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Three-particle scattering amplitudes from lattice QCD Stephen R. Sharpe

1. Introduction

In this talk, I provide a status report on the calculation of scattering amplitudes involving three
hadrons from first principles using lattice QCD (LQCD). I will mainly consider progress since
the last dedicated plenary talk at a lattice conference on this topic,! given by Akaki Rusetsky in
2019 [8]. This is a rather specialized and technical area, and I aim to give an overview of the
important issues while largely avoiding details.

There are several very interesting adjacent topics that I will not cover due to lack of time and
space. These are (i) the development and application of methods to calculate matrix elements
involving resonances (see talks by Ortega-Gama and Sakthivasan, as well as the 2024 plenary by
Erben [2]); (ii) the calculation of electroweak decay amplitudes (see talks by Erben and Lundstrum,
as well as 2023 plenary by Leskovec [9]); and (iii) the development of methods for calculating
properties of inclusive decays (talks by Abbott, Elgaziari, Fields, Garofalo, Gavriel, Margari,
Moriandi, Pino Rubio, and Zimmermann, as well as the 2022 plenary by Bulava [10]). I will also
not cover recent beautiful work that determines the ground state energy of multiparticle systems—
up to 6144 pions—and from that extracts information about multiparticle interactions and the
finite-density equation of state [11, 12].

Returning to the central topic, one might wonder what we hope to learn from a calculation
of three-particle amplitudes. In my view, there are three major motivations for this effort: first,
to predict the properties of resonances; second, to have first-principles calculations of three-body
interactions; and, third, as a stepping stone to the calculation of electroweak decay amplitudes such
as D — nmr. Let me briefly expand on each of these in turn.

Concerning spectroscopy, LQCD has successfully carried out the benchmark calculation of
the masses of hadrons that are stable under strong interactions,? and also of the lowest lying
resonances where two-particle decays dominate. See Jeremy Green’s plenary talk at this meeting
for a summary of the present status [7]. For example, the properties of the p resonance, which
predominantly decays to two pions, have been successfully determined using the two-particle finite-
volume formalism that was introduced long ago by Liischer [13—15] and since generalized by many
authors. I will refer to this formalism as the two-particle quantization condition, or QC2 for short.
However, most resonances have decay channels involving three or more stable hadrons. Notable
low-lying examples are the w(780) and 7 (1300), both of which decay predominantly to three
pions, since G-parity forbids decays to even numbers of pions in isosymmetric QCD. Also of great
interest is the Roper resonance, N (1440), which decays both to Nz and Nz, and remains poorly
understood in the quark model.

To determine the properties of such resonances, which are not asymptotic states of QCD,
one needs to calculate the corresponding three-particle scattering amplitudes, e.g. M(37 — 3n),
and determine the position of complex poles in such amplitudes. This motivation has become
more urgent in the last decade or more, because of the experimental discovery of a cornucopia
of new resonances, many of them quark-model exotics, e.g. the doubly charmed tetraquark,
T.(3875)* [16, 17]. This has breathed new life into the topic of spectroscopy, showing that a

IThere have also been several plenaries on hadron spectroscopy and interactions in the intervening years that have
covered aspects of the present topic [1-6]; see also Jeremy Green’s plenary on hadron spectroscopy at this meeting [7].
2Which I will simply refer to as “stable” in the remainder of this talk.
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strongly-interacting theory such as QCD has many qualitative properties that we do not understand.
Many of the new resonances decay to three or more stable particles, e.g. 7. — DD* — DDm,
and thus control over the corresponding three-particle scattering amplitudes is needed to predict
their properties.

Turning to the second motivation, the aim is to use LQCD to predict the short-distance
three-particle interactions that are needed to study dense matter. Here the ultimate goal is the three-
nucleon interaction, the lack of knowledge of which is one of the uncertainties in the prediction of
the properties of large nuclei and of the neutron star equation of state [18-20].

The final motivation—the calculation of electroweak decay amplitudes—is part of the highly
successful, decades-long effort by LQCD to test the standard model using flavor physics. See the
plenary talk by Gregorio Herdoiza for a status report on that endeavor. The methods needed to
obtain decay amplitudes such as A(K — 2x) and A(K — 3r) are closely related to those needed
to determine scattering amplitudes. A long-term dream is to extend these methods to the calculation
of D-decay amplitudes, e.g. A(D — nnr) in which CP violation has been measured [21, 22].

In the short term, the spectroscopy applications will be dominant, and, in that regard, I cannot
resist adding a personal motivation to the list above: It is just plain fun to be able to use the
femtoworld of LQCD to (indirectly) carry out 3 — 3 scattering “experiments”, experiments that are
inaccessible to direct measurement. This includes the possibility of using LQCD to study properties
as a function of quark mass, allowing one to apply the three-particle formalism in a heavier-than-
physical mass regime where higher-particle interactions are less important [23]. Such “experiments”
provide nice examples where LQCD can provide complementary information to experiment such
that, hopefully, the mysteries of strong-interaction spectroscopy can be disentangled.

One question that the non-expert may well have is this: Why three? What about processes
involving more than three particles? After all, many resonances have decay channels involving four
or more particles. There is, indeed, much interest in extending the work to more than three particles
(a point that I return to at the end of this talk), but the results available to date have concerned three
particles. It has turned out that the three-particle sector has been richer and more complicated than
I, at least, expected.

In the remainder of this talk, I first describe the underlying theoretical issue and the status of the
formalism that resolves it—which I will loosely refer to as the three-particle quantization condition
or QC3—and then summarize several recent and ongoing applications of the formalism that use
LQCD to predict amplitudes and resonance properties. I close with a rather lengthy outlook.

2. Status of formalism

The situation facing a LQCD theorist desirous of calculating scattering amplitudes is this:
LQCD is very effective at determining the spectrum of finite-volume states in spatial boxes of
size 2 — 10fm, using Euclidean correlation functions, but the scattering amplitudes that we want
are infinite-volume quantities involving in and out states. How are the spectrum and amplitudes
related? In this regard, it is important to keep in mind that the finite-volume energies are physical
quantities (after taking the continuum limit), so that we are asking for a relation between one set
of physical quantities and another. And it is plausible that, for a box large enough that the hadrons
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do not significantly overlap, the finite-volume energies depend on the scattering amplitudes. The
question is how to extract this information.

Liischer solved this for the case of two particles [13—-15]. This works as follows (using a
notation convenient for the generalization to three particles). Given the two-particle K matrix, 7,
an infinite-volume quantity, the finite-volume spectrum is given by the values of E that solve the
QC2

det (7(2(E*)+F2(E,P, L)—l) - 0. (1)

Here P is the (quantized) total momentum in the box, which I assume is cubic with length L.> Thus
the center of momentum (CM) energy is given by E* = VE2 — P2, and it is this that the two-particle
K matrix depends on. Both quantities in eq. (1) are matrices in {{,m,x} space, where ¢ is the
relative angular momentum of the two particles in the CM frame, m is the corresponding azimuthal
quantum number, and the mystery index x includes the effects of spin and multiple two-particle
channels, and takes values that depend on the system [27]. K is diagonal in £ and m, whereas the
purely kinematical function F, (the “Liischer zeta function”) is, in general, not diagonal, reflecting
the violation of rotational symmetry by the finite box.*

The QC2 accounts for power-law dependence on 1/L, and holds up to corrections that fall as
exp(—M L) (up to powers of L), where M, enters as it is the lightest scale in a hadronic system.
For ML > 4, such exponentially-suppressed corrections are at the percent level or smaller. They
can be studied in various ways, e.g. by using a range of values of L in the simulations.

A potentially more important source of error comes from the fact that, to use the QC2, one
must truncate the angular momentum index £ in order to have finite matrices. This is achieved
formally by setting K> to zero for £ > {n.x. Near to threshold, barrier factors lead to K, o q”,
where ¢ is the relative momentum of the two particles in their center of momentum frame, so such
a truncation is reasonable. At higher energies it is a less controlled approximation, though it is one
that is commonly used also in analysis of experimental data.

The QC2 is strictly valid only in the range of E* for which there are only two-particle channels,
i.e. up to the first inelastic channel (e.g. E* = 4M in the case of the p, assuming G parity). The
formalism for multiple two-particle channels, with particles of arbitrary spin, is known [27] and has
been implemented in several cases.

The workflow that has been typically used in practice involves assuming a parametrization
of K3, and then adjusting the parameters so as to give the best fit of the spectrum predicted by
eq. (1) to that obtained from the simulation, accounting for statistical errors. Ideally one first
extrapolates the spectrum to the continuum limit, although to date that has rarely been done in
practice. Simultaneous fits to several values of L are preferable.

The K matrix is related to the scattering amplitude by an algebraic equation

1

M2=‘Klep(K2,

2

where p is the phase-space matrix (given explicitly in, e.g., Ref. [26]; one should beware, however,
that different definitions of K matrices are used in literature). Given that ) is an hermitian matrix,

3The generalization to other spatial box shapes is straightforward [24, 25].
4Explicit expressions for F>, and the relation of K5 to phase shifts, are given, e.g., in Ref. [26].
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this relation ensures that M, leads to a unitary S matrix, and, in particular, includes the phases
induced by initial- and final-state interactions. Using this result, and the parametrization of K, one
can then analytically continue onto the second Riemann sheet (or sheets, in the case of multiple
two-particle channels), and determine resonance parameters.

The application of this workflow for the QC2 is by now quite standard, and, in some cases,
approaching “FLAG readiness”, i.e. with all errors controlled. See Jeremy Green’s talk for an
update [7].

I now turn to the three-particle system. The formalism was developed first for three identical
scalar particles with a G-parity-like symmetry, following three different approaches. The first used
an all orders diagrammatic analysis in a relativistic effective field theory (EFT) describing generic
interactions between the particles, and is dubbed the RFT approach [28, 29]. This approach makes
no assumption about the form of the interactions, nor does it rely on a power counting. The second
used nonrelativistic (NR) EFT, and led to a much simpler derivation [30, 31], although the three-
particle interaction was initially restricted to the leading order terms in the NR power counting.
Subsequent work has shown how to relativize this approach [32]. The third approach used a unitary
representation of the three-particle amplitude developed in the infinite volume [33], and from that
developed a finite-volume quantization condition [34]. It is denoted the “finite-volume unitarity”
or FVU approach.

Much follow-up work tested the formalisms [35-39], and made initial numerical investigations,
largely, though not entirely, in toy models [25, 40-44]. Roughly speaking, this was the situation in
2019, as discussed in Rusetsky’s review [8]. That review provides an overview of the history, and
a derivation using the NREFT approach. The status was also reviewed around the same time in
Ref. [45], largely from the RFT perspective, but also studying the relation between formalisms.

While there have been many extensions of the formalism in the intervening years, the essential
forms of the results have not changed, and thus I will simply quote the results, choosing the RFT
approach, and point to the above-mentioned reviews and the original papers for the details.> I will
also list the advances that have been made, and return in the outlook to what I see as the remaining
unresolved issues.

The workflow for determining the three-particle scattering amplitude consists, in all approaches,
of two steps. I will describe these for the case in which there are no transitions between two and
three particles, e.g. three pions in isosymmetric QCD. In the first step, one fits the finite-volume
energies for two and three-particles (which, by assumption, can be calculated separately) to the
predictions of the two- and three-particle quantization conditions, respectively (QC2 and QC3), and
thus determines (the parametrized forms) of the two- and three-particle K matrices. In the second
step, one solves integral equations in which the K matrices are kernels, the output of which is the
three-particle scattering amplitude, Ms.

The QC3 appearing in the first step has the form

det (Kara(EY)+ F5(E,P.L %)) =0, 3)

where (for explicit expressions see, e.g., Ref. [26]; note also that in some RFT works so-called

5See also the more recent reviews in Refs. [23, 46].
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asymmetric forms of F3 and Ky 3 are used [47-51])

1 F 1
= - F———— F|. @)
2wL3 |3 KL +F+G

F3

As for the QC2, solutions to the QC3 give the values of E at which there are finite-volume energies
for the given K matrices. All quantities in these equations are matrices in a space with indices
{k,€,m,x}—a larger space than in the QC2.¢ The formalism separates the three particles into a
spectator, with momentum k, and the remaining pair. The index k is a shorthand for the finite-
volume momentum of the spectator, k € (27/L)Z>. The indices ¢, m represent the relative angular
momentum of the particles in the pair in their CM frame. Finally, the index x plays a similar
role to that in the QC2, and accounts for the effects of flavor, spin, and the possibility of multiple
three-particle channels. It always takes a finite number of values, and is absent in the case of three
identical particles.

A key feature of the QC3 is that it involves a cutoff function (buried inside the various matrices)
that cuts off the sum over k, such that the invariant mass of the pair cannot go too far below threshold.
This is needed to avoid subthreshold singularities in the K matrices (which can lead to uncontrolled
power-law volume dependence), and ensures that the matrices have finite dimension (assuming, as
for the QC2, a truncation in £).

The matrices F and G are known kinematic quantities depending on E, P, and L. They
give rise to the power-law volume dependence in the spectrum, and are associated with on-shell
intermediate states of three particles. F is a simple generalization of F;, in which the pair plays
the role of the two-particle system in the QC2, with the spectator spectating. G is a three-particle
quantity, associated with processes in which the spectator particle changes. The matrix w is a
simple kinematic quantity containing the energy of the spectator.

Although the QC3 is superficially similar to the QC2, this hides a number of significant
differences. In addition to the larger matrix space, a key difference is that F3 is not a purely
kinematic function, unlike F, in the QC2. In particular, it depends on the two-particle K matrix,
packaged into K3 r. Thus F3 accounts for the effects of two-particle interactions on the finite-
volume spectrum, which dominate over those of three-particle interactions at large L. The latter are
incorporated through the three-particle K matrix, Ks 3.

Kat,3 is an hermitian, infinite-volume quantity (which can be chosen real in single-channel
systems), and represents the short-distance part of the three-particle interaction. Like Ms, it
depends on E* and the seven other variables describing 3 — 3 scattering. However, unlike M3, it
depends on the cutoff function and is thus unphysical. In the QC3, the cutoff dependence cancels that
buried in F, G and K51, so that the spectrum itself is physical. The subscript “df”” on Ky¢ 3 stands
for “divergence-free”, and indicates that the well-known divergences in M3 due to one-particle
exchange (OPE) and higher-order exchange processes [52] are absent in Ky 3.

As for the QC2, the QC3 is valid only up to exponentially-suppressed corrections, and also only
up to the first relevant inelastic threshold, i.e. the value of E* above which on-shell intermediate

states with more than three-particles appear. For example, for the three-pion system, E;... = 5M .

o] stress that all three approaches to the three-particle formalism use matrices with the same index space.
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Now I turn to the second step in the three-particle formalism: solving the integral equations.
Here I will be even more schematic. The high-level form of the RFT result is [29]

Mz = D(Ko) + Mt 3(K2, Kat 3) » %)

where the equations for 9 and Mgr 3 are illustrated in fig. 1. Each involves an infinite series of terms
that can be recast as a set of nested integral equations. Explicit forms are given in the references
below. D sums the effects of multiple OPEs between two-particle interactions. It involves M
(related to %, by eq. (2)) and a modified exchange propagator, G*, that contains the pole of the
standard Feynman propagator, but also the cutoff function and other modifications. The operator S
symmetrizes the expression over choices of the spectator.

=g @ °° M, G°° G°°/%2

Figure 1: Schematic form of the integral equations for 9 and Mgr 3. Notation is explained in the text.

The divergences in M3 are contained in . The remaining, divergence-free part Mys 3, adds
in all terms containing at least one factor of Ky¢ 3. Here p indicates a phase-space factor, which
again includes the subthreshold cutoff function. One can think of the various “decorations” of K¢ 3
as inserting the initial and final-state interactions (between two and three particles) such that M3
satisfies s-channel unitarity. An explicit demonstration of this is given in Ref. [53].

Over the last six years or so, there has been tremendous progress in three directions: extending
the formalism to essentially all three-particle systems of interest in QCD; developing methods
for solving the integral equations; and applying the complete formalism to a range of interesting
and phenomenologically relevant systems. I have summarized this progress in Tables 1 to 3.
Other advances include the simplification of the RFT derivation using time-ordered perturbation
theory [54], the demonstration of the equivalence of the RFT and FVU formalisms both for the
QC3 [47] and the integral equations [55]; the development of an alternative approach to the
derivation of the formalism based on unitarity [48]; the calculation of Kyr 3 for three pions of
arbitrary isospin at next-to-leading order (NLO) in chiral perturbation theory (ChPT) [56, 57]; and
the extension of threshold expansions within the NREFT approach [58, 59].

The result of this progress is that a number of nontrivial and phenomenologically interesting
applications have appeared—and these will be my focus for the remainder of this talk.”

7I will not discuss Ref. [51] in detail, as it appeared only a few days before the conference began.
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System Example References
2 + 3 identical scalars ¢>3 theory [60](RFT)

3n arbitrary isospin ' o w [611(RFT), [62-65](FVU)
3 nondegenerate scalars 7T‘D0D;r [66](RFT)

2 degenerate, identical scalars +1 | #*a"K*, st K*K* [671(RFT), [63](FVU)

3 identical spin-1/2 particles 3n [68](RFT)
DD all isospins T, [69](RFT)
Multiple 3-particle channels K K*n® & 71071077 [70](RFT)
Nnr 1=5/2 pprt & Attp [711(RFT)

Table 1: Status of formalism beyond that for three identical scalars, all for isosymmetric QCD.

System References
3m,1=3 [72](RFT)
3¢ o [¢¢] + ¢ & [¢dd] [73-76](RFT)
3¢ < ¢ [771(FVU & RFT)
3, [ =0-2 [62, 64, 65](FVU), [49-51, 78](RFT)
3nt, ntatKY, it KTK*, 3K* [79, 80](RFT)
a’D°D* & 1~ D*D* & T, [26, 81]1(RFT)

Table 2: Status of solutions to integral equations. [¢¢] and [¢pp¢] indicate, respectively, a bound-state
dimer and trimer composed of scalars ¢. All cases other than the 3¢ system involve end-to-end applications
of the formalism, starting with spectra obtained from lattice simulations.

System References
3¢ & [¢¢] + ¢ [44](RFT)
3n,1=3 [82, 83](RFT), [41, 84-86](FVU)
3K~ [871(FVU)
3nt, ntatKt, it KTK*, 3K [88—90]1(RFT)

Table 3: Applications of the QC3 that determine Kys 3 (or set it to zero) but do not solve integral equations.

3. Recent applications of the three-particle formalism

3.1 Three-particle amplitudes involving pions and kaons at physical quark masses

The recent work of Ref. [79, 80] presents the first determination of a three-particle scattering
amplitude for physical quark masses (albeit in isosymmetric QCD). This is a complete application
of the formalism—from the spectrum to scattering amplitudes. It considers a relatively simple
system—pions and kaons at maximal isospin—for which the dominant s-wave interactions are
weakly repulsive, and two- or three-particle bound states are absent. It is not a FLAG-ready
calculation, since it involves only a single lattice spacing (a¢ = 0.063 fm) and a single volume.
Nevertheless, by combining with previous results from higher quark masses [89, 90], a detailed
comparison with ChPT is possible.
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The calculation is done on the E250 CLS ensemble [91], which was generated with nonpertur-
batively O(a)-improved Wilson fermions and the tree-level O(a?)-improved Liischer-Weisz gauge
action. The lattice size is 96 x 192, with a ~ 0.063 fm, such that M, L = 4.05. Propagators are
computed using the stochastic Laplacian-Heaviside method [92]. A large operator basis is used,
with levels determined using the GEVP method [93]. For further details see Ref. [80].

Using this setup, the 2z*, 7*K*, K*K*, 37", n*n*K*, n*K*K™*, and 3K* spectra are deter-
mined in nine frames, for all contributing irreducible representations (irreps). In each channel,
levels are obtained up to and beyond the corresponding inelastic energy (e.g. E* = SM, for 3x+,
and E* = 3M, + Mg for n7tn*K"*). As an example of the extent of the calculation, about 130
atK*K* levels are determined. Plots of the spectrum are shown in Ref. [80]. Tt is found that the
number of interacting and noninteracting levels matches, with the relative shifts being almost all
positive and, in most cases, of high statistical significance.

For each three-particle system, simultaneous correlated fits are performed to the three-particle
levels along with those for the corresponding two-particle subchannels, e.g. to 7t K* and 2K™* for the
atK*K* system, considering only levels up to the appropriate inelastic thresholds. In these fits, the
K matrices are parametrized by truncated threshold expansions, i.e. the effective-range expansion
for K, and its generalization for Kyr 3 [43, 88]. The most challenging fit is that for 7*K*K*, where
there are 40 7K, 25 KK, and 50 7KK levels to be fit (115 in total), and 10 parameters. In this case,
the fit has y?/dof = 1.95, but for other systems the fit is better (e.g. y?/dof = 1.14 for 27 + 37).

From the many results in this study, I have selected two of particular interest. The first concerns
the extraction of Kyr 3 using the QC3: Is this possible given that three-body effects on the spectrum
are suppressed by ~ 1/L3 compared to two-body effects? In fig. 2, I show the comparison between
the coefficients of the two leading terms in the threshold expansion for Ky 3 for 37" scattering and
ChPT predictions. We see that Kyr 3 is obtained with relatively small errors at physical masses. The
central value is consistent with zero for physical masses (although nonzero results are obtained for
3K™ scattering), but this is consistent with ChPT. Nonzero results are obtained at higher pion masses,
and show an interesting chiral dependence. The leading term (left panel), in which Kys 3 is simply
an energy- and angle-independent constant, does not match the predictions of LO ChPT [82], but the
NLO corrections from Ref. [56] bring it into consistency.® For the second term (right panel), which
incorporates linear dependence on E*? but is otherwise isotropic, the lattice results have a slope of
opposite sign to the LO prediction, but the very large NLO corrections lead to a sign flip in the
predictions. Clearly the NLO prediction is not reliable, but the large size of the corrections indicates
that there is no inconsistency between the lattice results and ChPT. Only a NNLO calculation can
settle the issue.

Using K, and Ky 3 as input, the integral equations for M3 have been solved after projection
onto definite total angular momentum and parity. The leading J© = 0~ amplitude, as well as
subleading amplitudes with J¥ = 1* and 2~, have been determined. Mj3 depends on the total
energy E = +/s and seven other variables. Examples of the dependence on E for the JP = 0~
amplitude are shown in fig. 3. Here the kinematics is simplified by choosing the initial and final
momenta to lie in an equilateral triangle, in which case, for J¥ = 07, the amplitude depends only on

8As noted earlier, Ky 3 depends on the form of the cutoff function. This is found explicitly in ChPT, where the
dependence enters at NLO. In the figure, the same cutoff is used for both the QC3 and ChPT results.
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2 7 2 %
--- LO ChPT This work --- LO ChPT This work
NLO ChPT o ETMC 1 NLO ChPT o ETMC
! p o
i Km0 ——
103 103 EF
. -1
0 ; —
‘ o
-1 -3
0 50 100 150 0 50 100 150
(]\/[W/Fﬂ)4 (A’IW/FW)4

Figure 2: Comparison of the leading two terms in Kyr 3 for 37+ scattering with ChPT (from Ref. [80]);
“ETMC?” refers to Ref. [83]). NLO ChPT bands are obtained using standard values and errors of low-energy
coefficients, see Ref. [80]. The lowest M, value corresponds to physical quark masses.

E. We see the divergence of the amplitudes as E approaches the threshold, and (in the left panel)
the expected hierarchy in which amplitudes generally decrease as more pions are involved. The
right panel compares M3, to NLO ChPT, where we see good agreement for physical masses and
poorer agreement as M, increases—again as expected.

101”

— KKK KKn 10+

10°4

—_ grK —

T T D 2.(
0.0 0.5 1.0

(E — Eu)/M, ' (E — Euw)/M;

Figure 3: Energy dependence of Mz with J¥ = 0~ with incoming and outgoing particles in the equilateral
configuration (from Ref. [80]). E is the CM frame energy, Ey, is the CM energy at threshold. Left panel:
comparing different processes at physical quark masses. Right panel: comparing M, at different quark
masses with the NLO ChPT prediction.

3.2 First results for the 7(1300) resonance

Another benchmark has recently been achieved by the determination of the parameters of
resonances that decay predominantly to three particles. Last year Ref. [64] considered the w(780),
while recently Ref. [65] studied the 7(1300) (see talk by Maxim Mai). Both use the FVU approach,
and are end-to-end calculations from spectra to amplitudes to resonance parameters. Both use
LQCD results at heavier-than-physical quark masses, and extrapolate to physical masses using a

10
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ChPT-based model. I would classify the w study as exploratory, since it involved only two well-
determined energy levels at the pion mass for which the w is a resonance, while the 7(1300) result
is major step forward.

The 7(1300) is the lightest excited state with the quantum numbers of the pion, and has been
observed only in the three-pion decay channel [94]. (G parity forbids decays to even number of
pions.) Its mass (1300 + 100 MeV) and width (200 to 600 MeV) are poorly determined. It is
thus a clear target for multiparticle LQCD calculations. However, it lies well above the inelastic
threshold for the QC3, which is at SM,; ~ 700 MeV, making a direct application of the three-
particle methodology problematic at physical quark masses. On the other hand, the QC3 becomes
applicable once the pion mass is raised to about 300 MeV.

The work of Ref. [65] uses ensembles from the Chinese LQCD collaboration [95], generated
with tadpole-improved Symanzik gauge and Clover fermion actions at a = 0.077 fm. Results are
obtained for both M, ~ 305 MeV and 210 MeV, on two lattice sizes, which have ML = 3.8 and
5.7 for the larger pion mass, and ML = 2.7 and 3.9 for the smaller. Many operators are used (of
the form 37, mp, no, and 7 in the three-pion channel), and distillation together with the GEVP
method are employed. Only states in the rest frame and for a single irrep are considered. In total,
there are 9 (3) three-pion levels and 12 (12) two-pion levels for M, = 300(210) MeV, with the
two-pion levels distributed between the I = 0, 1, 2 channels.

The calculation is thus of smaller scale in terms of levels than that described in the previous
section, but it is also more challenging because of the large number of quark contractions that are
present for nonmaximal isospin (I = 0 for w, and I = 1 for 7(1300)). Global fits are performed to
two- and three-pion levels, using many choices of K matrix parametrizations, with that for two-pions
based on the inverse-amplitude method, which incorporates constraints from ChPT and S-matrix
theory [96]. In the best fit, there are 3 two-pion and 6 three-pion parameters, and y?/dof = 1.08 for
27 degrees of freedom. The parameters are then inserted into the three-particle integral equations,
the solutions to which allow determination of potential resonance poles—see fig. 4.

In my opinion, the most significant result is that in the top left corner of the plot, namely the
presence of an excited-pion resonance pole for M, = 305 MeV. For this pion mass the pole is within
the region of validity of the QC3, and its position is determined essentially by the results from the
heavier pion mass alone, for which M L > 4. Thus it involves limited modeling, and shows that the
three-particle formalism can be used successfully in the presence of a resonance. The extrapolation
to physical masses, shown in the right-hand side of the plot, is more model-dependent, and also
leads to very large errors.

3.3 Using three-particle methods to study the 77}.(3875)

The doubly-charmed tetraquark, discovered only in 2021 [16, 17], is a manifestly exotic meson
with quark composition ccitd and (I)J¥ = (0)1*. It lies just below the DD* threshold, and
decays into DD with a tiny width of about 50 keV. Disentangling its structure is an important
challenge—Is it primarily a DD* molecule, or a small tetraquark state, or does it have a large
diquark-antidiquark component?—one in which LQCD can play an important role. For recent
reviews, see Refs. [97, 98].

Given that the T} decays into three hadrons, it would seem to be a natural candidate for the use
of the three-particle formalism. However, it turns out that one has to move only to slightly higher
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Figure 4: Results from Ref. [65] for the resonance pole in the 7 = 1, J¥ = 0~ channel. Those at
M, = 305 MeV are obtained from the three-particle formalism alone, while those at the physical pion
mass involve model-based chiral extrapolations. The region in which the three-particle formalism is valid is
indicated by the magenta arrow. Shaded areas correspond to 1o regions from different fits; the AIC bars are
from an average over fits using the Akaike information criterion.

than physical pion masses for the D* to become stable to strong decays to D, so that the D D and
D D* thresholds interchange, with the latter being the lower of the two. In this situation, the 7}, can
be studied using the two-particle formalism, and indeed there have been several studies doing so, as
described below. This is not the end of the story, however, because, as was pointed out in Ref. [99]
in the context of two-nucleon interactions, the QC2 breaks down in the vicinity of left-hand cuts.
Such a cut is present in D D* interactions due to the u-channel exchange diagram shown in the left
panel of fig. 5, as first stressed in Ref. [100]. If a QC2-based study of D D* scattering finds a bound
state, or virtual bound state, in the vicinity of, or below, the onset of the left-hand cut, then the
results are not valid. This turned out to be the case for the initial lattice studies [101, 102].

TT i N
K D
¢z \

Figure 5: Left panel: u-channel pion exchange contribution to D D* scattering, showing three-particle cut.
Right panel: sketch of how D D™ scattering and the u-channel exchange emerge in a D D amplitude.

A number of resolutions to this problem have been proposed in the context of a two-particle
framework: using a Lippmann-Schwinger equation (LSE) with one-pion exchange (OPE) built
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in [100], using the HALQCD method [103, 104], generalizing the Liischer formalism to explicitly
include OPE [105, 106], using the plane-wave version of the QC2 incorporating OPE [107], and
using a finite-volume generalization of the N/D method [108]. The LSE approach has been applied
to the lattice D D™ data in Refs. [109-111]. One drawback of these approaches is they break down
as the physical point is approached, since this involves a transition to three-particle decays.

What I wish to briefly describe here is an alternative approach that uses the three-particle
formalism [69]. The motivation for introducing this (seemingly more complicated) approach is
twofold. First, it is based on a realization that the left-hand cut is a three-particle effect—the
exchanged pion goes on shell, as indicated by the cut in the left-panel of fig. 5. Second, using
the three-particle formalism allows a smooth transition to the physical situation in which the D* is
unstable and the T decays to three particles.

The way this approach works is that one considers the D D system, but introduces the D* as
a subthreshold bound-state pole in the p-wave D interaction. This pole is certainly present—the
only issue is whether it lies above left-hand singularities in the Dm channel. It turns out that
the leading such singularity is due to two-pion exchange, and lies well below the D* pole. The
strength of the D* pole is determined by the D D*rx coupling, a quantity that must be introduced
in all resolutions of the left-hand cut issue, and which can be ultimately determined using lattice
calculations. With this set-up, the left-hand cut in the D D* amplitude due to OPE is automatically
included because D D intermediate states are present. This is illustrated in the right panel of fig. 5.

The workflow is now as follows. One considers in parallel the DDx, DD and Dn systems,
fitting their spectra to, respectively, the QC3 and the DD/Dn versions of the QC2 (the latter
containing the D* pole). This determines the two- and three-particle K matrices, which are then
used in the integral equations to calculate the D D scattering amplitude. Next, one considers this
amplitude in the kinematical configuration in which the D system is below threshold, approaching
the D* pole, and uses the LSZ prescription to extract the DD* amplitude. This amplitude can then
be studied in the complex plane to search for bound states and resonances.

This rather elaborate-sounding method has been developed in simpler systems in Refs. [44,
73, 75], including some beautiful work studying the properties of Efimov states [76]. It has now
been successfully extended to the 7). system [26], and is presently being applied to more extensive
lattice results for the spectra (see the talk by Baido Raposo). While it sounds more complicated than
the two-particle-based methods noted above, there is little difference in the integral equation part
of the calculation. Indeed, equivalence with both the LSE-based and extended-Liischer methods in
a simplified setting has been shown in Ref. [81]. I expect to see extensive results from all methods
at next year’s lattice conference.

3.4 The Nnx system

In this brief section I have two aims: to point out the limitations of the “LSZ” method discussed
in the previous section, and to provide a warning about possibly unexpected singularities in three-
particle amplitudes. These results come from Ref. [71], in which the RFT formalism for the Nnx
system at maximal isospin (I = 5/2) is derived.

The initial aim of Ref. [71] was to extend the RFT formalism so as to allow the study of the
Roper resonance, N (1440). This is the lowest excited baryon with nucleon quantum numbers, and
has long been a puzzle in the quark model, as reviewed, e.g., in Ref. [112]. The Roper decays both
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to Nm and N7z, and thus a “2 + 3” formalism is needed—one that can treat on-shell cuts associated
with both two and three particles. Such a formalism was derived in Ref. [60], but only for the case
of identical particles. The initial hope in Ref. [71] was to finesse the need for this more complicated
formalism by using the LSZ method, i.e. by using the three-particle Nz formalism and obtaining
the contributions from N7 intermediate states by treating the nucleon as a subthreshold pole in the
p-wave N amplitude. This approach fails, however, as there is a singularity closer to threshold
due to u-channel nucleon exchange: the resulting cut begins at s = MIZ\, +2M?2, which lies above the
nucleon pole at s = MIZV. The QC3 breaks down at the left-hand cut—one would need to consider a
four-particle formalism to include the u-channel process—so one cannot access the nucleon pole.

Thus it appears that one must use a genuine 2 + 3 formalism, and I expect this to be available
during the next year.® In the meantime, the [ = 5/2 Nnxx system, for which transitions to N are
forbidden due to isospin symmetry, is a useful stepping stone towards a study of the Roper. This
system has nontrivial dynamics, since the / = 3/2 Nx channel contains the A resonance, and in that
sense is a baryonic analog of the 37 system with / = 2, in which the 27 channels contain both the
p and fy/o resonances. This mesonic system was studied very recently in Ref. [51],

Turning to the issue of singularities in amplitudes, it was realized in Ref. [71] that, for systems
with nondegenerate particles, the 3 — 3 Bethe-Salpeter kernel, which plays a central role in the
derivation of the QC3, can have singularities due to four-particle cuts that reduce the allowed
parameter space. This is a rather technical issue that I cannot do justice to here; see Appendix B of
Ref. [71] for a detailed explanation. I will only summarize the key point, which I think is important
for practitioners to be aware of. This issue arises when one of the nucleons spectates, and has a
momentum such that the remaining N7 pair goes below threshold. In one corner of parameter
space, the “other” N pair, i.e. that containing the spectator nucleon, can have an invariant mass
exceeding My + 2M ,, which leads to a singularity. Such singularities violate the assumptions of
the derivation—they would lead to uncontrolled power-law volume dependence—and the upshot
is that one must adjust the cutoff function to avoid them. One option for so doing is suggested in
Ref. [71].

3.5 Dreaming of three neutrons

Finally, I provide a very brief sketch of the predictions of the QC3 for three neutrons. In just
completed work [115], Wilder Schaaf and I have addressed the question of what precision will be
required in the determination of 3n spectra in order for LQCD to provide significant constraints on
the 3n — 3n amplitude. We have implemented the QC3 derived in Ref. [68], and determined the
spectrum in a set-up that may be used in future LQCD studies of the 3n system: nearly physical
masses with M, /My = 0.15, and a moderate box size L = 4.3 fm such that My L = 20 and
M, L = 3. We base the two-neutron interactions on experimental results, and keep the two leading
terms in the threshold expansion of Ky 3.

Examples of the resulting spectra are shown in figs. 6 and 7. In the first figure, the results with
Kat,3 = 0 are shown for one frame. The 50 noninteracting levels, which come in two bands, are
spread out by the two-particle interactions. The spectral density is reduced by separating levels into

9A 2+3 EFT-based approach for the Roper resonance in finite volume has previously been presented in Refs. [113, 114].
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irreps of the doubled cubic group, here G| and G,. Typical spacings range from 5 — 25 MeV. The
pattern of splittings holds information about the form of the two-particle interactions.
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Figure 6: Spectrum for states with P = (0,0, 1)(27/L), which live in the two-dimensional irreps G| and
G,. For comparison, noninteracting levels are shown in the lowest row, along with their degeneracies. The
vertical dashed line shows the inelastic threshold above which the QC3 breaks down.
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Figure 7: Upper band of G states for P = (0,0, 1)(27/L), as a function of tanh(c/5), where c4 is the
coefficient of one of the terms in %Ky 3. The energies are measured relative to the lower of the noninteracting
energies in this band, at Eg = 3.1424M .

In fig. 7, I show what happens to the 13 G levels in the upper (left-hand) “band” from fig. 6
as the coeflicient of one of the terms in Kyr 3, c4, is varied from large negative to large positive
values. The levels shift down by one step, as indicated by the vertical dotted lines. There is much
more that can be said about these plots (see Ref. [115]), but the key message here is that the impact

15



Three-particle scattering amplitudes from lattice QCD Stephen R. Sharpe

of Ky 3 can be as large as the splittings induced by two-particle interactions. Thus a precision of
~ 5 MeV will allow one to place significant constraints on three-neutron interactions.

4. Summary and Outlook

In the last few years, major progress has been made in the three-particle sector. The formalism
is well established, has been extensively cross-checked, and covers almost all processes of interest.
There are several pioneering end-to-end applications that start with two- and three-particle energy
levels and predict three-particle scattering amplitudes. I expect that the next few years will see
continuing progress in formalism and implementation, as well as applications to more challenging
systems. In particular, the major gaps in the formalism are for 2 + 3 systems: the Nm + Nz system
needed for the Roper resonance, and the 37 + KK system needed to access the anomaly-related
physics encapsulated in the Wess-Zumino-Witten term in ChPT. Near-term applications will likely
include the DD system at lighter quark masses, so as to study the 7)., and extended calculations
of the three-pion system.

Although I did not discuss this here, I also note that the formalism has been derived to allow
a calculation of K — 37z decay amplitudes [116—118], and it would certainly be very interesting
(though undoubtably challenging) to use this to predict its CP-violating part from LQCD.

There are, however, several important challenges that must be faced in order to obtain physical
results for the most interesting systems.

* Reducing model-dependence. Calculations to date use fairly simple expressions for Kr 3.
These may be adequate for weakly-interacting systems such as pseudo-Goldstone bosons
at maximal isospin, but are unlikely to be good enough in the presence of three-particle
resonances. The choice of Kyr 3 introduces a hard-to-estimate model dependence into the
results, one which is likely to grow in importance as one analytically continues away from
the real axis. Interesting recent work suggests an approach to ameliorate these concerns by
using Bayesian reconstruction together with Nevanlinna interpolation [119].

* Bringing results to FLAG readiness. So far, almost all work is done at a single lattice spacing
with at most two box sizes. In this regard, it is important to realize that while we need
results with all errors controlled, the errors themselves do not, in many cases, need to be
small in order to have an impact. For example, for the three-nucleon interaction, even a
semiquantitative result would be useful.

* Comparing formalisms and calculations in detail. Now that the applications are studying
systems with interesting dynamics, it is important to “look under the hood” and make sure
that the different approaches lead to consistent results for the scattering amplitudes. There are
important differences between the approaches at the technical level. For example, the FVU
approach, as well as the RFT approach adopted in Ref. [51], use an asymmetric form of the
QC3, whereas other RFT calculations use a symmetric form. The forms used for Ky 3 differ
also, with Ref. [49-51] arguing that an asymmetric form is preferable. Cutoff functions also
differ: the RFT approaches use smooth cutoffs of various types, while the FVU approach

16



Three-particle scattering amplitudes from lattice QCD Stephen R. Sharpe

uses a hard cutoff. There are also differences in the manner in which the final three-particle
amplitude is projected onto specific choices of J©.

I think what is needed here is a workshop where the contributors discuss these differences
in detail, and carry out the end-to-end analyses using all approaches on a set of standard
datasets: a QC3 bootcamp!

* Moving to four or more particles. Doing so is clearly necessary for many applications, e.g.
studying 7(1300) for physical masses, a complete treatment of the p (since the 47 decay
is kinematically allowed), and a method for calculating weak decays of D mesons (where
decays to two, three, four and more particles are allowed). One question here is whether
the QC4, QCS, ... path is feasible. Aside from the threshold expansion, the four-particle
formalism is not yet known, although some pioneering efforts were described in the talk by
Mukherjee. I can envisage two possibilities. The optimistic one is that the impact of short-
ranged interactions of four or more particles is very small, and a set of recursive quantization
conditions and integral equations involving only %, and Ky 3 can be derived and made
practical. The pessimistic one is that the QC4 turns out to be barely practical, while QCN
(with N > 4) is out of reach.

My personal hunch is that the ultimate way forward will involve a clever combination of QC2-
4 with inclusive methods such that we are able to effectively squeeze all the information that
is possible out of the lattice data. In this regard, I note that inclusive methods for scattering
amplitudes of an arbitrary number of particles exist in principle, see Ref. [120].

* Investigate alternative approaches. Let me mention a couple that I find interesting. Ref-
erence [121] proposes to obtain scattering amplitudes from Euclidean correlators using an
alternative to the LSZ approach of Ref. [120], namely via Haag-Ruelle theory and approxi-
mation formulae. There is also the three-particle version of the HALQCD approach, which
has so far only been worked out in the nonrelativistic regime [122].

* Combine LQCD results with EFT and amplitude-analysis methods. A wealth of experience
in the phenomenology of resonances—normal and exotic—has been accumulated using
inputs from ChPT, dispersion relations, and amplitude analysis. As LQCD pushes towards
comparison with experimental data, it will have to deal with the grungy details of isospin
breaking, electromagnetic effects, triangle singularities, etc, and it seems very likely to me that
this will require learning from and collaborating with the phenomenological community. The
EXOHAD collaboration is one example where such collaboration is being attempted [123].

There is clearly much work to be done, but, for me, this is a very worthwhile and exciting
endeavor, with the potential to greatly improve our understanding of the strong interactions.

Acknowledgments

I thank André Baido Raposo, Rail Bricefio, Sebastian Dawid, Jeremy Green, Max Hansen,
Maxim Mai, Fernando Romero-Lépez, and Wilder Schaaf for many discussions on the topics
discussed here, and comments on this review. This work is supported in part by the U.S. Department

17



Three-particle scattering amplitudes from lattice QCD Stephen R. Sharpe

of Energy grant No. DE-SC0011637, and contributes to the goals of the USDOE ExoHad Topical
Collaboration, contract DE-SC0023598.

References

[1] N. Mathur, Hadron Spectroscopy from lattice QCD: current status and future, confer-
ence.ippp.dur.ac.uk/event/1265/contributions/7240/attachments/6046/8075/Lattice24_talk_NMathur.pdf
(2025).

[2] F. Erben, From scattering towards multi-hadron weak decays, PoS LATTICE2024 (2025)
016, [arXiv:2501.19302].

[3] F. Romero-Loépez, Three-hadron dynamics from lattice QCD, in 11th International
Workshop on Chiral Dynamics, 4, 2025. arXiv:2504.00586.

[4] A.D. Hanlon, Hadron spectroscopy and few-body dynamics from Lattice QCD, PoS
LATTICE2023 (2024) 106, [arXiv:2402.05185].

[5] E. Romero-Lépez, Multi-hadron interactions from lattice QCD, PoS LATTICE2022 (2023)
235, [arXiv:2212.13793].

[6] B. Horz, Spectroscopy and Hadron Interactions, PoS LATTICE2021 (2022) 006.

[7] J. Green, Hadron Spectroscopy and Interactions, .

[8] A.Rusetsky, Three particles on the lattice, PoS LATTICE2019 (2019) 281,
[arXiv:1911.01253].

[9] L. Leskovec, Electroweak transitions involving resonances, PoS LATTICE2023 (2024)
119, [arXiv:2401.02495].

[10] J. Bulava, The spectral reconstruction of inclusive rates, PoS LATTICE2022 (2023) 231,
[arXiv:2301.04072].

[11] NPLQCD Collaboration, R. Abbott, W. Detmold, F. Romero-Lépez, Z. Davoudi, M. Illa,
A. Parrefio, R. J. Perry, P. E. Shanahan, and M. L. Wagman, Lattice quantum
chromodynamics at large isospin density, Phys. Rev. D 108 (2023), no. 11 114506,
[arXiv:2307.15014].

[12] NPLQCD Collaboration, R. Abbott, W. Detmold, M. Illa, A. Parreiio, R. J. Perry,
F. Romero-Lépez, P. E. Shanahan, and M. L. Wagman, QCD Constraints on Isospin-Dense
Matter and the Nuclear Equation of State, Phys. Rev. Lett. 134 (2025), no. 1 011903,
[arXiv:2406.09273].

[13] M. Luscher, Volume Dependence of the Energy Spectrum in Massive Quantum Field
Theories. 2. Scattering States, Commun. Math. Phys. 105 (1986) 153—188.

[14] M. Liischer, Two particle states on a torus and their relation to the scattering matrix,
Nucl.Phys. B354 (1991) 531-578.

18


http://arxiv.org/abs/2501.19302
http://arxiv.org/abs/2504.00586
http://arxiv.org/abs/2402.05185
http://arxiv.org/abs/2212.13793
http://arxiv.org/abs/1911.01253
http://arxiv.org/abs/2401.02495
http://arxiv.org/abs/2301.04072
http://arxiv.org/abs/2307.15014
http://arxiv.org/abs/2406.09273

Three-particle scattering amplitudes from lattice QCD Stephen R. Sharpe

[15] M. Liischer, Signatures of unstable particles in finite volume, Nucl.Phys. B364 (1991)
237-254.

[16] LHCDb Collaboration, R. Aaij et al., Observation of an exotic narrow doubly charmed
tetraquark, Nature Phys. 18 (2022), no. 7 751-754, [arXiv:2109.01038].

[17] LHCDb Collaboration, R. Aaij et al., Study of the doubly charmed tetraquark T, Nature
Commun. 13 (2022), no. 1 3351, [arXiv:2109.01056].

[18] J. Hoppe, C. Drischler, K. Hebeler, A. Schwenk, and J. Simonis, Probing chiral interactions
up to next-to-next-to-next-to-leading order in medium-mass nuclei, Phys. Rev. C 100
(2019), no. 2 024318, [arXiv:1904.12611].

[19] C. Drischler, R. J. Furnstahl, J. A. Melendez, and D. R. Phillips, How Well Do We Know the
Neutron-Matter Equation of State at the Densities Inside Neutron Stars? A Bayesian
Approach with Correlated Uncertainties, Phys. Rev. Lett. 125 (2020), no. 20 202702,
[arXiv:2004.07232].

[20] R. Machleidt and F. Sammarruca, Recent advances in chiral EFT based nuclear forces and
their applications, Prog. Part. Nucl. Phys. 137 (2024) 104117, [arXiv:2402.14032].

[21] LHCDb Collaboration, R. Aaij et al., Observation of CP Violation in Charm Decays, Phys.
Rev. Lett. 122 (2019), no. 21 211803, [arXiv:1903.08726].

[22] LHCDb Collaboration, R. Aaij et al., Measurement of the Time-Integrated CP Asymmetry in
DO0—K-K+ Decays, Phys. Rev. Lett. 131 (2023), no. 9 091802, [arXiv:2209.03179].

[23] M. Mai, M. Doring, and A. Rusetsky, Multi-particle systems on the lattice and chiral
extrapolations: a brief review, Eur. Phys. J. ST 230 (2021), no. 6 1623-1643,
[arXiv:2103.00577].

[24] F. X. Lee and A. Alexandru, Scattering phase-shift formulas for mesons and baryons in
elongated boxes, Phys. Rev. D 96 (2017), no. 5 054508, [arXiv:1706.00262].

[25] C. Culver, M. Mai, A. Alexandru, M. Déring, and F. X. Lee, Pion scattering in the isospin
I =2 channel from elongated lattices, Phys. Rev. D100 (2019), no. 3 034509,
[arXiv:1905.10202].

[26] S. M. Dawid, F. Romero-Lépez, and S. R. Sharpe, Finite- and infinite-volume study of DDn
scattering, JHEP 01 (2025) 060, [arXiv:2409.17059].

[27] R. A. Briceno, Two-particle multichannel systems in a finite volume with arbitrary spin,
Phys. Rev. D89 (2014), no. 7 074507, [arXiv:1401.3312].

[28] M. T. Hansen and S. R. Sharpe, Relativistic, model-independent, three-particle quantization
condition, Phys. Rev. D90 (2014), no. 11 116003, [arXiv:1408.5933].

19


http://arxiv.org/abs/2109.01038
http://arxiv.org/abs/2109.01056
http://arxiv.org/abs/1904.12611
http://arxiv.org/abs/2004.07232
http://arxiv.org/abs/2402.14032
http://arxiv.org/abs/1903.08726
http://arxiv.org/abs/2209.03179
http://arxiv.org/abs/2103.00577
http://arxiv.org/abs/1706.00262
http://arxiv.org/abs/1905.10202
http://arxiv.org/abs/2409.17059
http://arxiv.org/abs/1401.3312
http://arxiv.org/abs/1408.5933

Three-particle scattering amplitudes from lattice QCD Stephen R. Sharpe

[29] M. T. Hansen and S. R. Sharpe, Expressing the three-particle finite-volume spectrum in
terms of the three-to-three scattering amplitude, Phys. Rev. D92 (2015), no. 11 114509,
[arXiv:1504.04248].

[30] H.-W. Hammer, J.-Y. Pang, and A. Rusetsky, Three-particle quantization condition in a
finite volume: 1. The role of the three-particle force, JHEP 09 (2017) 109,
[arXiv:1706.07700].

[31] H. W. Hammer, J. Y. Pang, and A. Rusetsky, Three particle quantization condition in a
finite volume: 2. General formalism and the analysis of data, JHEP 10 (2017) 115,
[arXiv:1707.02176].

[32] F. Miiller, J.-Y. Pang, A. Rusetsky, and J.-J. Wu, Relativistic-invariant formulation of the
NREFT three-particle quantization condition, JHEP 02 (2022) 158, [arXiv:2110.09351].

[33] M. Mai, B. Hu, M. Doring, A. Pilloni, and A. Szczepaniak, Three-body Unitarity with
Isobars Revisited, Eur. Phys. J. A53 (2017),n0.9 177, [arXiv:1706.06118].

[34] M. Mai and M. Doring, Three-body Unitarity in the Finite Volume, Eur. Phys. J. AS3
(2017), no. 12 240, [arXiv:1709.08222].

[35] M. T. Hansen and S. R. Sharpe, Perturbative results for two and three particle threshold
energies in finite volume, Phys. Rev. D93 (2016) 014506, [arXiv:1509.07929].

[36] M. T. Hansen and S. R. Sharpe, Threshold expansion of the three-particle quantization
condition, Phys. Rev. D93 (2016), no. 9 096006, [arXiv:1602.00324]. [Erratum: Phys.
Rev.D96,1n0.3,039901(2017)].

[37] M. T. Hansen and S. R. Sharpe, Applying the relativistic quantization condition to a
three-particle bound state in a periodic box, Phys. Rev. D95 (2017), no. 3 034501,
[arXiv:1609.04317].

[38] S. R. Sharpe, Testing the threshold expansion for three-particle energies at fourth order in
¢* theory, Phys. Rev. D96 (2017), no. 5 054515, [arXiv:1707.04279].

[39] J.-Y. Pang, J.-J. Wu, H. W. Hammer, U.-G. Meiner, and A. Rusetsky, Energy shift of the
three-particle system in a finite volume, Phys. Rev. D99 (2019), no. 7 074513,
[arXiv:1902.01111].

[40] R. A. Bricefio, M. T. Hansen, and S. R. Sharpe, Numerical study of the relativistic
three-body quantization condition in the isotropic approximation, Phys. Rev. D98 (2018),
no. 1 014506, [arXiv:1803.04169].

[41] M. Mai and M. Doring, Finite-Volume Spectrum of n*nt and n*n*n* Systems, Phys. Rev.
Lert. 122 (2019), no. 6 062503, [arXiv:1807.04746].

[42] M. Doring, H. W. Hammer, M. Mai, J. Y. Pang, A. Rusetsky, and J. Wu, Three-body
spectrum in a finite volume: the role of cubic symmetry, Phys. Rev. D97 (2018), no. 11
114508, [arXiv:1802.03362].

20


http://arxiv.org/abs/1504.04248
http://arxiv.org/abs/1706.07700
http://arxiv.org/abs/1707.02176
http://arxiv.org/abs/2110.09351
http://arxiv.org/abs/1706.06118
http://arxiv.org/abs/1709.08222
http://arxiv.org/abs/1509.07929
http://arxiv.org/abs/1602.00324
http://arxiv.org/abs/1609.04317
http://arxiv.org/abs/1707.04279
http://arxiv.org/abs/1902.01111
http://arxiv.org/abs/1803.04169
http://arxiv.org/abs/1807.04746
http://arxiv.org/abs/1802.03362

Three-particle scattering amplitudes from lattice QCD Stephen R. Sharpe

[43] T. D. Blanton, F. Romero-Lépez, and S. R. Sharpe, Implementing the three-particle
quantization condition including higher partial waves, JHEP 03 (2019) 106,
[arXiv:1901.07095].

[44] F. Romero-Lépez, S. R. Sharpe, T. D. Blanton, R. A. Bricefio, and M. T. Hansen, Numerical
exploration of three relativistic particles in a finite volume including two-particle
resonances and bound states, JHEP 10 (2019) 007, [arXiv:1908.02411].

[45] M. T. Hansen and S. R. Sharpe, Lattice QCD and Three-particle Decays of Resonances,
Ann. Rev. Nucl. Part. Sci. 69 (2019) 65-107, [arXiv:1901.00483].

[46] F. Romero-Lépez, Three-particle scattering amplitudes from lattice QCD, in 19th
International Conference on Hadron Spectroscopy and Structure, 12, 2021.
arXiv:2112.05170.

[47] T.D. Blanton and S. R. Sharpe, Alfernative derivation of the relativistic three-particle
quantization condition, Phys. Rev. D 102 (2020), no. 5 054520, [arXiv:2007.16188].

[48] A. W.Jackura, Three-body scattering and quantization conditions from S-matrix unitarity,
Phys. Rev. D 108 (2023), no. 3 034505, [arXiv:2208.10587].

[49] R. A. Bricefio, C. S. R. Costa, and A. W. Jackura, Partial-wave projection of relativistic
three-body amplitudes, Phys. Rev. D 111 (2025), no. 3 036029, [arXiv:2409.15577].

[50] A. W. Jackura, N. C. Chambers, and R. A. Bricefio, Symmetrizing relativistic three-body
partial wave amplitudes, arXiv:2507.14098.

[51] R. A. Bricefo, M. T. Hansen, A. W. Jackura, R. G. Edwards, and C. E. Thomas, Isotensor
nAw scattering with a p resonant subsystem from QCD, arXiv:2510.24894.

[52] M. Rubin, R. Sugar, and G. Tiktopoulos, Dispersion Relations for Three-Particle Scattering
Amplitudes. I, Phys.Rev. 146 (1966) 1130-1149.

[53] R. A. Bricefio, M. T. Hansen, S. R. Sharpe, and A. P. Szczepaniak, Unitarity of the
infinite-volume three-particle scattering amplitude arising from a finite-volume formalism,
Phys. Rev. D100 (2019), no. 5 054508, [arXiv:1905.11188].

[54] T. D. Blanton and S. R. Sharpe, Equivalence of relativistic three-particle quantization
conditions, Phys. Rev. D 102 (2020), no. 5 054515, [arXiv:2007.16190].

[55] A. W. Jackura, S. M. Dawid, C. Ferndndez-Ramirez, V. Mathieu, M. Mikhasenko,
A. Pilloni, S. R. Sharpe, and A. P. Szczepaniak, Equivalence of three-particle scattering
formalisms, Phys. Rev. D 100 (2019), no. 3 034508, [arXiv:1905.12007].

[56] J. Baeza-Ballesteros, J. Bijnens, T. Husek, F. Romero-Lépez, S. R. Sharpe, and M. Sjo, The
isospin-3 three-particle K-matrix at NLO in ChPT, JHEP 05 (2023) 187,
[arXiv:2303.13206].

21


http://arxiv.org/abs/1901.07095
http://arxiv.org/abs/1908.02411
http://arxiv.org/abs/1901.00483
http://arxiv.org/abs/2112.05170
http://arxiv.org/abs/2007.16188
http://arxiv.org/abs/2208.10587
http://arxiv.org/abs/2409.15577
http://arxiv.org/abs/2507.14098
http://arxiv.org/abs/2510.24894
http://arxiv.org/abs/1905.11188
http://arxiv.org/abs/2007.16190
http://arxiv.org/abs/1905.12007
http://arxiv.org/abs/2303.13206

Three-particle scattering amplitudes from lattice QCD Stephen R. Sharpe

[57] J. Baeza-Ballesteros, J. Bijnens, T. Husek, F. Romero-Loépez, S. R. Sharpe, and M. Sjo, The
three-pion K-matrix at NLO in ChPT, JHEP 03 (2024) 048, [arXiv:2401.14293].

[58] F. Miiller, A. Rusetsky, and T. Yu, Finite-volume energy shift of the three-pion ground state,
Phys. Rev. D 103 (2021), no. 5 054506, [arXiv:2011.14178].

[59] R. Bubna, F. Miiller, and A. Rusetsky, Finite-volume energy shift of the three-nucleon
ground state, Phys. Rev. D 108 (2023), no. 1 014518, [arXiv:2304.13635].

[60] R. A. Bricefio, M. T. Hansen, and S. R. Sharpe, Relating the finite-volume spectrum and the
two-and-three-particle S matrix for relativistic systems of identical scalar particles, Phys.
Rev. D95 (2017), no. 7 074510, [arXiv:1701.07465].

[61] M. T. Hansen, F. Romero-Lépez, and S. R. Sharpe, Generalizing the relativistic
quantization condition to include all three-pion isospin channels, JHEP 07 (2020) 047,
[arXiv:2003.10974].

[62] GWQCD Collaboration, M. Mai, A. Alexandru, R. Brett, C. Culver, M. Doring, F. X. Lee,
and D. Sadasivan, Three-Body Dynamics of the al(1260) Resonance from Lattice QCD,
Phys. Rev. Lett. 127 (2021), no. 22 222001, [arXiv:2107.03973].

[63] Y. Feng, F. Gil, M. Doring, R. Molina, M. Mai, V. Shastry, and A. Szczepaniak, A unitary
coupled-channel three-body amplitude with pions and kaons, Phys. Rev. D 110 (2024)
094002, [arXiv:2407.08721].

[64] H. Yan, M. Mai, M. Garofalo, U.-G. Meifner, C. Liu, L. Liu, and C. Urbach, w Meson from
Lattice QCD, Phys. Rev. Lett. 133 (2024), no. 21 211906, [arXiv:2407.16659].

[65] H. Yan, M. Mai, M. Garofalo, Y. Feng, M. Doring, C. Liu, L. Liu, U.-G. Meiliner, and
C. Urbach, Emergence of the n(1300) Resonance from Lattice QCD, arXiv:2510.09476.

[66] T.D. Blanton and S. R. Sharpe, Relativistic three-particle quantization condition for
nondegenerate scalars, Phys. Rev. D 103 (2021), no. 5 054503, [arXiv:2011.05520].

[67] T.D. Blanton and S. R. Sharpe, Three-particle finite-volume formalism for n*n*K* and
related systems, Phys. Rev. D 104 (2021), no. 3 034509, [arXiv:2105.12094].

[68] Z.T. Draper, M. T. Hansen, F. Romero-Lépez, and S. R. Sharpe, Three relativistic neutrons
in a finite volume, JHEP 07 (2023) 226, [arXiv:2303.10219].

[69] M. T. Hansen, F. Romero-Lépez, and S. R. Sharpe, Incorporating D Drt effects and
left-hand cuts in lattice QCD studies of the T.(3875), JHEP 06 (2024) 051,
[arXiv:2401.06609].

[70] Z.T. Draper and S. R. Sharpe, Three-particle formalism for multiple channels: the nmm +
KKn system in isosymmetric QCD, JHEP 07 (2024) 083, [arXiv:2403.20064].

[71] M. T. Hansen, F. Romero-Lépez, and S. R. Sharpe, Finite-volume formalism for Nnn at
maximal isospin, arXiv:2509.24778.

22


http://arxiv.org/abs/2401.14293
http://arxiv.org/abs/2011.14178
http://arxiv.org/abs/2304.13635
http://arxiv.org/abs/1701.07465
http://arxiv.org/abs/2003.10974
http://arxiv.org/abs/2107.03973
http://arxiv.org/abs/2407.08721
http://arxiv.org/abs/2407.16659
http://arxiv.org/abs/2510.09476
http://arxiv.org/abs/2011.05520
http://arxiv.org/abs/2105.12094
http://arxiv.org/abs/2303.10219
http://arxiv.org/abs/2401.06609
http://arxiv.org/abs/2403.20064
http://arxiv.org/abs/2509.24778

Three-particle scattering amplitudes from lattice QCD Stephen R. Sharpe

[72] Hadron Spectrum Collaboration, M. T. Hansen, R. A. Bricefo, R. G. Edwards, C. E.
Thomas, and D. J. Wilson, Energy-Dependent n*n*nt Scattering Amplitude from QCD,
Phys. Rev. Lett. 126 (2021) 012001, [arXiv:2009.04931].

[73] A. W. Jackura, R. A. Bricefio, S. M. Dawid, M. H. E. Islam, and C. McCarty, Solving
relativistic three-body integral equations in the presence of bound states, Phys. Rev. D 104
(2021), no. 1 014507, [arXiv:2010.09820].

[74] S. M. Dawid, Infinite volume, three-body scattering formalisms in the presence of bound
states, PoS LATTICE2021 (2022) 520, [arXiv:2111.05418].

[75] S. M. Dawid, M. H. E. Islam, and R. A. Bricefo, Analytic continuation of the relativistic
three-particle scattering amplitudes, Phys. Rev. D 108 (2023), no. 3 034016,
[arXiv:2303.04394].

[76] S. M. Dawid, M. H. E. Islam, R. A. Briceno, and A. W. Jackura, Evolution of Efimov states,
Phys. Rev. A 109 (2024), no. 4 043325, [arXiv:2309.01732].

[77] M. Garofalo, M. Mai, F. Romero-L6pez, A. Rusetsky, and C. Urbach, Three-body
resonances in the go4 theory, JHEP 02 (2023) 252, [arXiv:2211.05605].

[78] A. W. Jackura and R. A. Bricefo, Partial-wave projection of the one-particle exchange in
three-body scattering amplitudes, Phys. Rev. D 109 (2024), no. 9 096030,
[arXiv:2312.00625].

[79] S. M. Dawid, Z. T. Draper, A. D. Hanlon, B. Horz, C. Morningstar, F. Romero-Lépez, S. R.
Sharpe, and S. Skinner, QCD Predictions for Physical Multimeson Scattering Amplitudes,
Phys. Rev. Lett. 135 (2025), no. 2 021903, [arXiv:2502.143438].

[80] S. M. Dawid, Z. T. Draper, A. D. Hanlon, B. Horz, C. Morningstar, F. Romero-Lépez, S. R.
Sharpe, and S. Skinner, Two- and three-meson scattering amplitudes with physical quark
masses from lattice QCD, Phys. Rev. D 112 (2025), no. 1 014505, [arXiv:2502.17976].

[81] S. M. Dawid, F. Romero-Lépez, and S. R. Sharpe, Comparison of integral equations used
to study T, for a stable D*, JHEP 09 (2025) 058, [arXiv:2505.05466].

[82] T. D. Blanton, F. Romero-Lépez, and S. R. Sharpe, I = 3 three-pion scattering amplitude
from lattice QCD, Phys. Rev. Lett. 124 (2020), no. 3 032001, [arXiv:1909.02973].

[83] M. Fischer, B. Kostrzewa, L. Liu, F. Romero-Lopez, M. Ueding, and C. Urbach, Scattering
of two and three physical pions at maximal isospin from lattice QCD, Eur. Phys. J. C 81
(2021), no. 5 436, [arXiv:2008.03035].

[84] M. Mai, M. Doring, C. Culver, and A. Alexandru, Three-body unitarity versus finite-volume
mtatnt spectrum from lattice QCD, Phys. Rev. D 101 (2020) 054510,
[arXiv:1909.05749].

[85] C. Culver, M. Mai, R. Brett, A. Alexandru, and M. Doring, Three pion spectrum in the I = 3
channel from lattice QCD, Phys. Rev. D 101 (2020), no. 11 114507, [arXiv:1911.09047].

23


http://arxiv.org/abs/2009.04931
http://arxiv.org/abs/2010.09820
http://arxiv.org/abs/2111.05418
http://arxiv.org/abs/2303.04394
http://arxiv.org/abs/2309.01732
http://arxiv.org/abs/2211.05605
http://arxiv.org/abs/2312.00625
http://arxiv.org/abs/2502.14348
http://arxiv.org/abs/2502.17976
http://arxiv.org/abs/2505.05466
http://arxiv.org/abs/1909.02973
http://arxiv.org/abs/2008.03035
http://arxiv.org/abs/1909.05749
http://arxiv.org/abs/1911.09047

Three-particle scattering amplitudes from lattice QCD Stephen R. Sharpe

[86]

[87]

[88]

[89]

[90]

[91]

[92]

[93]

[94]

[95]

[96]

[97]

[98]

R. Brett, C. Culver, M. Mai, A. Alexandru, M. Déring, and F. X. Lee, Three-body
interactions from the finite-volume QCD spectrum, Phys. Rev. D 104 (2021), no. 1 014501,
[arXiv:2101.06144].

A. Alexandru, R. Brett, C. Culver, M. Doring, D. Guo, F. X. Lee, and M. Mai,
Finite-volume energy spectrum of the K~ K=K~ system, Phys. Rev. D 102 (2020), no. 11
114523, [arXiv:2009.12358].

T. D. Blanton, F. Romero-Loépez, and S. R. Sharpe, Implementing the three-particle
quantization condition for n*x*K* and related systems, JHEP 02 (2022) 098,
[arXiv:2111.12734].

T. D. Blanton, A. D. Hanlon, B. Horz, C. Morningstar, F. Romero-Lépez, and S. R. Sharpe,
Interactions of two and three mesons including higher partial waves from lattice QCD,
JHEP 10 (2021) 023, [arXiv:2106.05590].

Z. T. Draper, A. D. Hanlon, B. Horz, C. Morningstar, F. Romero-Lépez, and S. R. Sharpe,
Interactions of nK, nnK and KKn systems at maximal isospin from lattice QCD, JHEP 05
(2023) 137, [arXiv:2302.13587].

M. Bruno et al., Simulation of QCD with Ny = 2 + 1 flavors of non-perturbatively improved
Wilson fermions, JHEP 02 (2015) 043, [arXiv:1411.3982].

C. Morningstar, J. Bulava, J. Foley, K. J. Juge, D. Lenkner, M. Peardon, and C. H. Wong,
Improved stochastic estimation of quark propagation with Laplacian Heaviside smearing in
lattice QCD, Phys. Rev. D 83 (2011) 114505, [arXiv:1104.3870].

M. Liischer and U. Wolft, How to Calculate the Elastic Scattering Matrix in

Two-dimensional Quantum Field Theories by Numerical Simulation, Nucl. Phys. B 339
(1990) 222-252.

Particle Data Group Collaboration, S. Navas et al., Review of particle physics, Phys. Rev.
D 110 (2024), no. 3 030001.

CLQCD Collaboration, Z.-C. Hu et al., Quark masses and low-energy constants in the
continuum from the tadpole-improved clover ensembles, Phys. Rev. D 109 (2024), no. 5
054507, [arXiv:2310.00814].

C. Hanhart, J. R. Pelaez, and G. Rios, Quark mass dependence of the rho and sigma from
dispersion relations and Chiral Perturbation Theory, Phys. Rev. Lett. 100 (2008) 152001,
[arXiv:0801.2871].

H.-X. Chen, W. Chen, X. Liu, Y.-R. Liu, and S.-L. Zhu, An updated review of the new
hadron states, Rept. Prog. Phys. 86 (2023), no. 2 026201, [arXiv:2204.02649].

C. Hanhart, Hadronic molecules and multiquark states, arXiv:2504.06043.

24


http://arxiv.org/abs/2101.06144
http://arxiv.org/abs/2009.12358
http://arxiv.org/abs/2111.12734
http://arxiv.org/abs/2106.05590
http://arxiv.org/abs/2302.13587
http://arxiv.org/abs/1411.3982
http://arxiv.org/abs/1104.3870
http://arxiv.org/abs/2310.00814
http://arxiv.org/abs/0801.2871
http://arxiv.org/abs/2204.02649
http://arxiv.org/abs/2504.06043

Three-particle scattering amplitudes from lattice QCD Stephen R. Sharpe

[99] J. R. Green, A. D. Hanlon, P. M. Junnarkar, and H. Wittig, Weakly bound H dibaryon from
SU(3)-flavor-symmetric QCD, Phys. Rev. Lett. 127 (2021), no. 24 242003,
[arXiv:2103.01054].

[100] M.-L. Du, A. Filin, V. Baru, X.-K. Dong, E. Epelbaum, F.-K. Guo, C. Hanhart, A. Nefediev,
J. Nieves, and Q. Wang, Role of Left-Hand Cut Contributions on Pole Extractions from
Lattice Data: Case Study for T}}.(3875), Phys. Rev. Lett. 131 (2023), no. 13 131903,
[arXiv:2303.09441].

[101] M. Padmanath and S. Prelovsek, Signature of a Doubly Charm Tetraquark Pole in DD*
Scattering on the Lattice, Phys. Rev. Lett. 129 (2022), no. 3 032002, [arXiv:2202.10110].

[102] Hadron Spectrum Collaboration, T. Whyte, D. J. Wilson, and C. E. Thomas,
Near-threshold states in coupled DD*-D*D* scattering from lattice QCD, Phys. Rev. D 111
(2025), no. 3 034511, [arXiv:2405.15741].

[103] Y. Lyu, S. Aoki, T. Doi, T. Hatsuda, Y. Ikeda, and J. Meng, Doubly Charmed Tetraquark
TY. from Lattice QCD near Physical Point, Phys. Rev. Lett. 131 (2023), no. 16 161901,
[arXiv:2302.04505].

[104] S. Aoki, T. Doi, and Y. Lyu, Left-hand cut and the HAL QCD method, PoS LATTICE2024
(2025) 089, [arXiv:2501.16804].

[105] A.B. a. Raposo and M. T. Hansen, Finite-volume scattering on the left-hand cut, JHEP 08
(2024) 075, [arXiv:2311.18793].

[106] A. B. Raposo, R. A. Bricefio, M. T. Hansen, and A. W. Jackura, Extracting scattering
amplitudes for arbitrary two-particle systems with one-particle left-hand cuts via lattice
QCD, JHEP 06 (2025) 186, [arXiv:2502.19375].

[107] L. Meng, V. Baru, E. Epelbaum, A. A. Filin, and A. M. Gasparyan, Solving the left-hand cut
problem in lattice QCD: T*_.(3875) from finite volume energy levels, Phys. Rev. D 109
(2024), no. 7 LO71506, [arXiv:2312.01930].

[108] S. M. Dawid, A. W. Jackura, and A. P. Szczepaniak, Finite-volume quantization condition
from the N/D representation, Phys. Lett. B 864 (2025) 139442, [arXiv:2411.15730].

[109] M.-L. Du, V. Baru, X.-K. Dong, A. Filin, F.-K. Guo, C. Hanhart, A. Nefediev, J. Nieves,
and Q. Wangh, Analysis of T}, including chiral dynamics and three-body cuts, PoS CD2021
(2024) 051.

[110] S. Collins, A. Nefediev, M. Padmanath, and S. Prelovsek, Toward the quark mass
dependence of T}, from lattice QCD, Phys. Rev. D 109 (2024), no. 9 094509,
[arXiv:2402.14715].

[111] S. Prelovsek, E. Ortiz-Pacheco, S. Collins, L. Leskovec, M. Padmanath, and 1. Vujmilovic,
Doubly heavy tetraquarks from lattice QCD: Incorporating diquark-antidiquark operators
and the left-hand cut, Phys. Rev. D 112 (2025), no. 1 014507, [arXiv:2504.03473].

25


http://arxiv.org/abs/2103.01054
http://arxiv.org/abs/2303.09441
http://arxiv.org/abs/2202.10110
http://arxiv.org/abs/2405.15741
http://arxiv.org/abs/2302.04505
http://arxiv.org/abs/2501.16804
http://arxiv.org/abs/2311.18793
http://arxiv.org/abs/2502.19375
http://arxiv.org/abs/2312.01930
http://arxiv.org/abs/2411.15730
http://arxiv.org/abs/2402.14715
http://arxiv.org/abs/2504.03473

Three-particle scattering amplitudes from lattice QCD Stephen R. Sharpe

[112] V. D. Burkert and C. D. Roberts, Colloquium : Roper resonance: Toward a solution to the
fifty year puzzle, Rev. Mod. Phys. 91 (2019), no. 1 011003, [arXiv:1710.02549].

[113] D. Severt and U.-G. MeiBiner, The Roper Resonance in a finite volume, Commun. Theor.
Phys. 72 (2020), no. 7 075201, [arXiv:2003.05745].

[114] D. Severt, M. Mai, and U.-G. MeiBner, Particle-dimer approach for the Roper resonance in
a finite volume, JHEP 04 (2023) 100, [arXiv:2212.02171].

[115] W. Schaaf and S. R. Sharpe, Implementing the three-neutron quantization condition,
arXiv:2512.24508.

[116] F. Miiller and A. Rusetsky, On the three-particle analog of the Lellouch-Liischer formula,
JHEP 21 (2020) 152, [arXiv:2012.13957].

[117] M. T. Hansen, F. Romero-Lépez, and S. R. Sharpe, Decay amplitudes to three hadrons from
finite-volume matrix elements, JHEP 04 (2021) 113, [arXiv:2101.10246].

[118] F. Miiller, J.-Y. Pang, A. Rusetsky, and J.-J. Wu, Three-particle Lellouch-Liischer formalism
in moving frames, JHEP 02 (2023) 214, [arXiv:2211.10126].

[119] M. Salg, F. Romero-Lépez, and W. 1. Jay, Bayesian analysis and analytic continuation of
scattering amplitudes from lattice QCD, Phys. Rev. D 112 (2025), no. 11 114502,
[arXiv:2506.16161].

[120] J. Bulava and M. T. Hansen, Scattering amplitudes from finite-volume spectral functions,
Phys. Rev. D 100 (2019), no. 3 034521, [arXiv:1903.11735].

[121] A. Patella and N. Tantalo, Scattering amplitudes from Euclidean correlators: Haag-Ruelle
theory and approximation formulae, JHEP 01 (2025) 091, [arXiv:2407.02069].

[122] HAL QCD Collaboration, T. Doi, S. Aoki, T. Hatsuda, Y. Ikeda, T. Inoue, N. Ishii,
K. Murano, H. Nemura, and K. Sasaki, Exploring Three-Nucleon Forces in Lattice QCD,
Prog. Theor. Phys. 127 (2012) 723-738, [arXiv:1106.2276].

[123] EXOHAD collaboration exohad.org.

26


http://arxiv.org/abs/1710.02549
http://arxiv.org/abs/2003.05745
http://arxiv.org/abs/2212.02171
http://arxiv.org/abs/2512.24508
http://arxiv.org/abs/2012.13957
http://arxiv.org/abs/2101.10246
http://arxiv.org/abs/2211.10126
http://arxiv.org/abs/2506.16161
http://arxiv.org/abs/1903.11735
http://arxiv.org/abs/2407.02069
http://arxiv.org/abs/1106.2276

	Introduction
	Status of formalism
	Recent applications of the three-particle formalism
	Three-particle amplitudes involving pions and kaons at physical quark masses
	First results for the (1300) resonance
	Using three-particle methods to study the Tcc+(3875)
	The N system
	Dreaming of three neutrons

	Summary and Outlook

