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1. Introduction

The quark-gluon plasma is a state of matter in which quarks and gluons are not confined within
the hadronic scale of size Λ−1

QCD. Instead, color charges are screened over a distance (the Debye
screening length), and a deconfined but strongly interacting medium of quarks and gluons is formed.
On the lattice, this is signaled by a rapid rise of the QCD pressure with temperature at the crossover
temperature )2 ∼ 156MeV. Below )2 , the pressure is found to be in good agreement with the
hadron resonance gas (HRG) model, whereas above )2 there is a clear disagreement [1]. As the
HRG description breaks down, this indicates that new degrees of freedom, different from hadrons,
contribute to the pressure. However, the pressure is still very different from the Stefan–Boltzmann
limit at ∼ 300 MeV, and it has recently been shown that even at temperatures of order ∼ 170 GeV,
the pressure and energy density remain different from their Stefan–Boltzmann limits [2].

Experiments that probe the properties of the quark-gluon plasma are carried out in heavy-
ion collision experiments at RHIC, with center-of-mass energies up to 200GeV/nucleon, and at
the LHC, with energies up to 5.2 TeV/nucleon. At RHIC, collisions are also performed at lower
energies in order to study the QGP at finite baryon density. In these collisions, a QGP is formed
with a lifetime of approximately ∼ 10 fm, during which various observables can be used to study its
properties. These include several dynamical probes such as quarkonium suppression in the QGP,
direct photon production, jet quenching, and elliptic flow in non-central collisions. Since the plasma
created at these collision energies is strongly interacting and non-perturbative, a lattice-QCD-based
understanding of these phenomena is essential.

Understanding the dynamical, or real-time, properties of these probes from lattice QCD is
challenging. On the lattice, one computes correlation functions in Euclidean time, and an analytic
continuation to real time is required. This is equivalent to calculating the spectral function of
the corresponding correlator [3]. The relation between the correlation function and the spectral
function is expressed by the following general equation:

��Γ (g) =
∫ ∞

0

3l

c
dΓ(l)

cosh
[
l

(
g − 1

2)

)]
sinh

[
l

2)
] . (1)

Here, ��
Γ
(g) denotes the Euclidean correlation function of a bosonic operator $Γ, computed on

the lattice in a given quantum channel Γ. The corresponding spectral function, dΓ(l), contains the
real-time information about the observable of interest and is given by,

dΓ(l) =
∫ ∞

−∞
3C 4 8lC

〈
[$Γ(C), $Γ(0) ]

〉
. (2)

However, the inversion of Eq.(1) to obtain the spectral function is an ill-posed problem. This is
primarily because the Euclidean correlator on the lattice is computed at a finite number of temporal
points, limited by the lattice spacing and the temporal extent, whereas the spectral function is a
continuous function of l. In addition, the lattice correlator carries statistical uncertainties, which
can be exponentially amplified in the spectral function due to the structure of the kernel in Eq.(1). As
a result, additional physical constraints must be imposed on the spectral function. These constraints
often originate from perturbative QCD and various effective field theories.
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Figure 1: (Left) The renormalized �� and �� correlators for different lattice spacings in # 5 = 0 [16].
(Right) The renormalized �� correlator at various temperatures for # 5 = 2 + 1 [20].

These proceedings focus on some recent lattice QCD calculations of spectral functions that
are relevant for understanding the non-perturbative dynamics of QGP probes. In particular, in the
next section I will discuss recent results on the heavy-quark diffusion coefficient. This quantity
therefore provides an important input for understanding the rapid thermalization of charm quarks in
the QGP, which appear to thermalize almost as rapidly as light quarks. In Sec. 3, I will focus on the
in-medium static quark-antiquark potential and quarkonium spectral functions, which are crucial for
understanding in-medium quarkonium suppression [4]. For a recent review of heavy flavor on the
lattice at finite temperature, see [5]. Thermal photons produced in the plasma are another important
probe to study the QGP, as they are emitted at every stage of heavy-ion collisions. In Sec. 4, I will
present recent results on the thermal photon production rate from the QGP. At the end, I will also
discuss some recent lattice results related to the chiral magnetic effect (CME).

2. Heavy Quark Diffusion

The heavy-quark diffusion coefficient is related to the current conservation of the heavy-quark
current �8 = k̄(®G, C)W8k(®G, C). The diffusion coefficient is defined through the spectral function
d88 (l) of the correlator �88 (g) =

∫
33®G 〈�8 (g, ®G)�8 (0, ®0)〉 by the Kubo relation [8],

� =
1

3 j00
lim
l→0

3∑
8=1

d88 (l)
l

, (3)

where j00 =
∫ V

0 3g �00(g) is the quark number susceptibility. However, extracting the transport
peak from the heavy-quark vector correlation function using Eq.(1) is extremely difficult. This is
because the transport peak width, 64)2/" , is very small for a heavy quark, and the correlator is
mostly insensitive to the contribution from the spectral function in this region [6].

As a result, a different correlator has been suggested in [7, 8]. Using this, one calculates the
momentum-diffusion coefficient directly, and then the position-space diffusion coefficient can be
obtained using the fluctuation-dissipation theorem. The idea is that, since the heavy-quark diffusion
time scale, ∼ "

) 2 , is much larger than the thermal scale, 1
)
, the motion of the heavy quark inside the
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plasma can be described by a Langevin equation [6]:

3?8

3C
= −[� ?8 + �8 (C), 〈�8 (C)�9 (C ′)〉 = ^X8 9X(C − C ′) (4)

Here, [� is the drag coefficient and ^ is the momentum-diffusion coefficient, which determines the
strength of the random force from the plasma acting on the heavy quark. The momentum-diffusion
coefficient can then be calculated from the force-force correlator [8, 9],

^ =
1
3

∫ ∞

0
3C〈�8 (C)�8 (0)〉 = ^� +

2
3
E2^� (5)

where ^� and ^� are the chromo-electric and chromo-magnetic contributions of the force ®� =

6( ®� + ®E× ®�), respectively. Using a rigorous NRQCDmass expansion, one can derive the correlator
for the ^� and ^� contributions, which is given by

�$ (g) = −
ReTr(* (V, g)6$8 (g)* (g, 0)6$8 (0))

3 Tr(* (V, 0)) , (6)

Here, the operator $, which can be a chromo-magnetic or chromo-electric field, is attached to a
Polyakov loop at a separation of g. (It is important to mention that a similar correlator also arises in
the decay of quarkonium via singlet-to-octet transitions, where two electric fields are connected by
an adjoint Wilson line. This has also been studied on the lattice [57].) The spectral function d$ (l)
is related to this correlator by Eq.(1). The corresponding coefficient is then given by the Kubo
formula, ^$ = 2) liml→0

d$ (l)
l

. The advantage of this correlator over the vector channel spectral
function is that it does not have a narrow transport peak. Rather, the spectral function d$ (l)

l
is flat

near l ∼ 0, and ^$ can be obtained from the finite intercept of the spectral function at l = 0. This
correlator has been studied on the lattice extensively in [10–17, 20].

The correlator in Eq.(6) requires renormalization due to the finite renormalization of the
� and � fields attached to the Polyakov loop line. There have been various methods used for
the renormalization of these correlators, as discussed in [11, 13, 14, 16]. The correlators after
renormalization are shown in Fig. 1. The left panel shows good agreement between different
lattice spacings in the quenched calculation [16]. The right panel presents the renormalized and
continuum-extrapolated �� correlator for 2 + 1 flavor QCD at various temperatures from [20]
(In the low-temperature region, ) < 205 MeV, results with <c = 161 MeV are used, while
from ) ∼ 352 MeV onward results with <c = 320 MeV are shown. In the intermediate region,
both pion masses have been used for the continuum extrapolation, as the mass dependence is
found to be small). The correlator in this figure is divided by the free correlator to visualize the
contribution from the transport region in the plot. We see that at small temperature this quantity has
a significant curvature, which gradually goes away as the temperature increases, indicating a larger
momentum transport coefficient at small temperature compared to high temperature. To calculate
the momentum diffusion coefficient, one has to assume a form of the spectral function from the
available physics input. The form that has been widely used to extract the spectral function is

d$ (l) =

^$ l

2)
, IR (transport)

dNLO, dLO, UV (perturbative).
(7)
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Figure 2: The momentum diffusion coefficients (Left) ^� and (Right) ^� have been plotted as a function of
temperature for the # 5 = 2 + 1 [15, 17, 20] and # 5 = 0 [12, 13, 16, 18] cases. The figure is taken from [20].

The IR and UV forms are connected through various interpolations, and the spread among these
choices is used to estimate the systematic uncertainty in ^$. The value of ^�,� from such fits is
shown in Fig. 2, where the ^ values from various quark masses and quenched calculations from
different lattice groups are included. We see that ^�,�/)3 is a decreasing function of temperature,
as also expected from curvature. The ^ values for # 5 = 3 and # 5 = 0 agree within error bars,
indicating that the dynamics at high temperature are gluon dominated. This behaviour of ^ is
consistent with the $ (64) perturbative behaviour in [20] for both ^� and ^�.
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Figure 3: Heavy-quark spatial diffusion co-
efficient from [20].

The heavy-quark spatial diffusion coefficient can
be obtained from the fluctuation-dissipation theorem,
�B =

2) 2

^

〈?2 〉
3") , where ^ is the momentum diffusion

coefficient. The quantities 〈?2〉 and 〈E2〉 have been
estimated in [20] within a quasi-particle framework. In
this approach, the heavy-quark susceptibility is fitted
using lattice data for charm and the HRG model for
bottom to extract a temperature-dependent mass, which
is then used in a Boltzmann distribution to determine
〈E2〉. Using these inputs, the resulting �B is shown in
Fig. 3.

We find that the mass dependence cannot be re-
solved within the current uncertainties. At high tem-
perature, �B approaches the perturbative expectation,
while near )2 it tends toward the AdS/CFT limit. How-
ever, other estimates, including Bayesian analyses of

heavy-ion collision data and results from the ALICE collaboration, yield systematically larger val-
ues than lattice calculations. The comparatively small lattice values indicate a faster thermalization
rate of charm quarks, which in turn leads to the observed large elliptic flow of heavy-light mesons.

The heavy-quark diffusion has also been calculated in the over-occupied classical non-thermal
regime of infrared gluons, which is relevant in the early stages of heavy-ion collision experiments
[19, 58]. In this approach, the heavy quarks are evolved quantum mechanically using the Dirac

5
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equation together with the classical evolution of the gauge fields.

Figure 4: Momentum diffusion coefficient as a
function of the inverse quark mass from [19].

Themomentum distribution of the heavy quarks
is calculated, and its second moment is observed to
grow linearly with time after sufficiently long time
evolution, indicating diffusive behavior. The mo-
mentum diffusion coefficient is then extracted from
the slope of this linear growth. The resulting ^ from
[19] is shown in Fig. 4 as a function of the inverse
quark mass, indicating larger momentum diffusion
for charm quarks compared with the static infinite-
mass limit.

3. Thermal potential and Quarkonia spectral functions

Quarkonia have played an important role in probing the properties of the quark-gluon plasma
(QGP) since the seminal proposal of [4]. Understanding their propagation inside the QGP is
essential for interpreting quarkonium suppression observed in heavy-ion collisions [22]. Since the
heavy-quark mass satisfies "@ � ),ΛQCD, the real-time propagation of quarkonia in the QGP can
be described in terms of a thermal potential [23, 25]. To define this potential, we consider the thermal
correlator � (C, A) = 〈$̄ (A, C)$ (A, 0)〉) of a static quark-antiquark pair separated by a distance A ,
with $ (A, C) = &(A/2; C)* (A/2,−A/2; C)&(−A/2; C). In the static limit, � (C, A) = 4−28"C, (A, C),
where , (A, C) defines the real-time Wilson loop. The thermal potential is then obtained from the
long-time behavior of this Wilson loop, as limC→∞, (A, C) ∼ 4−8+) (A )C .

On the lattice, one has access to the Euclidean-time Wilson loop, and the analytic continuation
to real time is related to the ill-posed problem discussed in Eq.(1). In the " → ∞ limit, this
connection can be written through the spectral representation [21],

, (A, g) =
∫ ∞

−∞
3l d(l, A) 4−lg (8)

, (A, C) =
∫ ∞

−∞
3l d(l, A) 4−8lC . (9)

At zero temperature, the Wilson line correlator shows a pure exponential decay at large Eu-
clidean time. As a result, the potential can be extracted from this exponential decay.

At finite temperature, the potential becomes complex [23, 24]. The real part is related to color
screening in the medium, whereas the imaginary part is related to Landau damping of the heavy-
quark pair and the singlet-to-octet transition rate. This imaginary part is ultimately responsible for
the thermal decay width of various quarkonium states. Because of the complex nature of the finite-
temperature potential, the Euclidean Wilson loop does not behave as a pure exponential decay at
large g, and therefore the analytic continuation from Euclidean time to real time, g → 8C, becomes
non-trivial. On the lattice, various Bayesian approaches, ranging from the Maximum Entropy
Method to Bayesian reconstruction, have been used to study this thermal potential [21, 26].

6
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Figure 5: Asymmetry function �(A, g) as a func-
tion of g, for an #g = 32 lattice, with <c = 320
MeV [28].

A useful observable was constructed in [27] to
study the analytic structure of the EuclideanWilson
loop, �(A, g) = −mg log

[
, (A ,g)

, (A , 1
)
−g)

]
, motivated by

the HTL structure of the correlator [23]. In Fig. 5,
a recent version of this quantity from [28] is plotted
as a function of g, which shows a flat behaviour
over a range in g. This fact puts strong constraints
on the structure of the g dependence of the cor-
relator. Using this, and keeping in mind that at
large time , (A, g → 8C) ∼ 4−8 +) (A ) C , one can
derive the following parametrization of the Wil-
son line correlator in the range 0 � g � 1

)
[27],

, (A, g) = � 4
−+A4 (A )g−

V+8< (A )
c

log
[
sin

(
cg
V

)]
. Using this parametrization, and following Eq.(9), one

can obtain the structure of the spectral function for a well-defined potential. This yields a spectral
function that is Lorentzian near l ∼ +re, with an exponential low-l tail and a power-law high-l
tail. This parametrization describes the lattice correlator over a large range of g. The resulting
potential in the case of 2+1 flavor QCD with a pion mass of 320 MeV is shown in Fig. 6 from [28].
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Figure 6: (Left) Real part and (Right) Imaginary part of the thermal potential for various temperatures with
<c = 320 MeV [28].

The real part on the left panel shows confining behaviour at ) = 110MeV, which is below the
)2 ∼ 180 MeV. Once the temperature rises above )2 , color screening is observed, directly indicating
the deconfined nature of the plasma. We also see, on the right panel, a finite imaginary part,
which increases with both temperature and distance. It is also shown in [28] that this potential has
substantial non-perturbative contributions compared to the corresponding perturbative potential.

In the medium, singlet quarkonium can absorb a thermal gluon and move to a color-octet state,
whose description requires the color-octet potential. However, this potential is difficult to define
on the lattice, since the octet state is not gauge invariant. Even in Coulomb or temporal gauge,
the extracted potential describes a &&̄&adjoint system rather than a pure octet state [47]. Therefore,
in [29], an alternative strategy was used, where the octet potential was extracted from the hybrid
potential without gauge fixing. This is done by attaching gluonic operators, �I and �+ = �G + 8�H ,
to the spatial part of the Wilson loop, projecting onto the Σ−D and ΠD channels, respectively.
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Figure 7: Hybrid potential below )2 , combining
short- and long-distance data from [29, 48].

At zero temperature, this potential for # 5 = 0
is shown in Fig. 7, where the long-distance data
points are taken from a coarser lattice study [48],
and the short-distance part is taken from [29]. Only
one additive constant for the standard Cornell po-
tential is adjusted to match the coarser and finer
lattice data points, after which the hybrid potential
automatically agrees there. We see that, unlike the
standard Cornell potential, the short-distance part
of the hybrid potential is repulsive, which can be
understood as a contribution from the color-octet

channel, whereas the large-distance part in all channels is attractive due to confinement.
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Figure 8: (Left) Real part and (right) imaginary part of the thermal potential for various temperatures in the
hybrid channels �I and �+ = �G + 8�H , compared with the standard singlet-channel potential for the # 5 = 0
case [29].

At finite temperature, similar to the potential from the Wilson loop, the hybrid potential is
also complex. The resulting potential for these two channels is displayed in Fig. 8. We see that
the real part of the hybrid potential is the same in the two channels considered, namely �I and
�+, at all distances, and approaches the standard potential from the Wilson loop at large distances,
which indicates strong evidence of color screening in the plasma. In the case of the imaginary part,
unlike the standardWilson loop potential, the imaginary part of the hybrid potential is finite at short
distances, and it is also operator independent up to A) ∼ 1. In [29], this operator-independent part
has been interpreted as an estimate of the thermal potential between a static&&̄ pair in a color-octet
configuration. This calculation suggests that in the medium no hybrid or color-octet bound state is
possible.

The thermal potential can be used to study the quarkonia spectral function, which can be
computed in the threshold region l ∼ 2" by solving the Schrödinger equation for the real-time
forward correlation function [25] as follows,{

8mC −
[
2" ++) (A) −

∇2
®A
"

]}
�Γ> (C; ®A, ®A ′) = 0, �Γ> (C; ®A, ®A ′) ∼ X3(®A − ®A ′),

dΓ(l, :) ∝ lim
A→0, A ′→0

∫ ∞

−∞
3C 48lC �> (C; ®A, ®A ′).

(10)
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Figure 9: (Left) [2 and (Right) [1 spectral function obtained from the thermal potential in Fig. 6 [28].

Here, �Γ> (C, ®A, ®A ′) is the real-time forward correlation function. The spectral function is then
related to the Fourier transform of this function. The quarkonium spectral function from [28],
obtained using this method in the pseudoscalar channel near l ∼ 2" , is shown in Fig. 9. The large-
l part of the spectral function is smoothly matched to the perturbative vacuum spectral function in
the region l � 2" .

These spectral functions suggest that, in the temperature range considered, only the ground-
state peak survives. The thermal decay width of [2 (1() is much larger than that of [1 (1().
Around ) ∼ 300MeV, the [2 (1() peak becomes too broad to be associated with a well-defined
charmonium state, whereas a clear [1 (1()-like signal remains. It has been found that in-medium
bottomonium exhibits a thermal mass shift, while the charmonium mass remains consistent with its
zero-temperature value. This has been interpreted as a consequence of the fact that the peak position
depends on both the real and imaginary parts of the potential. While the screening of the real part
tends to lower the mass relative to its zero-temperature value, the imaginary part tends to shift the
peak toward larger values. These findings suggest that, up to the temperatures shown in Fig. 9,
the effect of the imaginary part is significantly stronger for charmonium than for bottomonium.
These spectral functions have also been found to be consistent with the direct measurement of the
corresponding correlator from the lattice in the pseudoscalar channel.

The extraction of the static potential has also been extended to non-zero density and was
presented at this conference for the first time [55]. For physical-pion-mass configurations, the
results show a significant modification of the potential at large distances, obtained from the second-
order coefficient in the Taylor expansion at ) = 151MeV. This points to an enhancement of
both color screening and damping effects at nonzero chemical potential. This may have important
implications for understanding quarkonium behavior in low-energy heavy-ion collisions at RHIC.

The static potential cannot distinguish between quarkonia in the pseudoscalar and vector
channels. In this approximation, both states have the same thermal decay width and thermal
mass shift. To distinguish the thermal effects on these states, one needs to calculate the spin-spin
contribution at finite temperature. This has been calculated for the first time in [56] for the # 5 = 0
case. The key finding suggests a larger thermal decay width for the pseudoscalar state compared to
the vector state.

The calculation of screeningmasses at high temperature can also be formulated as a bound-state

9
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Figure 10: (Left) Prediction of the screening mass from the spatial Wilson loop potential [34]. (Right) T-L
correlator from lattice compared with the NLO + LPMLO prediction [33].

problem of two quarks with effective mass ∼ c) , described by a Schrödinger equation analogous
to that for quarkonia [50]. In this framework, the potential can be constructed by matching the
perturbative short-distance potential to a non-perturbative potential extracted from spatial Wilson
loops at distances A ∼ 1/<� . The mass splitting between the pseudoscalar and vector channels has
recently been shown to bewell described by the spin-spin interaction. The corresponding expression
for the spin-spin interaction in 2+1 dimensions has been derived independently in [34, 35]. The
resulting predictions for these two channels are shown in the left panel of Fig. 10, where the
screening-mass data are taken from [36, 37]. These results further illustrate the important role of
non-perturbative magnetic gluonic modes in the description of screening masses at asymptotically
high temperature.

It has been shown that screening masses can provide useful input for spectral-function re-
construction techniques [51, 52]. In this approach, the spectral function is written in terms of
thermoparticle contributions based on causality arguments. The parameters in this representation
can then be fixed from the spatial screening correlator and cross-checked against the temporal
correlator.

4. Thermal Photon Rate

Electromagnetic probes, namely dileptons and thermal photons, are other important probes
to study the properties of the Quark-Gluon Plasma [30]. Photons are produced in all stages of
heavy-ion collision experiments, including the early and late stages of the collision. A better
understanding of the thermal photon rate from lattice QCD will be important for disentangling the
contributions of various sources to the photon rate from the plasma, which will eventually be helpful
in understanding the direct photon puzzle in photon data [61]. The thermal photon rate from the
medium at a given temperature is proportional to the trace of the electromagnetic spectral function,
d+ (l, ®:) = 6`ad`a (l, ®:) = −(2d) (l, ®:) + d! (l, ®:)) evaluated at the light cone l = | ®: | [30].
Here ) and ! refer to transverse and longitudinal components, respectively. The desired correlator
in this case, on the right-hand side of Eq.(1), is

�`a (g, ®:) =
∫

33®G 48 ®:. ®G 〈�` (®G, g)�a (®0, 0)〉) . (11)
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Here �` (®G, g) = k̄(®G, g)W`k(®G, g) is the electromagnetic current of the light quark. Only the
connected part of the correlation function is needed because, in the degenerate massless limit of the
D, 3, and B quarks, the disconnected part drops out from the expression of the photon rate.

The extraction of the photon rate from Eq.(1) is difficult, as the large *+ part of the spectral
function dominates over the contribution from the light-cone region in the correlator. As a result, a
different observable has been proposed [31, 32], which is defined in terms of the difference between
the transverse and longitudinal components of the spectral function as d� = (2d) − 2d!). At zero
temperature, because of the Ward identity, one has d) = d! . Therefore, the correlator d� displays
only pure thermal effects, and as a result, the*+ part is suppressed, which enhances the contribution
to the correlator from the light-cone region. In addition, it has been shown that the spectral function
satisfies the following sum rule,

∫ ∞
0 3ll d� (l, ®:) = 0, and also has an asymptotic expansion of

the form d� ∼ 1
l4 [32]. These constraints have been used for the spectral reconstruction.

In the right panel of Fig. 10, the ) − ! correlator from the lattice is compared with the
NLO + LPMLO (Landau-Pomeranchuk-Migdal resummation) calculation for # 5 = 0, as a function
of g for various values of momentum [33, 41]. We see that at small momentum the correlator is very
flat, indicating a sharp peak near l ∼ 0, and as the momentum increases, the peak gets broadened
and the correlator develops significant curvature. We also observe that the correlator at small
momentum deviates significantly from the perturbative prediction, whereas at larger momentum it
becomes quite close to the perturbative result; however, a finite non-perturbative effect still persists.
For the # 5 = 2 + 1 flavor case at ) = 220MeV, this non-perturbative effect is found to be much
more dominant [33]. Using such a correlator, the photon rate has been estimated by evaluating the
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Figure 11: Lattice estimate of the effective diffusion coefficient compared with the NLO +LPMLO estimate.
(Left) # 5 = 0 at 470 MeV [33]. (Right) # 5 = 2 + 1 at 220 MeV [33].

spectral function using Eq.(1) in [32, 33]. In [33], various spectral reconstruction techniques have
been used to estimate the photon rate, including physics-inspired model fitting, the Backus-Gilbert
(BG) method, as well as Gaussian Process regression [59, 60], all subject to the constraints from
the sum rule (except the BG method) and the asymptotic expansion. The result for the photon rate,
written in terms of the effective diffusion coefficient �eff(:) = d� (l= | ®: |, ®:)

2j@ | ®: |
, is displayed in Fig. 11.

The variation of the photon rate extracted using various methods gives the systematic uncertainty
in the photon-rate estimation from the lattice. The continuous band represents the photon rate from
perturbative NLO + LPMLO. We see that in the case of quenched QCD in the left panel, which
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Figure 12: The lattice calculations of (left) �� (l1) and (right) �� (l1) − �� (l2) are compared with the
corresponding results from weak-coupling AMY, free theory, and N = 4 SYM [38].

is at a temperature of 470 MeV, the photon rate is consistent with the perturbative NLO + LPMLO

curve, whereas in the case of # 5 = 2 + 1 flavor QCD with a temperature of 220 MeV, the photon
rate is below the perturbative estimate. The NLO + LPMLO photon rate at the light cone is entirely
controlled by the coupling set by the temperature scale, and as a result, it may be expected that at
low temperature the non-perturbative effect exists even at high momentum.

An interesting approach has also been explored in the calculation of the photon rate by using
Matsubara correlators calculated on the lattice at imaginary spatial momentum [38]. The idea
behind this is to write a dispersion relation for a given light-like virtuality (:2 = 0), instead of
working at fixed momentum as is typically done in spectral reconstruction studies such as [33].
For this purpose, the following transverse screening correlator at imaginary momentum : = 8l= is
used,

�� (l=) = −
∫ V

0
3G0

∫
33G

(
48l=G0 − 48l=G2

)
4l=G3 〈 91(G) 91(0)〉

This quantity has then been shown to be directly related to the spectral function on the light
cone, f(l) = d� (l, | ®: | = l), as follows:

�� (l=) = −
l2
=

c

∫ ∞

0
3l

f(l)
l

(
l2 + l2

=

) . (12)

The kernel in Eq.(12) has interesting properties. Both�� (l1) and�� (l2) are sensitive to soft
photon radiation, whereas the difference �� (l1) − �� (l2) is sensitive to hard photon radiation.
The lattice results for �� (l1) and �� (l1) − �� (l2) at ) = 254MeV in 2-flavor QCD, obtained
in [38], are shown in Fig. 12. The figure also compares these results with weak-coupling AMY
calculations [40], N = 4 SYM, and the free theory. The lattice estimate for �� (l1) is larger than
both the free theory and the N = 4 SYM result; however, it is smaller than the weak-coupling
prediction. On the other hand, the difference �� (l1) −�� (l2) is consistent with the perturbative
calculation. A more recent precise calculation of �� (l2) shows that, although �� (l1) −�� (l2)
remains consistent with the AMY calculation, it lies somewhat on the lower side of the AMY result
[39]. This is due to the fact that the kernel receives most of its contribution from the hard-photon
part in the case of �� (l1) − �� (l2).
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From this spatial correlator, the photon rate has also been computed in [38] using Eq.(12). At
largel, f(l) is taken from the AMY calculation; however, at smalll, where the AMY description
breaks down, a Lorentzian form is assumed. These two regions are then smoothly matched at an
intermediate frequency. The parameters of the Lorentzian are varied to match the value of �� (l1).
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Figure 13: Photon rate obtained from �� (l1) [38].

The photon rate obtained in thisway is shown
in Fig. 13, together with the AMY rate. The re-
sults indicate a smaller soft-photon rate compared
to the AMY prediction.

From the intercept, the light-quark diffusion
coefficient is also estimated in [38] as

�) = lim
l→0

f(l))
2jBl

. (13)

It is found to lie in the range �) = 0.35 to 0.54,
estimated by varying the coupling constant over
the range UB = 0.25 to 0.31. This value of �) is

found to be smaller than the weak-coupling result, but much larger than the AdS/CFT prediction,
�) = 1

2c . This value is also consistent with previous estimates in [46].

5. Chiral Magnetic Effect

The Chiral Magnetic Effect (CME) refers to the fact that an electric current is generated in the
presence of an external magnetic field and a chiral chemical potential, which probes the density
difference between left- and right-handed fermions, given by ®�CME ∝ `5 ®�. The chiral chemical
potential can be generated either by applying an external electric field parallel to the external
magnetic field ®� or in non-Abelian gauge theories, where configurations with parallel color electric
and magnetic fields are naturally present due to topological transitions between the vacuum states.
This implies an increasing conductivity along the magnetic field, f ∝ � (�2) for QCD (QED),
respectively. In non-central heavy-ion collision experiments, a huge magnetic field is produced in

Figure 14: (Left) Electrical conductivity as a function of applied magnetic field [44]. (Right) CME
conductivity as a function of temperature.

the early stage, which can lead to an enhancement of conductivity along the direction of themagnetic
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field and is currently under experimental investigation. On the lattice, however, the conductivity
in the presence of a magnetic field has been measured to probe the CME effect [42, 43]. The
CME effects referred to here correspond to the non-equilibrium CME, since the equilibrium CME
current vanishes in a homogeneous system [53]. At this conference [44], a recent calculation of
the conductivity in the presence of a magnetic field has been performed from the connected part of
the 〈�I (g)�I (0)〉 correlator. This has been done using various spectral reconstruction techniques
and using the Kubo formula for conductivity extraction. The resulting conductivity as a function
of the magnetic field is plotted in the left panel of Fig. 14 at 1.5)2 in the quenched approximation.
In this plot, the conductivity obtained from different spectral function methods, including Gaussian
Process Regression, the mid-point method, unsupervised learning, and the Backus-Gilbert method,
is shown. All the methods indicate consistent behavior, namely that the conductivity rises with
the magnetic field, although small differences persist between the methods. The results are also
consistent with the staggered calculation in [42].

Although these results are indicative of a CME effect in the presence of a magnetic field, it is
difficult to precisely disentangle the CME conductivity from the standard ohmic (Hall) contribution.
As a result, one calculates the CME conductivity from the correlation function of the axial charge
�45(G, C) =

∑
5

∫
33®G k̄ 5 (®G, C)W4W5k 5 (®G, C) and the vector current �I on the lattice in Euclidean

time, and then again calculates the conductivity using the Kubo formula [45]. The result for this in
full QCD was presented in the proceedings of Lattice 2024 [49], where the connected part of the
correlator is used and the CME conductivity has been extracted from the mid-point of the correlator.
Based on these data, the authors of the same proceedings also used the Gaussian process regression
method for the extraction of the conductivity [59, 60]. The resulting conductivity is shown in the
right panel of Fig. 14, for various lattice spacings and temperatures. This figure illustrates that a
non-zero CME conductivity sets in as the temperature rises beyond )2 ∼ 155MeV. This is the first
time such a study has been carried out in QCD at thermal equilibrium, although other systematics
related to the continuum limit and interpretation are still in progress.

CME currents have also been studied in fully out-of-equilibrium setups using classical real-time
gauge field simulations coupled to quark fields evolved via the Dirac equation [54].

6. Conclusion

In these proceedings, I have discussed recent achievements in lattice QCD studies of real-time
properties of the quark-gluon plasma (QGP). The main topics include heavy-quark diffusion, the
thermal potential and quarkonium properties, thermal photon production, and the chiral magnetic
effect (CME).

For the extraction of the diffusion coefficient, I presented results for the heavy-quarkmomentum
diffusion coefficient in 2 + 1-flavor QCD down to )2 , using both EE and BB correlators, and these
results are compared with the # 5 = 0 case on a common physical temperature scale, where they
are found to be in good agreement, as shown in Fig. 2. The spatial diffusion coefficient is then
obtained from the momentum diffusion coefficient using the fluctuation-dissipation theorem, and it
is observed in Fig. 3 that the diffusion coefficient approaches the AdS/CFT value near )2 , while it
tends toward the perturbative result at higher temperatures. Overall, these results indicate a large
momentum diffusion coefficient for heavy quarks, suggesting rapid thermalization in the medium.
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On the other hand, the momentum diffusion coefficient has also been estimated from the evolution
of heavy quarks in a classical background gauge field, which indicates a large correction to the
charm momentum diffusion coefficient, as shown in Fig. 4.

I have presented recent results on the thermal potential relevant for the study of quarkonium
propagation. The potential has been extracted from Wilson line correlators, using strong physics
constraints on the spectral function originating from the plateau observed in Fig. 5. The results
suggest mediummodifications of both the real and imaginary parts: the real part displays screening,
although the strength of screening is smaller than the perturbative HTL value, while the imaginary
part shows a large thermal damping rate of quarkonium states in the medium. Using a similar
constraint, the potential has also been extracted for hybrid states, which also suggests color screening,
and at all distances the real part of the hybrid potential in the medium agrees irrespective of the
quantum channel considered. At this conference, for the first time, corrections to the thermal
potential at small non-zero density have been presented, indicating enhanced color screening and
damping at finite density. All these lattice results suggest that color screening is an inevitable
feature of the QCD thermal medium, and this potential must be used for a proper description of
quarkonium propagation in the QGP. In this context, I have also discussed quarkonium spectral
functions obtained from this in-medium potential, as shown in Fig. 9. These results suggest that the
[2 state melts around) ∼ 300MeV, while the [1 state survives up to this temperature. Furthermore,
the first-ever calculation of the spin-spin interaction, presented at this conference, suggests a larger
decay width for the pseudoscalar state compared to the vector channel. In a different context, the
spin-spin interaction has also been used to describe the mass splitting between the pseudoscalar and
vector screening masses in the QCD medium, as shown in the left panel of Fig. 10.

I then discussed recent results on the thermal photon rate from lattice )–! correlators, another
important probe to study QGP properties. As shown in the right panel of Fig. 10, at) = 470MeV for
the # 5 = 0 case, non-perturbative effects in the correlator are stronger at small momentum, while
at higher momentum the general behavior is reproduced, although some residual non-perturbative
effects remain. The spectral function, and hence the photon rate, is then estimated using various
physics constraints, subject to sum rules and the asymptotic behavior of the )–! spectral function.
The photon rate is shown in Fig. 11 for both quenched QCD at ) = 470MeV and full QCD at
) = 220MeV. The results suggest that at ) = 470MeV the photon rate is consistent with the
NLO+LPMLO estimate, while in full QCD at ) = 220MeV the estimates tend to show a somewhat
smaller photon rate compared to the NLO + LPMLO result. There have also been estimates of
the photon rate from spatial screening correlators at imaginary momentum, which suggest that in
two-flavor QCD the photon rate at soft momentum lies on the lower side of the AMY estimate, as
shown in Fig. 13. Finally, I presented results showing increasing conductivity in the presence of a
magnetic field, providing evidence for CME-related conductivity. To quantify the CME contribution
separately from the standard Ohmic conductivity, the CME conductivity has been calculated, and
a preliminary version of the result is shown in the right panel of Fig. 14. The results suggest a
non-zero CME conductivity in the QGP phase.

Overall, the results presented in these proceedings highlight the essential role of lattice QCD
in providing non-perturbative access to the real-time dynamics of the QGP and in advancing our
understanding of QCD under extreme conditions.
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