribution of excited
states is significant, as evident from the dependence on
fτ; tg in the ratio RSðτ; tÞ ¼ C3pt

S ðt; τÞ=C2ptðτÞ shown in
Fig. 2. In the limits t → ∞ and ðτ − tÞ → ∞, the ratio
RSðτ; tÞ → gS. Fits to C3pt using Eq. (3) with the key
parameters Mi left as free parameters have large fluctua-
tions. We, therefore, remove ESC and extract the ground-
state matrix element h0jSj0i using simultaneous fits to C2pt

and C3pt with common Mi. Statistical precision of the data
allowed, without overparametrization, four states in C2pt

(labeled f4g or f4Nπg) and three states in C3pt (labeled
f3'g). We also dropped the unresolved h2jSj2i-term in
Eq. (3). Keeping it increases the errors slightly but does not
change the values. Using empirical Bayesian priors for Mi
and Ai given in Table Vof the Supplemental Material [77],
we calculate σπN for two plausible but significantly differ-
ent values ofM1 andM2 in Table I that give fits with similar
χ2. A similar strategy has been used in the analysis of axial-
vector form factors, where also the Nπ state gives a large
contribution as discussed in Refs. [120,121].
Data for C3pt, by Eq. (3), should be (i) symmetric about

τ=2 and (ii) converge monotonically in τ for sufficiently
large τ, especially when a single excited state dominates.
These two conditions are, within errors, satisfied by the
data shown in Fig. 2. In the simultaneous fits, M1 and M2

are mainly controlled by the four-state fits to C2pt; however,
as discussed in Refs. [119,121], there is a large region in
Mi>0 in which the augmented χ2 of fits with different priors
for Mi is essentially the same, i.e., many Mi are plausible.
This region covers the towers of positive parity
Nπ; Nππ;…, multihadron states, labeled by increasing
relative momentum k, that can contribute and whose
energies start below those of radial excitations. To obtain
guidance on which excited states give large contributions to
C3pt, we carried out a χPT analysis.
We study two well-motivated values of M1 and M2 for

the analysis of C3pt. The “standard” strategy (called the
f4; 3'g fit) imposes wide priors onMi>0, mostly to stabilize
the fits, while the f4Nπ; 3'g fits use narrow-width priors for
M1 centered about the noninteracting energy of the almost
degenerate lowest positive parity multihadron states,
Nð1Þπð−1Þ or Nð0Þπð0Þπð0Þ. Thus, the label Nπ implies
that the contribution of both states is included. Details of
extracting the Mi from these two four-state fits, f4g and
f4Nπg to just C2pt, can be found in Ref. [121]. For the
a09m130 ensemble with Mπ ¼ 138 MeV, the fM1;M2g
are f1.59; 2.8g and f1.22; 1.8g GeV for the two cases, as
shown in Table I. The fits (see Fig. 2) and the χ2 with
respect to C3pt data are equally good, however, the results
for the isoscalar charge guþd

S differ significantly.

TABLE I. The ground- and excited-state massesM0,M1, andM2, χ2 of the fit, and the resulting value of the bare isoscalar charge and
σπN with the two strategies f4; 3'g and f4Nπ ; 3'g. The second column gives the bare quark mass mbare

ud .

Ensemble
ID

mbare
ud

(MeV)

f4; 3'g f4Nπ ; 3'g
M0

(GeV)
M1

(GeV)
M2

(GeV) ðχ2=d:o:f:Þ guþd;bare
S

σπN
(MeV)

M0

(GeV)
M1

(GeV)
M2

(GeV) ðχ2=d:o:f:Þ guþd;bare
S

σπN
(MeV)

a12m310 18.7(5) 1.09(1) 1.80(12) 2.7(1) 27=28 8.6(0.6) 160(12) 1.09(1) 1.71(02) 2.6(1) 27=28 8.5(0.5) 160(10)
a12m220 9.9(5) 1.02(1) 1.76(08) 3.0(3) 18=22 10.5(0.5) 104(07) 1.01(1) 1.50(03) 2.6(2) 20=22 11.8(1.0) 117(11)
a09m220 9.4(1) 1.02(1) 1.66(14) 2.4(1) 35=35 10.4(0.8) 98(07) 1.02(1) 1.47(06) 2.3(1) 35=35 11.6(0.9) 109(09)
a09m130 3.5(1) 0.95(1) 1.59(09) 2.8(2) 47=42 11.5(0.8) 40(03) 0.94(1) 1.22(01) 1.8(1) 51=42 15.9(2.3) 55(08)
a06m310 17.2(2) 1.11(1) 1.80(11) 2.9(2) 56=60 10.4(0.7) 179(12) 1.11(1) 1.76(06) 2.8(2) 56=60 10.6(0.6) 182(10)
a06m220 9.1(1) 1.02(1) 1.62(14) 2.5(2) 69=81 10.9(1.0) 98(09) 1.02(1) 1.51(07) 2.3(1) 68=81 11.7(0.8) 106(07)

FIG. 2. Results of the f4; 3'g (top row) and f4Nπ ; 3'g (bottom
row) fits to the sum of the connected and disconnected data
plotted versus ðt − τ=2Þ=a for ensembles a09m130 and
a06m220. Result of the fit is shown by lines of the same color
as the data for various τ=a listed in the label, and the τ ¼ ∞ value
is given by the gray band.
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lattice, N ¼ ϵabc½uaTCγ5ð1þ γ4Þdb&uc, with color indices
fa; b; cg and charge conjugation matrix C. The nucleon
source-sink separation is labeled by τ and the operator
insertion time by t.
The issue of ESC arises because N couples not only to

the ground-state nucleon but to all its excitations, including
multihadron states with the same quantum numbers. In the
current data, the signal in C3pt

S extends to τ ≈ 1.5 fm, at
which source-sink separation the contribution of excited
states is significant, as evident from the dependence on
fτ; tg in the ratio RSðτ; tÞ ¼ C3pt

S ðt; τÞ=C2ptðτÞ shown in
Fig. 2. In the limits t → ∞ and ðτ − tÞ → ∞, the ratio
RSðτ; tÞ → gS. Fits to C3pt using Eq. (3) with the key
parameters Mi left as free parameters have large fluctua-
tions. We, therefore, remove ESC and extract the ground-
state matrix element h0jSj0i using simultaneous fits to C2pt

and C3pt with common Mi. Statistical precision of the data
allowed, without overparametrization, four states in C2pt

(labeled f4g or f4Nπg) and three states in C3pt (labeled
f3'g). We also dropped the unresolved h2jSj2i-term in
Eq. (3). Keeping it increases the errors slightly but does not
change the values. Using empirical Bayesian priors for Mi
and Ai given in Table Vof the Supplemental Material [77],
we calculate σπN for two plausible but significantly differ-
ent values ofM1 andM2 in Table I that give fits with similar
χ2. A similar strategy has been used in the analysis of axial-
vector form factors, where also the Nπ state gives a large
contribution as discussed in Refs. [120,121].
Data for C3pt, by Eq. (3), should be (i) symmetric about

τ=2 and (ii) converge monotonically in τ for sufficiently
large τ, especially when a single excited state dominates.
These two conditions are, within errors, satisfied by the
data shown in Fig. 2. In the simultaneous fits, M1 and M2

are mainly controlled by the four-state fits to C2pt; however,
as discussed in Refs. [119,121], there is a large region in
Mi>0 in which the augmented χ2 of fits with different priors
for Mi is essentially the same, i.e., many Mi are plausible.
This region covers the towers of positive parity
Nπ; Nππ;…, multihadron states, labeled by increasing
relative momentum k, that can contribute and whose
energies start below those of radial excitations. To obtain
guidance on which excited states give large contributions to
C3pt, we carried out a χPT analysis.
We study two well-motivated values of M1 and M2 for

the analysis of C3pt. The “standard” strategy (called the
f4; 3'g fit) imposes wide priors onMi>0, mostly to stabilize
the fits, while the f4Nπ; 3'g fits use narrow-width priors for
M1 centered about the noninteracting energy of the almost
degenerate lowest positive parity multihadron states,
Nð1Þπð−1Þ or Nð0Þπð0Þπð0Þ. Thus, the label Nπ implies
that the contribution of both states is included. Details of
extracting the Mi from these two four-state fits, f4g and
f4Nπg to just C2pt, can be found in Ref. [121]. For the
a09m130 ensemble with Mπ ¼ 138 MeV, the fM1;M2g
are f1.59; 2.8g and f1.22; 1.8g GeV for the two cases, as
shown in Table I. The fits (see Fig. 2) and the χ2 with
respect to C3pt data are equally good, however, the results
for the isoscalar charge guþd

S differ significantly.

TABLE I. The ground- and excited-state massesM0,M1, andM2, χ2 of the fit, and the resulting value of the bare isoscalar charge and
σπN with the two strategies f4; 3'g and f4Nπ ; 3'g. The second column gives the bare quark mass mbare

ud .

Ensemble
ID

mbare
ud

(MeV)

f4; 3'g f4Nπ ; 3'g
M0

(GeV)
M1

(GeV)
M2

(GeV) ðχ2=d:o:f:Þ guþd;bare
S

σπN
(MeV)

M0

(GeV)
M1

(GeV)
M2

(GeV) ðχ2=d:o:f:Þ guþd;bare
S

σπN
(MeV)

a12m310 18.7(5) 1.09(1) 1.80(12) 2.7(1) 27=28 8.6(0.6) 160(12) 1.09(1) 1.71(02) 2.6(1) 27=28 8.5(0.5) 160(10)
a12m220 9.9(5) 1.02(1) 1.76(08) 3.0(3) 18=22 10.5(0.5) 104(07) 1.01(1) 1.50(03) 2.6(2) 20=22 11.8(1.0) 117(11)
a09m220 9.4(1) 1.02(1) 1.66(14) 2.4(1) 35=35 10.4(0.8) 98(07) 1.02(1) 1.47(06) 2.3(1) 35=35 11.6(0.9) 109(09)
a09m130 3.5(1) 0.95(1) 1.59(09) 2.8(2) 47=42 11.5(0.8) 40(03) 0.94(1) 1.22(01) 1.8(1) 51=42 15.9(2.3) 55(08)
a06m310 17.2(2) 1.11(1) 1.80(11) 2.9(2) 56=60 10.4(0.7) 179(12) 1.11(1) 1.76(06) 2.8(2) 56=60 10.6(0.6) 182(10)
a06m220 9.1(1) 1.02(1) 1.62(14) 2.5(2) 69=81 10.9(1.0) 98(09) 1.02(1) 1.51(07) 2.3(1) 68=81 11.7(0.8) 106(07)

FIG. 2. Results of the f4; 3'g (top row) and f4Nπ ; 3'g (bottom
row) fits to the sum of the connected and disconnected data
plotted versus ðt − τ=2Þ=a for ensembles a09m130 and
a06m220. Result of the fit is shown by lines of the same color
as the data for various τ=a listed in the label, and the τ ¼ ∞ value
is given by the gray band.

PHYSICAL REVIEW LETTERS 127, 242002 (2021)

242002-3

τ − t/2 [a]
Figure 4: (top left) Comparison of lattice determinations of 𝜎𝜋𝑁 with 𝑁 𝑓 = 2 + 1 and 𝑁 𝑓 = 2 + 1 + 1
and phenomenological determinations from nucleon-pion scattering data. The grey band and black data
represent the FLAG 2024 average. (top right) Lattice determination from the Mainz lattice group of 𝜎𝜋𝑁

on a single ensemble at 𝑚𝜋 = 200 MeV at different source-sink separations 𝑡 (different colours). The grey
band highlights the fitted value for 𝜎𝜋𝑁 and the black diamond is the result of a two-state fit to the summed
correlator. For more details see [1]. (bottom) Ratios in Eq. (7) with an isoscalar scalar current insertion at
zero momentum transfer and different source-sink separations [27].

In this approach, the 𝑁 → 𝑁𝜋 and 𝑁𝜋 → 𝑁 transition contributions were computed explicitly
and incorporated into a generalized eigenvalue problem (GEVP) analysis, discussed in more details
in the next section. The resulting GEVP-improved nucleon operators effectively suppress the leading
𝑁𝜋 contamination in the three-point functions.

As shown in the left panel of Fig. 5, ratios constructed with GEVP-improved nucleon operators
(red symbols) approach the ChPT-inspired ground-state expectation (green band), in contrast to those
obtained with standard nucleon operators (blue symbols). This improvement is observed across
source–sink separations 6 ≤ 𝑡/𝑎 ≤ 11 (𝑎 = 0.098 fm), demonstrating that the 𝑁𝜋 state provides the
dominant ESC in these channels, consistent with LO-ChPT predictions even at 𝑚𝜋 = 429 MeV.

These findings were subsequently confirmed by the ETM collaboration at𝑚𝜋 = 346 MeV and at
the physical-pion-mass ensemble (𝑚𝜋 = 131 MeV) [2]. In the right panel of Fig. 5, a clear reduction
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τ − t/2 [fm]

contribution. The results for GP and G̃P as well as for the
PCAC and PPD ratios of Eqs. (3) and (4) are shown in
Fig. 4. We also include results that are obtained using the
ChPT guided methods of Ref. [14] (M1) and a simultaneous
fit to the channels A4, P and Ai with q ¼ ei, inspired
by [15] (M2). In spite of the large excited state contribu-
tions, the results using modern multistate analysis tech-
niques agree within errors with the GEVP results, at least at
mπ ¼ 429 MeV. At this single lattice spacing, the ratio
rPCAC somewhat differs from 1.

VI. CONCLUSIONS

Given the current tension [12,13] between results for the
axial form factor obtained from lattice QCD and from
reanalyses of historical neutrino-deuteron scattering experi-
ments [19], it is important to rigorously investigate the
systematics associated with the lattice approach. The PCAC
relation between form factors has only recently been
verified in some studies [14,15,17], and this provides an
important cross check. We have shown that the very large
excited state contributions encountered can be removed
by including Nπ-type interpolators. This confirms ChPT
expectations, even at our relatively large pion mass, and
supports assumptions made in recent determinations of
the axial form factor [14–18]. In the near future, we will
repeat the study at a smaller pion mass where excited state
contributions are even larger, with the aim of also deter-
mining N to Nπ matrix elements that are relevant for the
scattering of neutrinos with energies larger than 400 MeV.
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FIG. 3. The same as in Fig. 2 (but as a function of the insertion
time τ) for p0 ¼ 0 ≠ p ¼ −ez, corresponding to Q2 ≈ 0.3 GeV2.
The green bands represent results of a simultaneous fit to the
shown GEVP-optimized ratios and the standard ratio for Az.

FIG. 4. Results for the form factors and the PCAC and PPD
ratios (3) and (4) at Q2 ≈ 0.3 GeV2 from the GEVP-optimized
correlators, in comparison to results obtained from the standard
correlation functions, using the ChPT guided multistate analysis
techniques of Ref. [14] (M1) and inspired by [15] (M2).
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values much closer to 0. In addition, we also perform
simultaneous two-state fits to the two 2-point and five
3-point functions used in the 5 ratios in Eq. (43) for the
isovector case. For the 3-point function corresponding to
R̄Γz

Pu−dð1⃗z; 1⃗zÞ, we set a00 parameter to zero, and we do not
include the values at the mid point tins ¼ ts=2. The results
are presented in Figs. 31 and 32. For the physical point
ensemble, we get gu−dA ¼ 1.226ð37Þ without GEVP and
gu−dA ¼ 1.258ð18Þ with GEVP. The result after GEVP
agrees better with the experimental value, and also has a
smaller error. This value is to be compared with the
experimental value of gu−dA ¼ 1.27641ð56Þ [35] and the
value of gu−dA ¼ 1.245ð31Þ from Ref. [34].
For the ratios of the isovector pseudoscalar and axial

3-point functions at Q2 ¼ Q2
1 given in Eq. (44), The results

and the two-state fits to the 2-point and 3-point functions
are presented in Figs. 33 and 34. For the presented ratios,
GEVP has a significant impact for all cases except for
the ratio of the isovector axial 3-point function, Gu−d

A ðQ2
1Þ.

We consider these changes as improvements because the
results with GEVP show milder time dependence. For
the two-state fits of the physical point ensemble, GEVP
changes many results and stabilizes the tins;min dependence
for several cases. For the two-state fits of the mπ ¼
346 MeV ensemble, however, GEVP does not change

the results within errors but worsens the precisions for
several cases. Our explanation is that the energies of Nπ
states are closer to that of the excited states observed in
the 2-point function at the mπ ¼ 346 MeV ensemble.

FIG. 31. Ensemble cA211.530.24: We show results on the
extracted value of the isovector axial charge gu−dA as a function
of tins;min used in the fit, that fits to two 2-point functions and five
3-point functions used to define the ratios in Eq. (43) for the
isovector case.

FIG. 32. Ensemble cA2.09.48. As in Fig. 31.

FIG. 33. Ensemble cA211.530.24. As in Fig. 27 for the
isovector axial case given in Eq. (44). In the last two panels
we show results for R̄Γk

PCACu−d
4

ð0⃗; 1⃗kÞ and R̄Γk

PCACu−d
k
ð0⃗; 1⃗kÞ, and

there we do not include fits. The dashed lines indicate 1.
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several cases. Our explanation is that the energies of Nπ
states are closer to that of the excited states observed in
the 2-point function at the mπ ¼ 346 MeV ensemble.

FIG. 31. Ensemble cA211.530.24: We show results on the
extracted value of the isovector axial charge gu−dA as a function
of tins;min used in the fit, that fits to two 2-point functions and five
3-point functions used to define the ratios in Eq. (43) for the
isovector case.

FIG. 32. Ensemble cA2.09.48. As in Fig. 31.

FIG. 33. Ensemble cA211.530.24. As in Fig. 27 for the
isovector axial case given in Eq. (44). In the last two panels
we show results for R̄Γk

PCACu−d
4

ð0⃗; 1⃗kÞ and R̄Γk

PCACu−d
k
ð0⃗; 1⃗kÞ, and

there we do not include fits. The dashed lines indicate 1.
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Figure 5: GEVP-improved ratios with a pseudoscalar and temporal axial-vector current insertion at non-zero
momentum transfer and different source-sink separations. (left) Results from Ref. [13] at 𝑚𝜋 = 429 MeV.
(right) Results from the ETM collaboration in Ref. [2] at 𝑚𝜋 = 346 MeV.

of excited-state effects is observed when employing GEVP-improved operators (filled symbols) in
the pseudoscalar and temporal axial channels. In contrast, applying the same variational strategy
to other nucleon matrix elements, such as vector, scalar, and tensor currents, does not lead to a
comparable improvement [2]. The persistence of sizable ESC in these channels indicates that the
dominant contributing states are not the lowest 𝑁𝜋 states.

This can be understood within the framework of current-enhanced states introduced in Ref. [11].
In these channels, different multi-hadron states are preferentially enhanced by the structure of the
inserted current and the chosen kinematics. The leading ESC therefore depends not only on the
energy spectrum but also on the quantum numbers of the current and kinematics.

2.2.2 Nucleon scalar channel

Motivated by the current-enhancement mechanism and the findings of Ref. [2], we performed
a variational analysis of the isoscalar scalar matrix element using 𝑁- and 𝑁𝜎-like interpolating
operators (𝜎 ∼ 𝑢̄𝑢+𝑑𝑑+𝑠𝑠) on an ensemble with𝑚𝜋 = 429 MeV, 𝑁 𝑓 = 3, and𝑉/𝑎4 = 48×243 [17].

On this ensemble, the 𝜎 meson is a stable, deeply bound state with mass ≈ 550 MeV. Solving
the GEVP for the matrix of two-point functions reveals the nucleon ground state and a second state
close to 𝑚𝑁 +𝑚𝜎 , which we interpret as the 𝑁𝜎 state. This state lies below the lowest 𝑁 (®1)𝜋(−®1)
and 𝑁𝜋𝜋 states. Using the nucleon components of the GEVP eigenvectors, we construct an
improved interpolating operator that removes the contributions proportional to ⟨𝑁𝜎 |S𝑢+𝑑,𝑠 |𝑁⟩ and
⟨𝑁 |S𝑢+𝑑,𝑠 |𝑁𝜎⟩ from the scalar three-point function. The resulting GEVP ratios, shown in Fig. 6,
become constant within uncertainties at all source–sink separations 𝑡 > 0.4 fm, indicating that there
was only one dominant ESC (𝑁𝜎) and that it has been completely removed. This improvement
reflects that the 𝑁𝜎 state is both the lowest scalar excitation in the rest frame and current-enhanced.

At lighter pion masses the situation changes qualitatively. In a preliminary analysis at 𝑚𝜋 =

222 MeV (𝑁 𝑓 = 2 + 1, 𝑉/𝑎4 = 96 × 483), the 𝜎 becomes unstable and the scalar channel is
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to the summed ratios employing Eq. (17) with c ¼ 2a. The
latter means that the summed ratio is realised for t ≥ 4a. We
set c11 ¼ 0 as the term involving the excited-state to excited
state transition was not resolved. The fit range is varied and
we take a weighted average of the results.4 The values
obtained for guþd;s

S and ΔE are listed in Table I. The energy
gap is not well determined in the fits, however, we know
from the GEVP analysis (see Fig. 1) that the first excited
state energy is consistent with the S-wave Nσ noninteract-
ing level. This motivates us to repeat the analysis imposing
a prior on ΔE equal to the mass of the sigma meson with a
width of 50 MeV (9%), leading to similar results for the
scalar charges but with smaller uncertainties. In the absence
of detailed knowledge of the energy spectrum, a prior for

the energy gap is often set using the P-wave Nπ energy
(although additional excited states are usually taken into
account in the fit model). A larger energy gap gives
consistent but slightly lower values for the scalar charges.
For t ≥ 8a we are also able to perform linear fits (18) (see
Table I) since the excited state contributions to Rsum

uþd;s fall
below the noise.
For completeness, we also carried out correlated fits to

RSTD
uþd;sðt; τÞ with the following Ansatz:

Ruþd;sðt; τÞ ¼ glat;uþd;s
S þ c10

!
e−ΔEðt−τÞ þ e−ΔEτ

"
; ð19Þ

where, again, the excited-state to excited-state term is
omitted. We simultaneously fit the ratios with t=a ¼ 8,
9, 11, 13, 15 employing the fit range 2a ≤ τ ≤ t − 2a for
each t.5 The largest source-sink separations are not included

FIG. 2. Results for the GEVP-improved ratios Ruþd (top) and Rs (bottom) for B2 (left) and B3 (right). The green dashed lines and
bands show the central values and errors, respectively, of glat;uþd

S (top) and glat;sS (bottom) extracted using the summation method, see
Sec. IV. The standard ratios obtained using the interpolator Op are shown for comparison. The data points that are utilised in the fits
(Sec. IV) are indicated by solid circles.

4The weighted average ā of fit coefficient a∈ fguþd;s
S ;ΔEg is

computed using weights wi ¼ N exp ð−ðχ2i − NdfiÞ=2Þ, where χ2i
and Ndfi are the fit quality and number of degrees of freedom
for fit i, respectively. N is chosen so that

P
i wi ¼ 1. The average

ā and its uncertainty Δa are given by ā ¼
P

i wiai and
Δa2 ¼

P
i wiΔa2i , where Δai is the bootstrapped error for fit i.

5For our setup, with 800 configurations employed in the
analysis, this choice ensures that the covariance matrix is well
determined.
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Figure 6: Comparison between stan-
dard (blue) and GEVP-improved (red)
ratios in Eq. (7) with the isoscalar
scalar current at zero momentum and
source-sink separations, and at 𝑚𝜋 =

429 MeV, see Ref. [17]. The ESC is
completely removed within statistical
uncertainties. The dominant source of
ESC is the 𝑁𝜎 state.

dominated by 𝜋𝜋 S-wave states with energy ≈ 420 MeV, below the 𝜎 resonance. The second
GEVP state is consistent with a non-interacting 𝑁𝜋𝜋 level, though mixing with 𝑁𝜋 states cannot be
excluded because of the quasi-degeneracy. Despite this more intricate structure, constructing GEVP-
improved operators significantly reduces the ESC in the three-point functions. These encouraging
results suggest that a variational basis including 𝑁- and 𝑁𝜎-like operators remains beneficial also
at lighter pion masses. A dedicated analysis at near-physical pion masses will be necessary to fully
assess the interplay between 𝑁𝜎, 𝑁𝜋, and 𝑁𝜋𝜋 contributions.

2.2.3 Nucleon vector channel

In Ref. [11], nucleon isovector vector matrix elements were studied using a variational basis
with 𝑁- and 𝑁𝜌-like interpolating operators on an ensemble with 𝑚𝜋 = 429 MeV. At first sight
this choice appears counter-intuitive, since 𝑁𝜌 states are substantially heavier than the 𝑁𝜎, 𝑁𝜋,
or 𝑁𝜋𝜋 states, particularly in the rest frame. While heavier states are exponentially suppressed at
sufficiently large Euclidean times, current lattice simulations are restricted to moderate source-sink
separations, and if these heavy states appear with a large prefactor in the spectral decomposition,
they can contribute significantly to the three-point function despite its larger energy.

The variational analysis was performed on the same ensemble as in Refs. [13, 17], with
𝑚𝜋 = 429 MeV, 𝑁 𝑓 = 3, and 𝑉/𝑎4 = 48 × 243. The 𝜌 two-point function exhibits an effective
mass of ≈ 860 MeV in the rest frame, below the lowest 𝜋(®1)𝜋(−®1) level. Solving the GEVP in both
rest and moving frames yields a second state close to the non-interacting 𝑁𝜌 level. Constructing
GEVP-improved nucleon operators using the nucleon components of the eigenvectors leads to a
substantial reduction of ESC, particularly in moving frames (see Appendix of Ref. [11]).

Taken together, these results establish a coherent pattern: in the isovector pseudoscalar and
axial-vector channels the dominant ESC originates from 𝑁𝜋 states; in the isoscalar scalar channel
from 𝑁𝜎 states; and in the isovector vector channel from 𝑁𝜌 states. The dominant contributions
are therefore determined primarily by the structure of the inserted current and the kinematics, rather
than solely by the ordering of the energy spectrum. These findings provide direct numerical support
for the current-enhancement mechanism proposed in Ref. [11] and discussed in the next section.
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3. Mechanism of current-enhancement

We now discuss how specific excited-state contributions can become enhanced due to the
choice of current and kinematics, following Ref. [11]. Consider a basis of interpolating operators
with the quantum numbers of a hadron 𝐻,

B𝐻 = {O𝐻 ,O𝐻𝑀 ,O𝐻𝑀𝑀 , ...}, (9)

where O𝐻𝑀 and O𝐻𝑀𝑀 denote operators which overlap to multi-particle states. There is a tower
of interpolating operators to be considered in the basis to account for the infinite tower of states in
the spectrum of 𝐻. From this basis one constructs the matrix of two-point functions

𝐶𝑖 𝑗 ( ®𝑝, 𝑡) = ⟨O𝑖 ( ®𝑝, 𝑡) Ō 𝑗 ( ®𝑝, 0)⟩ with O𝑖 ,O 𝑗 ∈ B𝐻 , (10)

and determine the matrix of eigenvalues Λ = diag
(
𝜆𝐻 , 𝜆𝐻𝑀 , 𝜆𝐻𝑀𝑀 , ...

)
and eigenvectors 𝑉 =(

®𝑣𝐻 , ®𝑣𝐻𝑀 , ®𝑣𝐻𝑀𝑀 , ...
)

by solving the GEVP

𝐶 ( ®𝑝, 𝑡)𝑉 ( ®𝑝, 𝑡; 𝑡0) = 𝐶 ( ®𝑝, 𝑡0)Λ( ®𝑝, 𝑡; 𝑡0)𝑉 ( ®𝑝, 𝑡; 𝑡0). (11)

For a complete basis, the eigenvectors isolate the energy eigenstates and become time-independent.
The ground-state (H) components of 𝑉 can be used to construct a GEVP-improved interpolator,

Ω𝐻 =
∑︁

O𝑖∈B𝐻

𝑣𝐻O𝑖
O𝑖 . (12)

These improved operators can be adopted to construct GEVP-improved two-point functions

𝐶2𝑝𝑡 ( ®𝑝, ®𝑡) = ⟨Ω𝐻 ( ®𝑝, 𝑡) Ω̄𝐻 ( ®𝑝, 0)⟩ =
∑︁

O𝑖∈B𝐻

|𝑣𝐻O𝑖
( ®𝑝) |2 ⟨O𝑖 ( ®𝑝, 𝑡) Ō 𝑗 ( ®𝑝, 0)⟩, (13)

and GEVP-improved three-point functions

𝐶3𝑝𝑡 ( ®𝑝′, ®𝑡; ®𝑞, 𝜏) = ⟨Ω𝐻 ( ®𝑝′, 𝑡) J ( ®𝑞, 𝜏) Ω̄𝐻 ( ®𝑝, 0)⟩ (14)

=
∑︁

O𝑖 ,O 𝑗 ∈B𝐻

𝑣𝐻O𝑖
( ®𝑝′) 𝑣𝐻O 𝑗

( ®𝑝) ⟨O𝑖 ( ®𝑝′, 𝑡) J ( ®𝑞, 𝜏) Ō 𝑗 ( ®𝑝, 0)⟩. (15)

For a complete basis, the ESC in the GEVP-improved correlation functions is completely removed,
and one can see the ground state dominance of the 𝐻 hadron. These GEVP-improved correlation
functions can then be used to construct ratios equivalent to Eq. (7).

The key observation concerns the volume scaling of the terms in Eq. (15): 𝑣𝐻O𝐻𝑀
is expected to

be suppressed by the spatial volume compared to 𝑣𝐻O𝐻
. However, the associated three-point function

⟨O𝐻𝑀 ( ®𝑝′, 𝑡) J ( ®𝑞, 𝜏) Ō𝐻 ( ®𝑝, 0)⟩, (16)

can contain Wick contractions that are enhanced by a (spatial) volume factor. In particular, quark-
line disconnected topologies allow the current-meson insertion and nucleon propagation to occur
independently over the spatial volume. This volume enhancement can compensate the volume
suppression of the eigenvector component, leading to an overall unsuppressed contribution.

10



P
o
S
(
L
A
T
T
I
C
E
2
0
2
5
)
0
0
4

Evidence of current-enhanced excited states in lattice QCD three-point functions Lorenzo Barca

For example, in the computation of ⟨O𝑁 𝜋 ( ®𝑝′, 𝑡) J ( ®𝑞, 𝜏) Ō𝑁 ( ®𝑝, 0)⟩ for nucleon pseudoscalar
and axial-vector matrix elements, there are quark-line connected𝑊𝐶 and disconnected𝑊𝐷 topolo-
gies that contribute to the Wick contractions and that read

𝑊𝐶 = ⟨
∑︁

®𝑥𝑁 , ®𝑥𝜋 ,®𝑧
𝑒−𝑖 ®𝑝

′
𝑁
· ®𝑥𝑁 𝑒−𝑖 ®𝑝

′
𝜋 · ®𝑥𝜋 𝑒𝑖 ®𝑞 · ®𝑧 ⟨O𝑁 (®𝑥𝑁 , 𝑡)O𝜋 (®𝑥𝜋 , 𝑡)J (®𝑧, 𝜏)Ō𝑁 ( ®𝑝, 0)⟩𝐹 ⟩𝐺 , (17)

𝑊𝐷 = ⟨
∑︁

®𝑥𝑁 , ®𝑥𝜋 ,®𝑧
𝑒−𝑖 ®𝑝

′
𝑁
· ®𝑥𝑁 𝑒−𝑖 ®𝑝

′
𝜋 · ®𝑥𝜋 𝑒𝑖 ®𝑞 · ®𝑧 ⟨O𝑁 (®𝑥𝑁 , 𝑡)Ō𝑁 ( ®𝑝, 0)⟩𝐹 ⟨O𝜋 (®𝑥𝜋 , 𝑡)J (®𝑧, 𝜏)⟩𝐹 ⟩𝐺 . (18)

In these expressions, ®𝑝′
𝑁
+ ®𝑝′𝜋 = ®𝑝′, ⟨·⟩𝐹 represents the Wick contractions and ⟨·⟩𝐺 the gauge average.

In the quark-line disconnected topology, the gauge average can be decomposed into a factorised
(non-interacting) contribution and a gauge-connected contribution, where the latter encodes gluonic
interactions between the nucleon-nucleon and pion-current blocks. The non-interacting piece of
the quark-line disconnected diagram reads

𝑊
(0)
𝐷

= 𝐶𝑁
2𝑝𝑡 ( ®𝑝

′
𝑁 , 𝑡; ®𝑝, 0) ×

∑︁
®𝑥𝜋 ,®𝑧

𝑒−𝑖 ®𝑝
′
𝜋 · ®𝑥𝜋 𝑒𝑖 ®𝑞 · ®𝑧 ⟨⟨O𝜋 (®𝑥𝜋 , 𝑡)J (®𝑧, 𝜏)⟩𝐹 ⟩𝐺 , (19)

where 𝐶𝑁
2𝑝𝑡 ( ®𝑝

′
𝑁
, 𝑡; ®𝑝, 0) denotes the nucleon two-point functions. In the kinematics where ®𝑞 = ®𝑝′𝜋 ,

®𝑝′
𝑁
= ®𝑝, and by using translational invariance, one gets

𝑊
(0)
𝐷

= 𝐶𝑁
2𝑝𝑡 ( ®𝑝, 𝑡) ×

∑︁
®𝑥𝜋 ,®𝑧

𝑒𝑖 ®𝑞 · ( ®𝑧− ®𝑥𝜋 ) ⟨⟨O𝜋 (®𝑥𝜋 , 𝑡)J (®𝑧, 𝜏)⟩𝐹 ⟩𝐺 (20)

(®𝑧 = ®𝑥𝜋 + ®𝑟) = 𝐶𝑁
2𝑝𝑡 ( ®𝑝, 𝑡) × (𝐿/𝑎)3

∑︁
𝑟

𝑒𝑖 ®𝑞 · ®𝑟 ⟨⟨O𝜋 (®0, 𝑡)J (®𝑟, 𝜏)⟩𝐹 ⟩𝐺 . (21)

This shows that the quark-line disconnected diagrams are enhanced by a spatial volume factor,
contrary to the quark-line connected diagrams. In Ref. [13], on the ensemble with 𝑚𝜋 = 429 MeV
and 𝑉/𝑎4 = 48 × 243, we find that the quark-line disconnected diagrams are found to be two orders
of magnitude larger than the quark-line connected diagrams at 𝜏 = 𝑡.

This spatial volume enhancement of these three-point function comes when the pion carries the
same momentum of the current, which is consistent with the LO-ChPT predictions [9, 10] and the
many lattice QCD analyses discussed before. Notice that𝑊 (0)

𝐷
contributes only when the nucleon-

nucleon and the current-pion correlation functions are both non-zero. For the spatial components
of the axial-vector current, this is non-vanishing if the current has non-vanishing momentum along
the direction of the axial-vector component, as ⟨O𝜋 ( ®𝑞) A𝑘 ( ®𝑞)⟩ ∝ 𝑖𝑞𝑘 𝑓𝜋 . In Ref. [2], they study
the ratio 𝑊𝐶/𝑊𝐷 on two different ensembles, confirming that the ratio decreases approximately
with (𝐿/𝑎)3, and it’s shown in Fig. 7. A more clear comparison can be made at fixed pion masses
and two different volumes as the amplitudes depend also on the pion masses, see Eq. (2.45) of
Ref. [6]. The mechanism discussed above suggests concrete strategies to control large excited-state
contamination in hadron three-point functions.

4. Strategies to account for large excited-state contamination

Variational analysis The most robust approach is a variational analysis. By constructing a
sufficiently rich operator basis and solving the GEVP, one can isolate the relevant states and

11
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cA24: L = 2.27 fm; m = 346 MeV
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Figure 7: Ratio𝑊𝐶/𝑊𝐷 with the 𝑁𝜋 interpolator at the source, cf. Eqs. (17)-(18). The ratios are constructed
with J = P and at different source-sink separations 𝑡𝑆 . (left) Ratios on ensemble "cA24" with 𝐿 = 2.27 fm
and 𝑚𝜋 = 346 MeV; (right) Ratios computed on ensemble "cA48" with 𝐿 = 4.50 fm and 𝑚𝜋 = 131 MeV.
For more details, see Ref. [2].

directly remove the dominant excited-state contributions from both two- and, in particular, three-
point functions. The effectiveness of this method relies critically on including in the variational
basis those operators that couple strongly to the current-enhanced states identified for the given
channel and kinematics. Ref. [11] provides a systematic way to identify these most relevant
operators. In Refs. [13, 17], it was sufficient to include only the current-enhanced operators. In
practice, constructing a large variational basis requires an efficient framework for computing the
corresponding matrices of two- and three-point correlation functions. The distillation method [37],
provides a systematic and flexible approach for constructing extended multi-hadron operators. See
Refs. [21, 38] for some applications. Distillation can also be combined with stochastic techniques to
construct local current insertions efficiently, as introduced in Ref. [29]. Beyond removing ESC, the
variational framework enables direct access to transition matrix elements, such as ⟨𝑁𝜋 |J |𝑁⟩ [14],
⟨𝜋𝜋/𝜌 |V𝜇 |𝐵⟩ [33], and excited-meson radiative transitions [38].

Multi-state fits and related approaches Cheaper alternatives to a full variational analysis can also
mitigate ESC. Since the volume-enhanced contributions originate from current-meson diagrams,
the energy 𝐸𝑀 of the dominant mesonic state can be extracted from the current-meson two-point
function, ⟨O𝑀 ( ®𝑞, 𝑡) J ( ®𝑞, 𝜏)⟩ ∝ 𝑒−𝐸𝑀 (𝑡−𝜏 ) . This information can be used as a prior in multi-state fit
ansätze by putting priors to 𝐸𝐻𝑀 ≃ 𝐸𝐻 +𝐸𝑀 , or to subtract the dominant excited-state contribution
directly [4]. If a single excited state dominates, such as 𝑁𝜋 in the nucleon pseudoscalar and axial
channels, one can construct suitable linear combinations of three-point functions and their temporal
derivatives to cancel this contribution [4, 40], see Fig. 8. This approach is particularly effective in
large volumes, where 𝑁𝜋 states are approximately non-interacting, but may become less reliable in
smaller volumes or when current-enhanced states are resonances.

Recently, Ref. [41] implemented the idea of Ref. [11] in a simplified variational setup. Instead
of solving a full GEVP, they construct an optimal interpolator Oopt

𝑁
= O𝑁 + 𝑐opt O𝑁𝑀 , where 𝑐opt

needs to be determined, and the optimal operator is used to cancel the leading ESC in nucleon
tensor and scalar charges, 𝑔𝑇 and 𝑔𝑆 , respectively. In a full variational analysis, the coefficient 𝑐opt

12
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A. Induced pseudoscalar form factor FP (q2)

The F̃P form factor is extracted from Eq. (22) as a function of the current insertion time

t. Figure 4 shows the t dependence and tsep dependence of FP (q2) = ZSF
A F̃P (q2) obtained

by the leading ωN subtraction method for the 1604 lattice ensemble (PACS10/L160) as

typical examples. The leading ωN subtraction method is really e!ective in obtaining an

asymptotic plateau in all choices of tsep/a = {13, 16, 19} for all variations of q2. Indeed,

the good plateaus show that the t dependence is eliminated and the tsep dependence is not

visible either. Furthermore, the plateau values are consistent with the PPD model estimates

given in Eq. (4) within the calculated range of q2.
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FIG. 4. Using the leading ωN subtraction method as defined in Eq. (22), the values of the FP

form factor multiplied by 2MN calculated from PACS10/L160 with tsep/a = 13 (diamonds), 16

(squares) and 19 (circles) are shown for seven nonzero momentum transfers (labeled from Q1 to
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yellow band in each panel is calculated from the PPD model (2MNFPPD
P (q2)) given in Eq.(4)
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Figure 8: Results for 𝐺̃𝑃 (𝑄2
1) obtained with the

subtraction method developed in Ref. [4]. These
very flat results should be compared to the top right
plot in Fig. 3. Within statistical errors, the data ex-
hibit a plateau at different source-sink separations,
indicating that the dominant 𝑁𝜋 contribution has
been removed. For more details, see Ref. [4].

corresponds to the nucleon component of the GEVP eigenvector. Using this method, they obtain
the most precise lattice determinations of 𝑔𝑇 and 𝑔𝑆 .
ChPT predictions for excited-state contribution Excited-state effects can also be estimated
using ChPT. Guided by the current-enhancement mechanism, one can identify the dominant in-
termediate states in each channel: 𝑁𝜋 in nucleon axial and pseudoscalar three-point functions,
consistent with Refs. [6, 9, 10]; 𝑁 (®0)𝜋(®0)𝜋(®0) or 𝑁𝜎 in the isoscalar scalar nucleon channel [27];
𝑁 (®0)𝜋(®1)𝜋(−®1) or 𝑁𝜌 in the isovector vector nucleon channel [11, 25]; 𝐵∗𝐾 in 𝐵𝑠 → 𝐾ℓ𝜈ℓ decays
[19]; 𝐷∗𝜋 in 𝐷 → 𝜋ℓ𝜈ℓ decays [20]; and many more.

Since the argument relies only on symmetry considerations and spatial-volume enhancement
of specific diagrams, it is quite general and applicable to a wide class of hadronic three-point
functions. For instance, it can be applied to the computation of nucleon PDFs and GPDs [23, 32].

5. Conclusions
I have presented evidence that ESC in three-point functions can be enhanced and substantially

larger than commonly assumed based on naive volume suppression arguments. Although multi-
hadron overlap factors are suppressed by powers of the spatial volume, this suppression can be
compensated by a corresponding volume enhancement in the current matrix elements for specific
states. As a result, current-induced multi-hadron contributions can remain unsuppressed and
significant at the source–sink separations accessible in present-day simulations. In the nucleon
sector, this effect is particularly pronounced in the pseudoscalar and axial channels, where the
observed time dependence is consistent with dominant 𝑁𝜋 intermediate states. Most importantly,
if these contributions are not properly accounted for, the extracted form factors violate badly
the generalised Goldberger-Treiman relation. Once the relevant multi-hadron states are included,
the symmetry relation is restored. This demonstrates that uncontrolled ESC can render matrix
elements unreliable. A systematic treatment of the relevant ESC is therefore a necessary condition
for precision lattice QCD determinations. The mechanism discussed here is general and applies
to hadronic three-point functions beyond the nucleon case. I hope that the arguments presented in
this work, will provide practical guidance for future analyses aiming at reliable determinations of
hadron matrix elements.
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