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The development of quantum technology and the advent of quantum computation have renewed
interest in Hamiltonian formulations of lattice gauge theories. In contrast to Euclidean Monte
Carlo calculations, Hamiltonian simulation requires a direct representation of the physical Hilbert
space, an efficient treatment of enforcing Gauss’ law as constraints, and a formulation of real-time
dynamics in terms of degrees of freedom that can be encoded on quantum or quantum-inspired
classical platforms. The starting point corresponds to finding a suitable basis for Hamiltonian
lattice gauge theories. The existing literature focuses on several complementary approaches:
electric basis, magnetic basis, gauge-fixed, quantum-link, qubit-regularised, finite-group, and
orbifold formulations. This article primarily focuses on the prepotential and loop—string—hadron
formulations, where non-Abelian Gauss laws are solved locally and the dynamics is written directly
in terms of gauge-invariant loop, string and hadron excitations. The discussion covers the SU(2)
and SU(3) constructions in one spatial dimension, the role of residual Abelian Gauss laws, and
the extension to higher dimensions through point splitting. We conclude by highlighting its
direct applications: eliminating redundant gauge degrees of freedom makes exact diagonalisation
and tensor network calculations feasible for studying real-time dynamics, provides insights into
thermalisation properties, enables mapping of physical degrees of freedom onto analog and digital

quantum hardware, and enables quantum simulation of dynamics.
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Hamiltonian formulations of lattice gauge theories Indrakshi Raychowdhury

1. Introduction: a Hamiltonian viewpoint in the quantum-computation era

Lattice gauge theory has historically developed in close contact with the dominant compu-
tational technologies of its time, with the aim of accessing non-perturbative information about
the theory of the strong interaction [1-4]. The Euclidean path-integral formulation, importance
sampling and modern high-performance computing have made lattice QCD one of the most precise
nonperturbative tools in quantum field theory [3, 4]. Quantum computation now asks a different set
of questions. A programmable quantum processor, or a controlled analog quantum simulator, does
not naturally sample Euclidean configurations. Rather, with a suitable encoding of the states of the
physical system of interest, it evolves those states in an accessible Hilbert space [5-8]. Therefore,
the central algorithmic task for quantum computation or quantum simulation starts from deciding
how to represent the physical Hilbert space, how to impose the constraints following from Gauss’
laws, and how to truncate infinite-dimensional gauge-field degrees of freedom in a controlled way
[9-12]. The final task is to implement Hamiltonian time evolution in the physical Hilbert space
of the theory, followed by quantum measurements and their interpretation in terms of the physical
and dynamical observables of interest. Performing this task in the current era of noisy hardware
requires additional effort to preserve or monitor gauge symmetry, mitigate hardware noise and
separate physical signals from unphysical leakage [8, 13, 14].

The shift from classical high-performance computing to quantum simulation and quantum com-
puting is particularly important for real-time dynamics. Many problems of direct physical interest,
including string breaking, transport, hadronisation, finite-density dynamics and nonequilibrium
processes, are obstructed in Euclidean Monte Carlo by the sign problem or by analytic-continuation
limitations [9, 11, 15, 16]. Hamiltonian quantum simulation provides a natural language for such
questions, but the price is that the theoretical formulation must be adapted to the requirements of
quantum information processing [12—14, 17]. The choice of basis, the operator algebra, the locality
structure and the truncation scheme all become part of the algorithm.

The foundational Hamiltonian lattice gauge theory remains the Kogut—Susskind formulation
of Wilson’s lattice gauge theory [18]. However, the present quantum-simulation context has
revived many alternative Hamiltonian formulations [9-12]. Quantum-link and rishon constructions
replace Wilson links by finite-dimensional operator algebras [19-22]. Lattice gauge theories with
finite-group gauge symmetries give concrete routes to qubit encodings [23-28]. Gauge-fixed
approaches are powerful in low-dimensional settings [29—31], while orbifold approaches provide
an alternative route to gauge-theory regularization for quantum computation [32]. Magnetic-basis,
tensor-network-based and spin-network formulations optimize different aspects of the same problem
[33-38]. Direct digital and variational simulations of non-Abelian theories, including SU(2), SU(3)
and large-N,. strategies, provide complementary routes to the same Hamiltonian goal [39-46]. At
this point, these developments should not be viewed as competing attempts to replace lattice QCD.
Rather, they are different coordinate systems on the same Hilbert-space problem, each highlighting
a different set of advantages while struggling with the others.

This article presents a selective account of this problem, as presented at LATTICE 2025. In the
latter part of the article, the emphasis is on a particular approach using manifestly gauge-invariant
bases and Hamiltonian dynamics within that framework, based on the prepotential and loop—string—
hadron formulations. The aim is to identify what a quantum-simulation-friendly Hamiltonian
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formulation must accomplish: it should solve non-Abelian Gauss laws efficiently, avoid overcom-
plete descriptions, maintain locality as much as possible, admit controlled truncations, include
dynamical matter, and ultimately scale toward SU(3) gauge theory in higher dimensions.

The organisation of the article is as follows. In section 2, we summarise the core features of
a Hamiltonian formulation of lattice gauge theory, with emphasis on the original Kogut—Susskind
Hamiltonian. Section 3 contains a discussion of different basis choices and frameworks and
presents a comparison of their usefulness across platforms and tasks. We discuss the loop—string—
hadron (LSH) framework in section 4. Section 5 contains a discussion of generalization to higher
dimensions. Finally, in section 6, we discuss the implications of these frameworks in the context of
near- and far-term quantum simulation toward the goal of quantum simulating QCD.

2. Hamiltonian lattice gauge theory and Gauss’ law

The canonical Hamiltonian formulation begins with a set of canonically conjugate variables of
the theory, the electric fields and magnetic fields, matter degrees of freedom along with a set of local
constraints - the Gauss laws, which generate the gauge transformations. The Hamiltonian for lattice
gauge theories were introduced by Kogut and Susskind [18] immediately after Wilson prescribed
the lattice regularization method. The Hamiltonian framework fails to obey Lorentz invariance, as
the time direction is kept continuous while the space is discretized. The rotational symmetry is
preserved in order to recover the Lorentz invariance in the continuum limit of the theory.

On the d-dimensional spatial lattice, each site 7 is attached to links along directions i=1,..2d.
The electric fields Ef / = (7 i) are attached to each end (L/R) of a link (7,7) that connects sites 7
and 7 + 1. The index a denotes the color index of the gauge group. For electrodynamics or U(1)
gauge theories this index is omitted as there is no color degrees of freedom. For the gauge group
being SU(2) or SU(3), the colour indices vary from a = 1,2,3 and a = 1,2, ..., 8, respectively.
On a lattice, the information of the gauge field is encoded in the link variables U (7, 1), which are
elements of the gauge group. For an Abelian theory one may write U(F,7) = (" "5, while for
SU(2) or SU(3), the link operators are 2 X 2 or 3 X 3 matrices, respectively.

The left and right electric fields individually satisfy the group algebra

[EX(F,1), ES.(F, 1)) = i f* ES(F, 1) 055 0rprOiir, (D)

where, £ is the structure constant of the Lie algebra. Electric fields satisfy the usual canonical
commutation relations with the link operator. Schematically,

[E3,U1=TU,  [E%U]=-UT )

with the precise placement of generators depending on conventions, and the indices omitted for
brevity. In the presence of staggered fermions, the additional field content of the theory is matter
fields ¥, (7), assigned at each lattice site 7, where « varies in the fundamental representation of the
gauge group (@ = 1,2 for SU(2) and a = 1, 2, 3 for SU(3)).

With staggered fermions, the Kogut—Susskind Hamiltonian has the form

H=Hg+Hy +H; + Hg. (3)
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Here HE is the electric energy, Hy, is the staggered mass term, H; is the gauge—matter hopping
term, and Hp is the magnetic plaquette term. In a standard normalization,

2
Hy =552 3 B0, 0)
Hy =m Y (=) (Fu ), 5)
H; = %Z [v" (UG, Dy (7 +7) +he], (©6)
1
Hy = =35 Zp: [TtU, +h.c.], 9

where U), is the ordered product of link matrices around a plaquette. The central structural feature
of the Hamiltonian is its gauge invariance. This is manifested by commuting with all the generators
of the local gauge transformations,

[H,G*(F)] = 0. ®)

For SU(2), a = 1,2, 3, and the generators include incoming and outgoing electric fluxes and the
local matter densities to contribute to each color charge,

G (F) = Y (EL(F.1) + Ex(F = 1.)) + w*(?)%aw(?)- ®)

For SU(3), the same structure appears with @ = 1, ..., 8 and the corresponding generators in the
fundamental representation. The physical states of the Hilbert space are characterized to satisfy the
constraint as,

Ga(?) |‘Pphys> =0 ,V/,Va = |\Pphys> € 7'{phys (10)

Equation (8) is the defining constraint on the physical Hilbert space Hppys. From the viewpoint
of a quantum simulator, it is also a leakage constraint. A simulation that starts in Fpnys but
evolves out of it is not simulating the desired gauge theory. One can attempt to enforce Gauss’
law dynamically by energy penalties, use it for postselection, or encode the dynamics directly in
a physical basis. The last option is the most economical when it can be achieved, because the
quantum device never has to carry the redundant gauge-variant states.

Even the simplest discrete gauge theories illustrate the point. In a one-dimensional Z, gauge
theory, matter variables live on sites, gauge variables on links, and the physical Hilbert space is
selected by local projectors G (7) [¢) = |¢). The Hamiltonian may contain matter hopping dressed
by link operators, a staggered mass term and an electric energy term. Although the gauge group
is finite, the physical states remain constrained objects. This is why finite groups and discrete
subgroups of continuous groups are useful testbeds for quantum simulation [23-27, 47]. The local
Hilbert space structure is simple, while the essential problem of constrained dynamics still exists.
However, we confine ourselves to discussion on continuous and non-Abelian gauge theories for the
rest of this article.
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3. Different Hamiltonian frameworks

3.1 Choice of bases: electric or magnetic

The electric or representation basis is closest to the original Hamiltonian formulation [18].
Each link is labelled by irreducible representations of the gauge group, with electric flux quantum
numbers on the link. In this basis the electric energy is diagonal, and local color-singlet matter
constructions are natural. At strong coupling, where the electric term dominates, this basis is
especially transparent. The drawback is that the tensor product of link irreps and matter states
is much larger than the physical Hilbert space. Gauss’ law must still be imposed at every site.
Solving Gauss’ law explicitly leads to loop-like descriptions, but generic Wilson-loop descriptions
are nonlocal and overcomplete because of Mandelstam constraints. We particularly focus on a
specific electric field basis within the scope of loop—string—hadron framework [48—51] in the later
part of this article.

The magnetic or group-element basis makes a complementary tradeoff. Group elements are
diagonal variables on links, so plaquette operators are simple. After maximal-tree gauge fixing
and the residual constraints, one can arrive at minimal loop degrees of freedom that are well suited
to weak-coupling intuition. For non-Abelian gauge theories, however, the electric Hamiltonian
becomes off-diagonal and can generate long-range interactions in the gauge-fixed variables. This
tradeoff has been understood since early Hamiltonian work, including Bronzan’s explicit SU(2)
Hamiltonian in gauge-invariant variables [34]. Recent quantum-simulation work has returned to
this magnetic-basis perspective with new truncation and digitization strategies [35, 37, 38, 52] and
have attempted to provide a loop—string—hadron description for the same [53].

A concise summary of the tradeoff is given in Table 1. No row is uniformly superior. The
appropriate basis depends on the physical regime, boundary conditions, dimension, gauge group
and computational architecture.

3.2 Other Hamiltonian regularizations

Quantum link models replace classical Wilson links by finite-dimensional quantum operators.
In rishon representations the gauge field itself is built from fermionic constituents, giving a finite
Hilbert space per link while retaining gauge-invariant operator structure [19]. Qubit-regularized
gauge theories pursue a similar goal from the point of view of renormalization and universality:
one seeks a finite-dimensional microscopic model whose long-distance behavior lies in the desired
gauge-theory universality class. These ideas are attractive for analog platforms and for digital
devices where local Hilbert spaces must be small.

Orbifold-lattice constructions provide a different route. The orbifold formulation, originally
motivated by supersymmetric lattice gauge theories, can be adapted to quantum simulation of
Yang—Mills theory and QCD-like theories [31, 32]. Its value is not merely computational; it gives
a different set of fundamental variables in which continuum gauge theory may be approximated on
quantum hardware.

A third family of methods eliminates variables through gauge fixing or fermion elimination.
Fully gauge-fixed Hamiltonians and purely fermionic or bosonic effective descriptions can be
powerful, especially in one spatial dimension with open boundary conditions [17, 29, 30]. The
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Formulation/ Advantage Main cost Natural regime
basis
Electric/irrep Diagonal electric energy; Gauge redundancy unless Strong coupling;
basis local strong-coupling pic- Gauss’ law is solved representation

ture truncations
Magnetic/group Diagonal plaquette vari- Electric term can become Weak coupling;
element basis ables; weak-coupling in- nonlocal after gauge fixing pure gauge and

tuition

maximal-tree
constructions

Gauge-fixed
basis

Removes many redundant
variables

Produces nonlocal interac-
tions; valid only in 1 + 1 di-
mension with open boundary

condition

1+1 dimension with
open boundary con-
dition

Quantum-
link/
regularized

qubit

Finite local Hilbert space
from the start

Must recover target contin-
uum theory

Digital and analog
finite-resource sim-
ulations

LSH/ prepoten-
tial

Non-Abelian Gauss law

gauge-
invariant degrees of free-

solved locally;

dom

Residual Abelian constraints;
point splitting is required for
higher dimension, additional
lattice sites are necessary

Gauge-invariant
Hamiltonian simu-
lation

Table 1: Schematic comparison of some Hamiltonian basis choices, while the list is not complete. The
distinctions are qualitative because each formulation has varation in the Hamiltonian description and involve
different truncation choices.

cost is that gauge fixing can leave remnant global constraints, boundary-sector choices or nonlocal

interactions. Spin-network and g-deformed approaches provide yet another route in which group-

theoretic data are organized to obtain controlled finite-dimensional truncations [33]. The renewed

Hamiltonian program is also connected to the broader synthetic-gauge-field literature, including

atomic proposals for Abelian and non-Abelian lattice gauge theories [20, 21].

The lesson is that Hamiltonian lattice gauge theory is not one formulation but a family of

interrelated Hilbert-space descriptions. For quantum simulation, the most useful description might

be the one in which the physically relevant states and operators are cheapest to encode.

4. Prepotentials and the loop string hadron framework

4.1 Prepotential formulation: a short review

The prepotential formulation is a Schwinger-boson reformulation of the electric-flux Hilbert

space of Hamiltonian lattice gauge theory. Its purpose is not to change the Kogut—Susskind theory,

but to rewrite the link and electric-field algebra in variables that transform as fundamental matter
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fields at the ends of links. This simple change of variables has an important consequence: the
non-Abelian part of Gauss’ law can be solved locally by forming singlets at each lattice site, while
the information that a flux line continues across a link is carried by residual Abelian Gauss laws. In
this sense the prepotential construction replaces non-Abelian gauge invariance by local non-Abelian
intertwining and Abelian flux weaving [54—58].

Let [ = (7,i) denote the link starting at 7 and ending at 7 + i. In the notation of section 2,
the link carries a matrix U(/) and left/right electric fields Ej (/) and E% (/). The conventional
rigid-rotor description keeps the link as the elementary object. The prepotential description instead
attaches harmonic oscillators to the two ends of the link. For SU(2), introduce two Schwinger-boson
doublets

ao(l,L), al(l,L), aq(l,R), a,(LR), a=12, (11)

with
laa(l,s),af(l',s")] = 6uwbsybap,  s=L.R. (12)

The left and right electric fields are represented as

a

EX() =d'(l, L)%a(l, L., Ex)=d'(l, R)O;a(l, R), (13)

where the sign convention for E% may be absorbed into the convention used for the right action on
U(l). Equation (13) realizes two mutually commuting SU(2) algebras. The quadratic electric-field
constraint on a link becomes a number-operator constraint,

N(,Ly=da"(L,L)-a(l,Ly=a"(I,R)-a(l,R) = N(I,R). (14)

Thus the two ends of the link are decoupled as SU(2) representation spaces, but they are glued by a
residual U(1) Gauss law. The spin carried by the link is j(/) = N(I)/2.

Under a gauge transformation at a lattice site, the prepotentials at that site transform as
fundamental SU(2) doublets. Therefore, all local solutions of the non-Abelian Gauss law are
obtained by contracting doubletindices with €,5. If al [F,s],s =1,...,2d,denote the prepotentials
attached to the 2d link ends meeting at site n, the elementary local singlet operators are

Lgy (F) = eaﬁaz[F, s]ag[i_’,s’], s<s’. (15)
A general local gauge-invariant state is built as

(s D = [ | @rs@®)5 1007, Loy € Zao. (16)

s<s’

This is the local version of the loop basis. Wilson-loop states are nonlocal objects, and their
products satisfy Mandelstam constraints. In the prepotential language these constraints become
local relations among the occupation numbers /g at a site. For SU(2), they can be solved explicitly,
giving a complete orthonormal local loop basis. The nonlocal Wilson loop is then recovered only
after neighboring local singlets are woven together by the Abelian constraints (14). This is the basic
mechanism by which prepotentials remove spurious gauge-variant degrees of freedom without
introducing an uncontrolled overcomplete Wilson-loop basis [55, 56, 59, 60].
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The original link operator is also reconstructed from the prepotentials. Defining a, = €4pap3,
the SU(2) link matrix has the schematic factorized form

Us(D) = N(N) [a™ (1, L)aj(1,R) +a®(I, L)ag (I, R) | N(N), (17)

with the normalization N'(N) fixed by unitarity and unimodularity. Equivalently, one may write
U(l) = UL (1)Ug (1), where Uy, contains only left prepotentials and Ug contains only right prepo-
tentials. This left-right factorization is conceptually central: the link operator creates or annihilates
matched flux at the two ends of a link, while the local gauge transformations act independently at
the two neighboring sites.

The extension from SU(2) to SU(3) is more than a notational replacement. SU(3) has rank two
and has two fundamental building blocks, the triplet 3 and the anti-triplet 3*. Consequently, at each
end of a link one introduces two independent sets of prepotentials,

al(l,s), b (1, s), a=1,2,3, s=L,R, (18)

where a' transforms as a quark-like triplet and b7 as an antiquark-like anti-triplet. The SU(3)
electric fields are written as

A? A?

ES(D) =a'(l,s)Za(l,s) =b(Ls)Tb'(Ls),  s=LR, (19)
where a = 1,...,8 and A? are the Gell-Mann matrices. The two independent occupation numbers
at each end are

N(.s)=a'(l,s)-a(lis),  M(Ls)=b"(L,s) - b(l,s). (20)

The analog of (14) is now a pair of Abelian Gauss laws,
N(l,L)=M(l,R)isis  M(,L)=N(,R). 1)

They express the fact that the representation at the right end of a link is conjugate to the representation
atthe leftend. In graphical terms, SU(3) has two oriented Abelian flux lines on a link: one associated
with quark flux and the other with antiquark flux. The residual gauge group is therefore U(1)®@U(1),
rather than the single U(1) of SU(2) [57, 61].

At this stage a new feature appears. The naive SU(3) prepotential Hilbert space is larger than
the Kogut—Susskind gauge-theory Hilbert space. The reason is the existence of SU(3)-invariant
quark—antiquark pairs on a single end of a link. It is useful to organize these spurious local singlets
by the Sp(2,R) algebra generated by

_ ¥ 1, «
ke(l,s) =a'(1,9)-b'(Ls),  k-(Ls) =a(l,s)-b(Ls),  ko(l,s) = S (N (L, )+ M(I,5)+3).
(22)
The physical gauge-theory Hilbert space is the p = 0 sector of this Sp(2,R) tower,
HUO =iy e HUO k(L D) = k(LRI =0 Vi 23)

This is the multiplicity problem in prepotential language. It is absent in SU(2), for which the
Schwinger-boson construction automatically creates irreducible representations, but it is unavoid-
able for SU(3) and higher-rank groups [58, 62, 63].



Hamiltonian formulations of lattice gauge theories Indrakshi Raychowdhury

The solution is to replace the reducible SU(3) Schwinger bosons by irreducible prepotentials.
On either end s = L, R of a link one defines

1

N(l,s)+M(l,s)+1
1

N(l,s)+M(,s)+1

Al (1) = aL(l,s) -

ki(l,5)bo(l, ),

B™(l,s) =b™(l,s) — ko(l,8)a®(1, s). (24)
These operators carry the same SU(3)®@U(1)®U(1) quantum numbers as a’ and b7, but they weakly
commute with k_ on the physical subspace,

[k_(I,s), Al (I,5)] =0, [k_(l,s),B"(l,s)] ~0. (25)

Acting on the strong-coupling vacuum, products of A" and BT directly create SU(3) irreducible flux
states, with the Young-tableau symmetries built into the oscillator construction. The link operator
can then be reconstructed in terms of these irreducible prepotentials. Its structure contains the three
possible ways in which multiplication by a fundamental SU(3) matrix changes a Young tableau,

U“s(1) = BT (1, L) n A} (1, R)+A(1, L) 0 B (1, R)+(B(l, L) A AT(l L))” 5 (A(l, R)ABI(1, R))

(26)
where 717, 6 and ¢ are invariant functions of number operators fixed by the SU(3) constraints. The
three terms in (26) correspond to adding a box, removing an anti-box, or reshuffling a mixed

ﬁ ]

representation in the SU(3) Young-tableau language.
Finally, local SU(3) gauge-invariant operators at a site are constructed by contracting the
irreducible prepotentials associated with the 2d adjacent link ends. There are three elementary

types:
Ly (7) = A"[F.s] - BY[F. 5],
ASS’S"(F) = e(lﬁ’yATa [77 S]ATB [Fv S,]ATY [79 S”],
Byysn(n) = €Y BL 7, s1BL[F, /| By [7, s"']. 27

The local Mandelstam constraints become relations among these L, A and B vertices. The important
conceptual point is the same as in SU(2): the non-Abelian constraints are solved locally, and the
remaining nonlocality is only the Abelian matching of flux quantum numbers along links. This is
precisely the structure inherited by the loop—string—hadron formulation with dynamical staggered
matter, to which we now turn.

4.2 From prepotentials to loop—string—hadron variables

The prepotential construction reviewed above is the natural starting point for the loop—string—
hadron formulation [48-51]. In the pure-gauge case, local gauge-invariant states are obtained by
contracting prepotential indices at a site. With staggered matter, the same rule applies, but the list
of local singlets is enlarged: in addition to boson—boson contractions, one can form boson—fermion
and fermion—fermion color singlets. The physical interpretation of these singlets is direct. Boson—
boson singlets are loop segments, boson—fermion singlets are string ends, and purely fermionic
singlets are hadrons.
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This gives a useful way of stating the relation between prepotentials and LSH. Prepotentials are
still covariant objects: they transform as fundamental or antifundamental multiplets at a site. LSH
variables are the invariant composites built from them. Therefore, the passage from prepotentials to
LSH is not a further approximation; it is the final step of solving the non-Abelian Gauss law locally.
What remains are Abelian Gauss laws, which only match the flux quantum numbers carried by
neighboring local singlets. The nonlocal information of a gauge theory is thus reduced to diagonal
flux-matching constraints, while the local Hilbert space is spanned by gauge singlets from the outset.

This feature is particularly easy to illustrate in one spatial dimension, and we focus on the same
for the rest of this section. There is no magnetic plaquette term, and the Hamiltonian consists of the
electric energy, staggered mass term and gauge—matter interaction. In the LSH basis, the first two
are diagonal in local number operators. All nontrivial dynamics is carried by nearest-neighbor string
hopping, written as products of local gauge-invariant transition operators. This should be contrasted
with a completely gauge-fixed formulation: gauge fixing can remove redundant variables, but it
generally produces long-range interactions and is tied to special choices of boundary conditions.
The LSH construction keeps locality while removing the non-Abelian gauge redundancy.

4.2.1 SU(2) LSH basis in one spatial dimension

Consider first SU(2) with one staggered fermion doublet ¥, (x) at site x. In one spatial
dimension, each site is attached to a right prepotential and a left prepotential. In the notation of the
previous subsection, let az, (x, R) and aL (x, L) denote the two bosonic doublets transforming under
the same local SU(2) at site x. The elementary gauge-invariant creation operators may be chosen as

LT (x) = eaﬁaZ(x, L)a;(x, R),
S5 (0) = €apal (x, W (x),
Sai(x) = €apyfy(x)aj(x, L),

1 s
H™ () = 5 €aplliy (¥ (x). (28)

Here L™ creates a local loop segment, ;™" and SJ; create the two possible string ends, and H**

creates an on-site hadron (algebraically it is equivalent to both S;*S7* being acted at a site). The
superscript ++ indicates that the corresponding operator raises the relevant bosonic and/or fermionic
occupation numbers; lowering and mixed operators are defined by Hermitian conjugation and by
replacing a fermion creation operator with an annihilation operator. The precise left/right naming
convention is not essential. What matters is that all objects in Eq. (28) are SU(2) singlets.

The local SU(2) LSH basis can then be labelled by three quantum numbers,
|nl$ni,n0>x’ nj EZZO’ ni,n, € {O’ 1} (29)

This state is created by the action of the local loop—string—hadron operators on the computational
basis vacuum |Q), as:

In1s 18, 10 ) . = Nopnen,, (L750))™ (S (x))™ (S ()™ 19Q), - (30)

The normalization Ny, ,, is fixed by the oscillator algebra. The hadron operator is not an indepen-
dent label in this minimal basis. When both string-end quantum numbers are occupied, the state is

10
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related, through a local Mandelstam identity, to an on-site hadron dressed by the appropriate loop
content. Thus the three numbers (n;, n;, n,,) provide a compact local basis of SU(2)-invariant states.

The residual Abelian Gauss law is the statement that the flux leaving site x equals the flux
entering site x + 1. In LSH variables it becomes the diagonal constraint

ny(x) +n0(x)[l - nl-(x)] =mx+1)+n(x+ 1)[1 —ny(x + 1)] a3

This is the LSH version of the prepotential U(1) constraint in Eq. (14). The non-Abelian Gauss law
has disappeared from the list of constraints because it has already been solved in constructing the
local singlets. Equation (31) only weaves neighboring gauge-invariant sites into globally admissible
flux configurations.

The Hamiltonian takes the same structural form as the Kogut—Susskind Hamiltonian in one

dimension,
HLSH, = HLSH 4 LSt 4 prist (32)
Let
NR(x) = (x) +no () [T =i ()], N(x) = ni(x) +ni(x) [1 = n,(x)] (33)

be the right- and left-going flux numbers at site x. On a physical state these agree across a link by
Eq. (31). The electric energy is a diagonal function of the corresponding SU(2) Casimir,

2
Nr(x) (Ng(x)
HLSH _ ga
E > > > +1], (34)
X
up to the convention-dependent placement of link labels. The mass term is also diagonal,
HLSH = mZ(—l)x [1:(x) + 1, (x)]. (35)
P

All nontrivial motion is in HILSH: it moves a gauge-invariant string end from one site to the next
while adjusting the loop occupation so that Eq. (31) remains satisfied. Schematically,

1 -
= Y [7§U(2> (x.x+1)+hc.|, (36)
X

where ‘7§U(2) is a nearest-neighbor product of local LSH transition operators multiplied by diagonal
normalization factors as detailed in [48]. These transition operators are naturally written in terms
of normalized bosonic ladder operators for n; and fermionic ladder operators for n;, n,. This form
is useful for simulation because it cleanly separates number-dependent diagonal functions from
elementary occupation-number shifts.

Thus the SU(2) LSH formulation has three properties that are central for quantum simulation.
First, the local basis contains only gauge singlets. Second, the remaining constraint is Abelian and
diagonal. Third, the Hamiltonian remains local, with diagonal electric/mass terms and nearest-
neighbor interaction terms. This is the operational advantage of the LSH reformulation over both
the unreduced Kogut—Susskind basis and fully gauge-fixed descriptions [17, 48].
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4.2.2 SU(3) LSH basis in one spatial dimension

The SU(3) construction follows the same logic but has a richer local structure. The prepotential
variables are now the irreducible Schwinger bosons AL and BT introduced in Eq. (24), transforming
respectively as the fundamental and antifundamental representations [58, 61]. In one spatial
dimension, it is convenient to denote the two link ends adjacent to a site by 1 and 1. The staggered
quark creation operator wi, transforms as a fundamental, while ¢, transforms as an antifundamental.
Gauge singlets are therefore obtained by contracting fundamental with antifundamental indices
using o ‘ﬁ’ ,
Civita tensor.

or by antisymmetrizing three fundamentals or three antifundamentals with the Levi—

Among the creation-type singlets, two are purely bosonic and play the role of gauge-loop
excitations,
P =AT(T) BT 1D, @)= AT 1) - B (x, D). 37)

There are also three independent fermionic string-end excitations, which may be represented as

SH(x) =y'(x) - B'(x, 1),
St () =y () [AT(x, 1) AAT(x, D],
St () =y (x) - BT (x,1), (38)

where (X AY)? = e"'BVXﬁYy. Finally, the local baryonic hadron is the completely antisymmetric
singlet
B (x) = e PVl (D (Y (x). (39)
Asin SU(2), the hadronic excitation is not introduced as an independent bosonic occupation number.
It appears through the allowed simultaneous occupation of the fermionic LSH bits.
The site-local SU(3) LSH basis is labelled by two bosonic and three fermionic quantum numbers
[49],
Inp,no;vi,vo.vi), » np,ng € Zso, vi.vo,v1 € {0, 1}. (40)

And is constructed from the computational vacuum |Q) , as:
Inp,ng;vi,vo, vi), = N(PT)"(Q)"2(S7)1(SH) ™ (ST Q) - (41)

The bosonic quantum numbers np, ng count the two independent loop-segment types allowed by the
rank-two gauge group. The three binary variables encode the possible local quark-string endpoints.
If all fermionic bits are occupied, the state contains a local color-singlet baryon; if at least one, but
not all, of them is occupied, the state sources or sinks gauge flux and is naturally interpreted as a
string state.

The residual Abelian Gauss laws are now doubled. Define the outgoing/incoming SU(3) flux
numbers at a site by

P(1,x) = np(x) +vo(x)[1 = vi(x)].
Q(1,x) = ng(x) +vi(x)[1 - vo(x)],
P(1,x) = np(x) +vi(x)[1 = vo(x)],
Q(1,x) = ng(x) +vo(x)[1 - vi(x)]. (42)
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Then a many-site tensor-product state is physical only if
P(1,x) = P(1,x +1), 0(L,x) = Q(Lx +1), (43)

for every link. These are the LSH form of the U(1)®@U(1) prepotential constraints in Eq. (21). They
express the conservation of the two independent SU(3) flux labels across a link. The key point is
that both constraints are diagonal in the LSH number basis.

The Hamiltonian again splits into electric, mass and interaction terms,

Hg() = HRM + Hypt + HPY (44)

The electric energy is the quadratic SU(3) Casimir written in terms of the two flux labels. In the
dimensionless convention commonly used in the one-dimensional LSH literature,

HESH = Z [% (P(Lx)2 +0(1,x)? +P<1,x)Q(1,x>) +P(1,x) +Q(1,x)|, (45)

with the understanding that Eq. (43) lets one equivalently use the flux labels on the opposite end of
the link. The staggered mass term simply counts the number of quark excitations at a site,

HIL\/ISH =u Z(—l)x [Vi (x) +vo(x) + vl(x)] . (46)

The gauge—matter interaction is local and has the same conceptual form as in SU(2), but with three
string-hopping channels,

) [éj(x)@(x+1)+h.c.]. 47)

X 2e{1,0,1}

Each C; is a site-local transition operator built from normalized bosonic ladder operators for
np,ng, fermionic ladder operators for vi, vo, vi, and diagonal functions of the number operators
and is detailed in [49]. The complicated SU(3) Clebsch—Gordan factors of a conventional color
basis are thereby converted into explicit functions of the LSH occupation numbers. This is the
SU(3) analogue of the normalized-ladder simplification in the SU(2) LSH Hamiltonian.

The SU(3) LSH formulation therefore preserves the main advantages of the SU(2) construc-
tion. The non-Abelian Gauss laws are solved by construction; the remaining constraints are Abelian,
diagonal and local along links; and the Hamiltonian is written in terms of gauge-invariant number-
changing operations. The difference is that the rank-two structure of SU(3) gives two loop quantum
numbers, three fermionic string bits, two Abelian Gauss laws and three independent hopping chan-
nels. Numerical comparisons with the completely gauge-fixed formulation in one spatial dimension
confirm the equivalence of the physical spectrum, while avoiding the long-range interactions that
arise after gauge fixing [49]. This makes SU(3) LSH a natural intermediate step between SU(2)
quantum-simulation testbeds and the long-term goal of Hamiltonian lattice QCD.

5. LSH framework beyond one spatial dimension

The preceding construction shows why one spatial dimension is special. Once the non-Abelian
Gauss law has been solved locally, the only remaining constraints are Abelian matching conditions
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along links, and there is no magnetic plaquette term. In higher dimensions the same philosophy must
also accommodate magnetic dynamics. The elementary plaquette operator changes flux around a
closed loop, and its action must be represented without returning to gauge-variant link states or to an
overcomplete Wilson-loop basis. Thus the higher-dimensional problem is not merely to add more
links; it is to find local, orthonormal gauge-invariant building blocks on which plaquette dynamics
acts computably.

In the direct SU(2) prepotential construction on a square lattice, a four-valent site carries four
doublets and hence six local singlet operators,

LIH(P) = €apal, (7, s)a;(?, s, I<s<s <4, (48)

These six loop numbers are not independent. After imposing Abelian Gauss laws on the links,
one still has a local Mandelstam relation at the vertex. This is the on-site version of the usual
loop-overcompleteness problem. With the local loop description, the gauge invariance is manifest,
but the resulting singlet basis contains redundant local descriptions of the same physical state [59].
The difficulty grows with coordination number and dimension [57].

For SU(2), the way around this obstruction is virtual point splitting [60]. A high-valence vertex
is replaced by a small network of trivalent vertices connected by auxiliary virtual links [48]. Ata
trivalent SU(2) vertex there are three elementary gauge-invariant loop excitations,

eapal,(Dag(2),  egpal,(Dag3),  eqpal,(ag(l), (49)

and no independent Mandelstam constraint remains. The price is the appearance of extra virtual
links, but their role is benign: they carry only Abelian flux-matching conditions of the same type
already encountered in one dimension. In two spatial dimensions the point-split square lattice may
be viewed as a hexagonal LSH lattice; in higher dimensions the same construction replaces each
higher-valent site by a trivalent tree. Dynamical matter can be attached to one extra virtual-site on
the point-split vertices, so that loop, string and hadron excitations remain strictly gauge invariant.
The plaquette term is then decomposed into a product of local trivalent-vertex update rules and
Abelian matching conditions on the real and virtual links. This trades a nonlinear local constraint
for additional local bookkeeping, which is a favorable exchange for Hamiltonian simulation for
SU(2) theories [48, 53].

For SU(3), the trivalent vertex becomes even more central. Point splitting is expected to reduce
a higher-dimensional lattice to local trivalent building blocks, but SU(3) representation theory
introduces a new issue absent in SU(2) [50]. A naive LSH occupation-number basis built from
local SU(3) singlet operators is legitimate and avoids explicit Clebsch—Gordan coefficients, but in
some sectors it is not orthogonal. The obstruction is the familiar outer-multiplicity or missing-
label problem in SU(3) tensor products, equivalently, the need to resolve Littlewood—Richardson
multiplicities. The first paper [50] in the recent SU(3) trivalent-vertex series constructs the gauge-
invariant Hilbert space at such a vertex, identifies the sectors where the naive LSH basis is already
orthonormal, and analyses the sectors where an additional label, sometimes phrased as a seventh
Casimir, is required to complete the basis. This result should be viewed as the SU(3) analogue of
the SU(2) point-split local Hilbert-space construction, but with the additional multiplicity structure
made explicit.
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The second paper in the series [51] addresses the next necessary step: once a basis is known, one
must represent gauge-invariant operators in that basis. It gives closed-form actions, or equivalently
an infinite-dimensional matrix representation, for arbitrary gauge-invariant operators at the SU(3)
trivalent vertex. This is important because higher-dimensional Hamiltonian dynamics is built from
such local operator actions. Plaquette evolution on a point-split lattice becomes a product of
corner operations acting at neighboring trivalent vertices, glued by Abelian Gauss laws. Therefore,
the trivalent-vertex basis and its operator representation together provide the local kinematic and
algebraic ingredients needed before constructing full SU(3) magnetic Hamiltonians, Hamiltonian
matrices, or quantum circuits in a gauge-invariant LSH basis.

The present status can therefore be summarized as follows. For SU(2), point splitting gives
a clean route from the one-dimensional LSH picture to higher dimensions: all local non-Abelian
constraints are solved at trivalent vertices, and the remaining constraints are Abelian. For SU(3), the
corresponding program is now being assembled in stages. The basis problem and the local operator-
representation problem for the trivalent vertex have been formulated, while the construction of full
higher-dimensional plaquette dynamics in an orthonormal SU(3) LSH basis remains the next step.
This is precisely the level at which the route from low-dimensional non-Abelian quantum simulators
to Hamiltonian lattice QCD becomes a concrete representation-theoretic and algorithmic problem.

6. Concluding remarks: a quantum simulation perspective

The main advantage of the LSH formulation is that it reorganizes Hamiltonian lattice gauge
theory directly in terms of physical, gauge-invariant local degrees of freedom. The non-Abelian
Gauss laws are solved at the level of the on-site basis. What remains are Abelian Gauss-law
constraints that match flux quantum numbers across neighboring sites. This has three practical
consequences. First, the simulation does not carry a large gauge-variant Hilbert space only to
project it away later. Second, the remaining constraints are diagonal in the LSH number basis and
are useful for sectoring [64], postselection [65], symmetry verification/protection [66, 67] and error
detection [68, 69]. Third, the elementary excitations have a transparent interpretation as loops,
strings and hadrons, making real-time processes such as string formation, string breaking, particle
production and hadron propagation visible in the computational basis [70, 71]. The price is the
presence of bosonic loop quantum numbers, which must be truncated in numerical or quantum-
hardware implementations; however, this truncation is imposed after the non-Abelian constraints
have already been solved.

This structure has already been used in several computational settings. In exact diagonalization,
the LSH basis gives a compact physical Hilbert space and makes symmetry-sector decomposition
transparent. It has been used to compare Hamiltonian formulations and to benchmark the cost of
non-Abelian simulations [17], and more recently to study thermalization and ETH in the (1 + 1)-
dimensional SU(2) theory with dynamical fermions [65]. In SU(2) and SU(3), the LSH formulation
has been used to formulate symmetry-protection terms for preserving gauge-invariant dynamics
under error models, exploiting the fact that the relevant protection operators can be written in
Abelian LSH variables [66, 67]. For digital quantum simulation, LSH variables have been used
to formulate qubit digitizations and physicality oracles: the SU(2) construction checks Gauss-law
consistency in the Abelianized LSH description [68], while the SU(3) extension gives an explicit
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qubit mapping and oracle for the residual flux constraints [69]. General Hamiltonian-simulation
algorithms for correlated bosonic and fermionic number changes have also shown that the LSH
representation lowers costs relative to angular-momentum and Schwinger-boson encodings in the
studied SU(2) theory [72]. In analog simulation, the same local gauge-invariant variables motivated
a cold-atom proposal for real-time string and hadron dynamics in a (1+ 1)-dimensional non-Abelian
gauge theory [73]. Tensor-network calculations have begun to exploit the same local and gauge-
invariant structure: a recent matrix-product-state toolkit for SU(2) LSH was applied to static and
dynamical string breaking, allowing string tension, entanglement growth, energy transport and
microscopic string-dissociation processes to be analyzed in the LSH language [70]. The clearest
recent demonstration of the utility of the LSH encoding is the observation of robust and coherent
non-Abelian hadron dynamics on noisy quantum processors [71]. In that work, a hardware-
efficient SU(2) LSH encoding was used to simulate a 60-site (1 + 1)-dimensional lattice gauge
theory in a weak-coupling regime on a 156-qubit IBM superconducting processor. The calculation
observed light-cone propagation of a confined meson and internal oscillations interpreted as early-
time hadronic breathing modes, using a differential measurement protocol and measurement-error
mitigation. The quantum results were benchmarked against multiple state-of-the-art classical
computation techniques, making this the most concrete large-scale demonstration to date that LSH
variables can support experimentally accessible non-Abelian real-time dynamics on noisy hardware.

The broader recent literature shows that LSH is one route within a rapidly developing land-
scape. Other non-Abelian quantum-simulation strategies [28, 35, 36, 42-46, 74-77] include local-
multiplet and plaquette-based SU(3) encodings, large-N. expansions, gauge-fixed and magnetic
bases, honeycomb and hyperhoneycomb Hamiltonians designed around trivalent vertices, qudit
and continuous-variable encodings, Rydberg/qudit proposals, finite non-Abelian gauge groups, and
variational or thermal-state algorithms for constrained gauge dynamics. To achieve quantum simu-
lation of full QCD, one should therefore proceed in layers. The first layer is the controlled study of
SU(2) and SU(3) theories in one spatial dimension, where ED, tensor networks, analogue proposals
and digital circuits can be cross-benchmarked, and the use of manifestly gauge-invariant language
has been shown to be beneficial. The second layer is the construction of higher-dimensional local
building blocks. For SU(2), point splitting replaces high-valence vertices by trivalent vertices and
trades Mandelstam constraints for additional Abelian matching conditions. For SU(3), the corre-
sponding trivalent-vertex program is being built in two steps: first, constructing the gauge-invariant
Hilbert space and resolving the missing-label/nonorthogonality problem; second, deriving matrix
representations of arbitrary gauge-invariant operators in that basis [50, 51]. The third layer is to
assemble these vertices into plaquette Hamiltonians, automate the matrix elements of magnetic and
matter-coupling terms, and translate them into tensor-network ansitze, analog simulator designs
and digital circuits. The fourth layer is to add the ingredients needed for QCD: SU(3), dynamical
quarks, multiple flavors, controlled bosonic cutoffs, continuum-limit scaling, and observables rel-
evant to flux-tube dynamics, string breaking, hadronization and thermal response. The long-term
goal remains to encode QCD on qubits and to choose a physical Hilbert-space language in which
the simulation naturally respects gauge invariance and in which the measured quantum dynamics
can be interpreted in terms of loops, strings, and hadrons.
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