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1. Introduction

There are two sources of CP violation in the standard model that contribute to the neu-
tron electric dipole moment (nEDM). One is the CKM matrix in the weak interaction, which
induces an EDM of the quarks at the two-loop order [1, 2] involving heavy quarks. The re-
cent results from the CKM matrix calculation of nEDM dn and proton EDM (pEDM) dp are
1 × 10−32 e · cm < {|dn(CKM) |, |dp(CKM) |} < 6 × 10−32 e · cm [3]. This range is 5 to 6 orders of
magnitude smaller than the current upper limit on the nEDM. Thus, nEDM experiments have a
good discovery potential for BSM physics.

The second source is the 𝜃-term in QCD, represented by the topological charge operator
−𝜃 𝑔2

32𝜋2𝐺
𝑎
𝜇𝜈𝐺̃

𝑎
𝛼𝛽

. The EDM induced by the CKM matrix is suppressed due to the flavor non-
diagonal nature of quark flavor-mixing. The topological charge term is the only four-dimensional
flavor-diagonal operator that can produce an EDM. If this is the sole contribution to the EDM, the
current experimental limit on EDM implies that 𝜃 < 10−10 based on chiral symmetry considerations
of a pion loop contribution [4, 5]. In contrast to the CKM matrix where 𝛿𝐶𝐾𝑀 is of order unity,
this small 𝜃 is known as the strong CP problem.

One proposed solution to address the strong CP problem is the introduction of the axion - a
pseudo-Goldstone boson - via the Peccei-Quinn mechanism [6]. In this framework, 𝜃 becomes
a dynamical field with a potential minimized at 𝜃 = 0. The smallness of 𝜃 can be understood as
being dynamically relaxed [6–9], though generally not to exactly zero, due to effects that violate the
Peccei-Quinn symmetry [10–13]. Another possibility is that there are BSM interactions responsible
for CP violation, which can be classified as higher dimensional operators in effective theories. Some
of these operators can mix with the four-dimensional topological term. The smallness of 𝜃 would
then reflect the large scale of BSM physics.

While BAU and nEDM may require new beyond Standard Model (BSM) physics, relating
nuclear and atomic EDMs to the high-energy CP violation mechanism will necessitate hadronic and
nuclear inputs. Below the BSM scale, flavor-diagonal CP violation can be described by extending
the Standard Model (SM) Lagrangian with gauge-invariant higher-dimensional operators, leading
to a standard model effective field theory (SMEFT) [14–16]. A list of operators relevant to CP
violation can be found in [17]. To address hadron and nuclear systems below the electroweak
scale, heavy SM degrees of freedom, such as 𝑊 and 𝑍 bosons and the Higgs, can be integrated
out by matching the SMEFT Lagrangian to a low-energy effective field theory (LEFT) [18, 19].
The complete one-loop matching calculation has been carried out [20]. A subset of operators
relevant to EDM, estimated to have dominant contributions [21], include the quark EDM (qEDM),
the quark chromo-EDM (qcEDM), the gluon chromo-EDM (gcEDM) — known as the Weinberg
operator [22] — and the four-fermion operators.

The discovery of an electric dipole moment (EDM) in any single system — be it a hadron, a
lepton or a molecule — would represent a significant breakthrough and paradigm-shift. However,
it would not be sufficient to definitely identify the source or discriminate among different BSM
models. It is necessary to bound EDMs in complementary systems to identify the characteristic
features of CP violation at low-energies and establish a connection to the underlying BSM origin.
One crucial ingredient in this process is having reliable theoretical estimates of the relevant matrix
elements for the aforementioned CP-violating operators. This is where lattice QCD calculations
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come into play.
Over the last five decades, lattice QCD calculations based on the Euclidean path-integral

formulation of QCD on a discrete space-time lattice [23] have developed into a powerful tool for
ab initio calculations of strong-interaction physics. It is presently the only theoretical approach
to solving QCD with controlled systematic errors. Many of the recent lattice ensembles have
reached the physical pion mass, allowing for systematic errors in continuum and infinite volume
extrapolations to be quantified, controlled, and improved.

Lattice fermion formulations that accommodate chiral symmetry have been developed over the
last three decades, including domain-wall fermions (DWF) [24, 25], overlap fermions [26], and
fixed-point fermions [27]. In this review, we will discuss the progress on lattice calculations of the
𝜃 term, the qEDM, the qcEDM, and the Weinberg operator. Previous reviews on the subject has
been given in [28, 29]. This review serves as an update on the latest lattice results, particularly
concerning the 𝜃 term and the CP-violating 𝜋NN coupling. We will not discuss the four-fermion
operators as there are currently no lattice calculations for these operators.

2. QCD 𝜃 Term

The QCD action in Euclidean space with the 𝜃 term is given by:

𝑆𝐸
𝑄𝐶𝐷+𝜃 = 𝑆𝐸𝑄𝐶𝐷 − 𝑖𝜃𝑄, (1)

where 𝑄 =
𝑔2

32𝜋2𝐺
𝑎
𝜇𝜈𝐺̃

𝑎
𝜇𝜈 is the topological charge. Since the 𝜃 term is imaginary, the usual

probability based Monte Carlo approach encounters a sign problem. However, considering that
𝜃 ≪ 1, one can Taylor expand in 𝜃 to calculate observables in the presence of 𝑄:

⟨𝑂 (𝜓, 𝜓̄,𝑈)⟩𝜃 −→ ⟨𝑂⟩𝜃=0 − 𝑖𝜃⟨𝑂𝑄⟩𝜃=0 + O(𝜃2). (2)

Thus, to first order in 𝜃, one can calculate ⟨𝑂𝑄⟩𝜃=0. We shall use Euclidean notation in the
following text.

The common calculation of the neutron electric dipole moment (nEDM) is conducted through
the vector form factor in the presence of the 𝜃 term in the action. In this case, the vector current
form factor is given by [30]

⟨𝑁 (𝑝′) |𝐽𝑒𝑚𝜇 |𝑁𝑝⟩𝜃 = 𝑢̄𝑝′Γ𝜇𝑢𝑝, (3)

where
Γ𝜇 = 𝛾𝜇𝐹1(𝑞2) −

𝜎𝜇𝜈𝑞𝜈

2𝑀𝑁

[𝐹2(𝑞2) − 𝑖𝐹3(𝑞2)𝛾5] +
𝐹𝐴(𝑞2)
𝑚𝑁

(𝑞/ 𝑞𝜇 − 𝑞2𝛾𝜇)𝛾5. (4)

Here, 𝜎𝜇𝜈 = [𝛾𝜇, 𝛾𝜈]/2𝑖, 𝐹3(𝑞2) is the electric dipole form factor, and 𝐹𝐴(𝑞2) is the anapole form
factor.

It has been noted [31, 32] that the linear 𝜃 dependence comes in two places: one is the insertion
of −𝑖𝜃 𝑄 in addition to the current 𝐽𝑒𝑚𝜇 , and the other is through the nucleon state, which acquires a
CP-breaking phase. Specifically, the nucleon spinor in the 𝜃 vacuum becomes: 𝑢𝜃 = 𝑒𝑖 𝜃 𝛼5𝛾5𝑢, and
𝑢̄𝜃 = 𝑢̄𝑒𝑖 𝜃 𝛼5𝛾5 . It was shown [30] that the combinations

𝐹3(𝑞2) = 𝐹̃3(𝑞2) + 2𝛼5𝐹̃2(𝑞2), 𝐹2(𝑞2) = 𝐹̃2(𝑞2) − 2𝛼5𝐹̃3(𝑞2) (5)
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transform as an axial vector and vector, respectively. Thus, the electric dipole moment is given by:

𝑑𝑁 = lim
𝑞2→0

𝐹3(𝑞2)
2𝑀𝑁

(6)

where 𝐹̃3 and 𝐹̃2 are those calculated without considering the CP phase in the nucleon state.
Previous lattice nEDM calculations [31, 33–36] did not take the 2𝛼𝐹̃2 term into account. When
it was included, the results were within one sigma of zero, indicating that no nEDM had been
observed [30].

Furthermore, directly calculating with re-weighting of the total topological charge 𝑄 in the
evaluation of the correlator ⟨O𝑄⟩ in Eq. (2) is not practical. The average |𝑄 | in an ensemble grows
with

√
𝑉 , the square root of the volume, which induces large fluctuations and negatively affects

the signal-to-noise ratio (SNR) as 𝑉 increases. It has been found that considering the total 𝑄 as
the sum of the local charge 𝑞(𝑥) ( i.e., 𝑄 =

∫
𝑑4𝑥 𝑞(𝑥)) and summing a subset of 𝑞 over limited

time slices straddling the current time position reduces the error [35]. This is a consequence of
cluster decomposition [37], and one can use this property to reduce variance through a cluster
decomposition error reduction technique (CDER) [37], which we will discuss later.

New lattice efforts have been initiated [38–43]. One lattice calculation [39] used the clover
fermions on a lattice with a spacing of 𝑎 = 0.0907 fm and investigated three pion masses at 410,
568, and 699 MeV for chiral extrapolation. Additionally, it included three lattice spacings of
0.0684, 0.0936 and 0.1095 fm, with a pion mass around 680 MeV for continuum extrapolation.
The authors employed gradient flow [44, 45] to define the local topological charge, which yields
integer 𝑄 and does not require renormalization. They also adopted a cluster decomposition error
reduction technique (CDER) for the time slices to reduce errors in both the two- and three-point
functions. The results obtained were 𝑑𝑛 = −0.00152(71) 𝜃 𝑒 · fm and 𝑑𝑝 = 0.0011(10) 𝜃 𝑒 · fm.
The reported nucleon Schiff moments reported are 𝑆𝑛 = −0.10(43) × 10−4 𝜃 𝑒 · fm and 𝑆𝑝 =

0.50(59) × 10−4 𝜃 𝑒 · fm.
Another calculation using 𝑁 𝑓 = 2+1+1 twisted mass and clover-improved fermion action was

conducted by the Extended Twisted Mass Collaboration (ETMC) [40]. The lattice has a physical
size of 5.13 fm with a spacing of approximately 𝑎 ≃ 0.08 fm, and a pion mass at the physical value
of 139 MeV. The fermion version was used for the topological charge operator 𝑄. This formulation
was found to be less noisy than that constructed from the gauge link variables, whether using
gradient flow, link smearing, or cooling [46], and has smaller discretization errors. They obtained
the nEDM value as |𝑑𝑛 | = 0.0009(24) 𝜃 𝑒 · fm.

The Los Alamos group utilized the valence clover action on the 𝑁 𝑓 = 2+1+1 highly improved
staggered quark (HISQ) gauge configurations for their nEDM calculation. They worked with nine
ensembles featuring lattice spacings ranging from 0.0570 fm to 0.1207 fm and pion masses from
the physical value of 135 MeV to 320 MeV [41]. The topological charge operator was obtained from
the gradient flow and the O(𝑎) effects were considered due to the non-chiral valence quarks [47]
and the fact that the vector current is not O(𝑎) improved. Their chiral extrapolation fits, which
included chiral logarithms, yielded 𝑑𝑛 = −0.003(7) (20) 𝜃 𝑒 · fm and 𝑑𝑝 = 0.024(10) (30) 𝜃 𝑒 · fm.

A recent calculation on the subject was carried out by the 𝜒QCD collaboration [42]. They
employed overlap fermions on 2+ 1-flavor domain-wall fermion (DWF) configurations on 243 × 64
lattices for three ensembles with sea pion masses at 339, 432, and 560 MeV. For each ensemble with a
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different sea quark mass, they calculated 3 to 4 valence quark masses for partially quenched analyses.
The local topological charge operator was defined with the overlap operator for consistency [48, 49].
Thanks to the chiral nature of both the valence overlap fermions and the sea DWF, they achieved
results with smaller statistical errors: 𝑑𝑛 = −0.00148(14) (31) 𝜃 𝑒 · fm and 𝑑𝑝 = 0.0038(11) (8) 𝜃 𝑒 ·
fm. We shall present some details of this calculation in the following. The results of these
calculations are tabulated in Table 1 and plotted in Fig. 1.

Table 1: Summary of recent lattice calculations of the neutron electric dipole moment (nEDM) and proton
electric dipole moment (pEDM) from the 𝜃 term, including the quark actions, lattice spacings, and pion
masses.

Action (ref.) a (fm)/ 𝑚𝜋 (MeV) 𝑑𝑛 (𝜃 𝑒 · fm) 𝑑𝑝 (𝜃 𝑒 · fm)
Clover [39] 0.0907 / 410, 568, 699 -0.00152(71) 0.0011(10)

0.0684, 0.0936, 0.1995 / ∼ 680
Twisted Mass [40] 0.08 / 139 0.0009(24) -
Clover+HISQ [41] 0.0570 - 0.1207 / 135 - 320 - 0.003(7)(20) 0.024(10)(30)
Overlap+DWF [42] 0.0114 / 339, 432, 560 - 0.00148 (14) (31) 0.0038 (11) (8)

Figure 1: The lattice calculation results in Table 1 are plotted. The left and right panel is for nEDM and
pEDM respectively. The legends give their reference numbers.

Other efforts calculating the nEDM from the 𝜃 term using Domain-Wall-Fermions (DWF) has
also been attempted [38, 43]. A background field approach [43] with DWF has reported preliminary
results for nEDM at two pion masses: 𝑑𝑛/𝜃 (340MeV) = −0.0072(20), and 𝑑𝑛/𝜃 (420MeV) =

−0.0060(20).

2.1 Nucleon EDM and cluster decomposition error reduction (CDER)

We shall give some details of the calculation by the 𝜒QCD collaboration with the overlap
fermions [42].The lattice 𝐹3 form factors for the nEDM and pEDM are extracted from the three-
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and two-point correlation functions

𝐹3(𝑞2) = 2𝑚
𝐸 𝑓 + 𝑚

{
2𝐸 𝑓
𝑞𝑖

Tr
[
Γ𝑖𝐶3(𝑉𝜇)𝑄

]
Tr [Γ𝑒𝐶2]

− 𝛼5 𝐺𝐸 (𝑞2)
}
, (7)

where 𝐺𝐸 (𝑞2) is the electric form factor and 𝛼5 is the CP phase of the nucleon in Eq. (??),

𝐺𝐸 (𝑞2) =
2𝐸 𝑓

𝐸 𝑓 + 𝑚

Tr
[
Γ𝑒𝐶3(𝑉𝜇)

]
Tr [Γ𝑒𝐶2]

, 𝛼5 =

Tr
[
𝛾5𝐶

𝑄

2

]
2Tr [Γ𝑒𝐶2]

. (8)

Here,𝑉𝜇 is the EM current operator. 𝐶3(𝑉𝜇) is the three-point correlator with nucleon interpolation
fields at source and sink time positions of 0 and 𝑡 𝑓 , and the vector current insertion occurs at time
𝑡. The source, sink and current have momenta projections of ®𝑝𝑖 , ®𝑝 𝑓 and ®𝑞, respectively, such that
the momentum transfer is 𝑞2. 𝐶3(𝑉𝜇)𝑄 is the 𝐶3(𝑉𝜇) correlator with the topological charge 𝑄

insertion. 𝐶2 and 𝐶
𝑄

2 are the corresponding two-point functions with the same source and sink at
0 and 𝑡 𝑓 . Γ𝑒 = 1+𝛾4

2 is the unpolarized spin projector, and Γ𝑖 = −𝑖𝛾5𝛾𝑖Γ𝑒 is the polarized projector
along the 𝑖 direction. This formalism applies equally to both the neutron and the proton.

One often invokes the locality argument to justify that experiments conducted on Earth are not
affected by events on the Moon. This stems from the cluster decomposition principle (CDP), which
states that if color-singlet operators in a correlator are separated by a sufficient large space-like
distance, the correlator will be zero. However, the disconnected insertion (DI) calculation of the
three-point function, such as the calculation of nEDM with the 𝜃 term, encounters a noise issue
due to the

√
𝑉 fluctuation. These problems were identified [37] as stemming from the fact that the

variance of the disconnected insertion has a leading intermediate vacuum state insertion, causing the
operator and the nucleon propagator in the disconnected insertion (DI) to fluctuate independently.
This leads to a variance that is the product of their respective variances. In this case, the vacuum
insertion is a constant, independent of 𝑡. This is why the noise remains constant over 𝑡 in DI. In
the case of the correlator Tr(𝛾5𝐶

𝑄

2 ), which is needed to obtain the CP phase 𝛼5 in Eq. (8), one can
consider 𝑄 as a sum of the local topological charge, i.e., 𝑄 =

∑
𝑥 𝑞(𝑥), so that one can take the 4-D

accumulated sum of 𝑞(𝑥) with a radius 𝑅 away from the sink position using FFT. In the calculation
of the CP phase 𝛼 on a 483 × 96 DWF lattice (with 𝑎 = 0.114 fm, 𝑚𝜋 = 139 MeV) using overlap
fermions for the valence quarks and 𝑞(𝑥) = 1

2𝑇𝑟cs(𝛾5𝐷ov(𝑥, 𝑥)) reveals that the resulting signal
saturates after 𝑅 ∼ 16. Since the signal falls off exponentially due to the CDP, there is no further
signal after this point, yet the error continues to accumulate. This suggests that the sum should be
truncated at 𝑅. Cutting off the sum of 𝑞(𝑥) at this radius results in a factor of ∼ 3.6 times reduction
in error compared to the case of reweighting with the total topological charge as in Eq. (8). This
approach can increase the signal to noise ratio (SNR) by

√︁
𝑉/𝑉𝑅 where 𝑉𝑅 is the volume with the

radius 𝑅. This variance reduction technique, known as the cluster decomposition error reduction
(CDER), has been applied to the disconnected insertion (DI) calculations with quark loops [50–53]
and glue operators [42, 53, 54].

Besides applying CDER to the calculation of nEDM and pEDM to reduce errors from the DI
of the topological charge [42], additional variance reduction arises from the chiral nature of overlap
fermions. The anomalous Ward identity is preserved by the overlap fermion action and the 𝑞(𝑥)
from the overlap Dirac operator. Consequently, the EDM at the chiral limit is zero on the lattice
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at finite lattice spacing (This is not true with non-chiral fermions; in this case, one must first take
the continuum limit to satisfy the AWI.) The results of the nEDM for three ensembles of the DFW
configurations (see Table 1 for pion masses) are plotted in Fig. 2 as a function of 𝑚2

𝜋 . The left panel
shows the unitary case where the valence and sea pion masses are matched. Since 𝑑𝑛/𝑝 anchored
at the chiral limit is zero, a chiral interpolation can be performed to reach the physical pion point,
incorporating a chiral log in the fitting. The result 𝑑𝑛 = −0.00142(20) (29) 𝜃 𝑒 · fm is obtained, with
the total systematic uncertainty arising from excited-state contamination, the CDER cutoff, the 𝑄2

extrapolation and chiral interpolation.

Figure 2: The neutron electric dipole moment as a function of 𝑚2
𝜋 is interpolated between the zero quark

mass limit and three heavier pion masses. The left panel represents the unitary case, where the valence
and sea quarks are the same. The right panel illustrates the case with 3 to 4 valence quarks for each sea
quark ensemble in a partially quenched chiral perturbation interpolation. The red points indicate the values
interpolated to the physical pion mass.

Results from the partially quenched cases, with several valence quark masses for each sea mass,
are plotted in the right panel of Fig. 2. It is observed that the chiral behaviors of the sea and valence
pions seem to diverge, moving in opposite directions as the pion mass decreases. This behavior was
predicted in a partially quenched 𝜒PT [55] calculation, which indicates that the terms linear in 𝑚2

𝜋

have different signs for the sea and the valence pions. Consequently, the following form was used
in the chiral interpolation, including both the valence and sea contributions.

𝑑𝑛 = 𝑐1 𝑚
2
𝜋,𝑠 log

(
𝑚2
𝜋,𝑣

𝑚2
𝑁

)
+ 𝑐2 𝑚

2
𝜋,𝑠 + 𝑐3

(
𝑚2
𝜋,𝑣 − 𝑚2

𝜋,𝑠

)
, (9)

where 𝑚𝜋,𝑣 and 𝑚𝜋,𝑠 are the valence and sea pion masses, respectively. With additional partially
quenched data, the nEDM is fond to be 𝑑𝑛 = −0.00148(14) (31) 𝜃 𝑒 · fm, reflecting a 30% reduction
in the statistical error compared to the unitary case. The 10-sigma result (statistical error) represents
a significant improvement over the previous 2-sigma result [56]. This enhancement is primarily due
to the combination of CDER, chiral fermion interpolation, and the inclusion of partially quenched
data. The proton EDM is also obtained in the same calculation, yielding 𝑑𝑝 = 0.038(11) (8) 𝜃 𝑒 ·fm.
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A precise determination of 𝑑𝑛 and 𝑑𝑝 is important for systems that are sensitive to the iso-
singlet combination 𝑑𝑛 + 𝑑𝑝, where the one-loop chiral perturbation contributions almost cancel.
This supports the notion that it is necessary to measure EDMs in various systems experimentally,
as they might be sensitive to different sources of CP violation.

2.2 Chiral perturbation theory and CP-violating 𝜋NN coupling

The extraction of solid information on possible new sources of CP violation from EDM mea-
surements involves dynamics across a wide variety of scales, from the new physics scale Λ��𝐶𝑃 to the
electroweak (EW) and QCD scales, down to the atomic scale. At the QCD scale, the interpretation
of EDM experiments involving more than one nucleon additionally depends on CP-violating (CPV)
nucleon-nucleon interactions. Heavy Baryon Chiral Perturbation Theory (HB𝜒PT) [57] has been
extended to include parity and time reversal breaking Lagrangians. The chiral power counting
predicts that these interactions mainly depend on one-pion-exchange contributions involving CP
violating (CPV) pion-nucleon vertices [21, 58–60]. Calculations of the CPV pion-nucleon coupling
constants are therefore as important as those of nucleon EDMs. The relevant CPV pion-nucleon
coupling Lagrangian includes the following terms

L��𝐶𝑃
eff = 𝑔̄0𝑁𝝉 · 𝝅𝑁 + 𝑔̄1𝜋0𝑁 + 𝑔̄2𝜋0𝜏

3𝑁, (10)

where the low-energy constants (LECs) 𝑔̄0, 𝑔̄1 and 𝑔̄2 represent the iso-scalar, iso-vector, and iso-
tensor CP-odd pion-nucleon couplings, respectively. The first estimate of nEDM was based on the
pion loop of the nucleon with the CP-violating 𝜋NN coupling 𝑔̄0 from the Ξ and nucleon mass
difference [4] and from mixing with the Δ resonance [5]. These LECs can be obtained from baryon
mass differences by comparing the 𝑔̄0 term with the expansion of the quark mass term, which is
modified by the presence of the 𝜃 term. The mass and CPV terms appear in the HB𝜒PT Lagrangian
only at 𝑂 (𝑝2), and if the decuplet terms are neglected, the expansion of 𝜃 in the modified mass
𝜒 = 2𝐵(𝑀 + 𝑖𝑚∗ 𝜃) in the mass coupling term gives

𝑔̄0 = −
(Δ𝑀𝑁 )QCD

2𝐹𝜋
𝑚∗ 𝜃

𝑚𝜖
= −

(Δ𝑀𝑁 )QCD

2𝐹𝜋

(
1 − 𝜖2

2𝜖

)
𝜃 +𝑂 ( 𝑚

𝑚𝑠
) (11)

where 𝑚 =
𝑚𝑢+𝑚𝑑

2 , 𝜖 =
𝑚𝑑−𝑚𝑢

𝑚𝑑+𝑚𝑢
and (Δ𝑀𝑁 )QCD is the neutron and proton mass difference in QCD,

accounting for isospin breaking due to the different 𝑢 and 𝑑 quark masses without QED effects.
While this leading-order result in Eq. (11) has been known for some time [4, 17, 21], it has been
observed that considering the isospin splitting in 𝑆𝑈 (3) 𝜒PT to the next-to-next-leading order
(N2LO), i.e., O(𝑚2

𝑞), the relation between Δ𝑀𝑁 and 𝑔̄0 holds to within a few percent [61]. Using
lattice input for Δ𝑀𝑁 , 𝑚𝑢, and 𝑚𝑑 [62, 63], a precisely determined 𝑔̄0 is obtained [61, 63]

𝑔̄0 = −15.5 (2.0) (1.6) × 10−3 𝜃. (12)

This CPV 𝜋NN coupling can be obtained from the Schiff moments of nEDM and pEDM. It can
also be determined from the pseudoscalar form factor in the nucleon in the presence of the 𝜃 term.
Assuming pion dominance of the pseudoscalar form factor, 𝑔̄0 can be obtained from the matrix
element

⟨𝑁 (𝑝′) |𝜓̄ 𝑖𝛾5𝜓(−𝑖𝜃 𝑄) |𝑁 (𝑝)⟩ = 𝑢̄(𝑝′) 𝑔̄𝑃 (𝑞2) 𝑢(𝑝), (13)
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where 𝑞2 is the momentum transfer. Assuming pion pole dominance, we have

𝑔̄𝑃 (𝑞2) =
(
𝑚2
𝜋 𝑓𝜋

2𝑚𝑞

)
𝑔̄0

−𝑞2 + 𝑚2
𝜋

. (14)

A recent lattice calculation of the pseudoscalar form factor with the the topological charge insertion
has been carried out [64] by the 𝜒QCD collaboration based on the same ensemble of lattices used
for the nEDM and pEDM calculation [42]. They obtained 𝑔̄0 = −0.01713(62) 𝜃, which is consistent
with the value in Eq. (12), and the statistic error is about 3 times smaller. Similar to Fig. 2, the pion
mass dependence of 𝑔̄0 on the sea and valence pion masses is plotted in Fig. 3.

Figure 3: The same as in Fig. 2 for the CP-violating 𝜋NN coupling from the 𝜃 term. The left panel shows
the unitary case, while the right panel presents the partially quenched results.

3. Weinberg operator

After integrating out heavy quarks and Higgs bosons, a dimension-6 CPV term emerges,
specifically Weinberg’s three-gluon operator [22].

𝑂𝑊 = 𝑘𝑊Tr ( [𝐺𝜇𝜌, 𝐺𝜈𝜌]𝐺̃𝜇𝜈). (15)

The Weinberg operator can potentially contribute significantly to nEDM and pEDM since it is a
pure glue operator. As such, it is not suppressed by small quark masses, unlike the 𝜃 term.

Calculating operators on the lattice requires renormalization, and dimension-6 operators can
mix with lower dimensions operators, leading to power divergences in 1/𝑎. Given that the usual
RI/MOM is an off-shell scheme with gauge fixing, the renormalization of the Weinberg’s operator
is complicated [65]. It mixes with three dimension-4 operators, and for 𝑁 𝑓 ≥ 3, one dimension-
5 operator. Additionally, it also mixes with thirty dimension-6 operators, twenty of which are
‘nuisance’ operators – some of which vanish with the equation of motion (EOM), while some
others are gauge non-invariant. Although mixing with gauge-variant operators can be avoided by
employing the background-field method [66], the remaining mixing patterns still present significant
challenges for the numerical aspects of the lattice calculation.

An alternative to the RI/MOM scheme is gradient flow [44, 45, 67]. This is a gauge-invariant
renormalized smoothing procedure that modifies the fields at short distances through a diffusion

9
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equation. To explore where the power divergences have gone, it is useful to consider the short
flow-time behavior of the composite operators.

The short flow-time expansion (SFTE) [68] of the gauge-invariant renormalized local operators
(𝑂𝑖)𝑅 (𝑡) can be expanded as

(𝑂𝑖)𝑅 (𝑡) 𝑡→0∼
∑︁
𝑖

𝑐𝑖 𝑗 (𝑡) (𝑂 𝑗)𝑅 (0), (16)

where (𝑂 𝑗)𝑅 (0) are renormalized operators at 𝑡 = 0 that have the same symmetry as (𝑂𝑖) at 𝑡
and dimensions that are equal to or lower than that of (𝑂𝑖) (𝑡). The SFTE is an operator product
expansion around 𝑡 = 0, with Wilson coefficients 𝑐𝑖 𝑗 (𝑡) that can be computed perturbatively. The
flow-time dependence is encapsulated in these Wilson coefficients [68].

In lattice perturbation theory, there is only one scale — lattice spacing 𝑎 — which serves the
roles of both the cutoff and the renormalization scale. It is non-trivial to disentangle these roles,
especially when the operator is mixed with lower dimensional ones, leading to power divergence
in 1/𝑎. Gradient flow provides a solution by introducing a new scale in the flow time 𝑡, distinct
from the lattice cutoff scale. In the continuum limit, all correlators are functions of the flow time
with a scale 𝜇2 ∝ 1/𝑡. The SFTE offers a method to extract renormalized operators at 𝑡 = 0
and their mixings from operators calculated at 𝑡 > 0 which are finite. The challenge associated
with the renormalization of operators at finite 𝑎 in other renormalization scheme is replaced by
the determination of the Wilson coefficients 𝑐𝑖 𝑗 (𝑡) in Eq. (16). One desirable feature here is that
the analysis can be performed in the continuum, avoiding cumbersome chiral symmetry breaking
effects associated with non-chiral fermion actions at finite 𝑎.

With the renormalized Weinberg operator in the flow defined as𝑂𝑅
𝐺
(𝑥, 𝑡) := 1

𝑔2 Tr[𝐺𝜇𝜈𝐺𝜈𝜆𝐺𝜆𝜇],
where 𝑔 is the renormalized coupling and the gauge field-strength tensor defined in term of flowed
gauge fields. The perturbative SFTE for the Weinberg operator has been calculated [69] for the
mixing of lower-dimensional operator up to O(𝑔2). To this order, only the topological charge term
contributes

O𝑅
𝐺
(𝑡) 𝑡→0∼ −9𝛼𝑠𝐶𝐴

16𝜋
1
𝑡
O𝑅𝜃 (0) + · · · . (17)

Notably, there is a 1/𝑡 term, indicating that the Wilson coefficient diverges as 𝑡 → 0. This
contrasts with the 1/𝑎2 power divergence found in off-shell renormalization schemes, such as
RI/MOM. The susceptibility of the Weinberg operator in the gradient flow exhibits a divergent
behavior as 𝑡 becomes small, in contrast to the flat behavior of topological susceptibility as a
function of the flow time [70]. This aligns with the expected 1/𝑡 behavior of O𝑅

𝐺
(𝑡) in Eq. (17).

A preliminary lattice gradient flow calculation of 𝐹3 using the Weinberg operator in place of
the 𝜃 term has been attempted [71]. The calculations were conducted with clover valence fermions
on multiple HISQ lattices with different lattice spacings and quark masses. This represents the raw
lattice data at a fixed gradient flow time 𝑡gf ≈ 0.34 fm.

Completing the calculation is a challenging task, as it requires consideration of mixing with
lower-dimensional operators exhibiting 1/𝑡 behavior, operators of same dimension with logarithmic
𝑡 dependence, and higher dimension operators with O(𝑡) dependence. Furthermore, these mixed
operators need to be renormalized at 𝑡 = 0.

10
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4. Quark electric dipole moment and quark chromoelectric dipole moment

At dimension 5, there are two CPV operators

L��𝐶𝑃
𝑞 = − 𝑖

2

∑︁
𝑞

𝑑𝑞 𝑞𝜎𝜇𝜈 𝐹̃𝜇𝜈𝑞 − 𝑖

2

∑︁
𝑞

𝑑𝑞 𝑞𝜎𝜇𝜈𝐺̃𝜇𝜈𝑞, (18)

where the first term represents the quark EDM (qEDM) with 𝐹̃𝜇𝜈 being the dual of the electromag-
netic field tensor 𝐹𝜇𝜈 (note that 𝜎𝜇𝜈 𝐹̃𝜇𝜈 = −𝜎𝜇𝜈𝛾5𝐹𝜇𝜈 .) This entails the evaluation of the tensor
charge of the nucleon, a task well-suited for lattice calculations. The tensor charge of the nucleon
can be obtained from the nucleon matrix element of the tensor current

⟨𝑁 (𝑝) |𝑞 𝜎𝜇𝜈𝑞 |𝑁 (𝑝)⟩ = 𝑔
𝑞

𝑇
𝑢̄(𝑝) 𝜎𝜇𝜈𝑢(𝑝). (19)

Here, 𝑔𝑞
𝑇

is the tensor charge for the quark flavor 𝑞. It represents the first Mellin moment of the
collinear transversity parton distribution function (PDF) and can be extracted from the transversity
parton distribution from deep inelastic scattering.

The first lattice calculation of the 𝑔
𝑞

𝑇
for the 𝑢, 𝑑 and 𝑠 quarks, including all systematics, was

performed by the PNDEME collaboration [72]. These calculations utilized valence clover fermions
on 𝑁 𝑓 = 2+1+1 HISQ configurations. More precise results were updated [73] using 11 ensembles
of configurations for the connected insertion and 7(6) ensembles for the strange (light) quarks in
the disconnected insertion. A simultaneous fit in terms of the lattice spacing and the light-quark
masses at the physical pion mass of 135 MeV, in the MS scheme at 2 GeV, gives [73, 74]

𝑔𝑢𝑇 = 0.784(28) (10), 𝑔𝑑𝑇 = −0.204(11) (10), 𝑔𝑠𝑇 = −0.0027(16) (20)

The quark chromoelectric dipole moment (qcEDM) exhibits a similarly complicated renormal-
ization pattern [75] as the Weinberg term. The SFTE in Eq. (16) for the qcEDM operator is given
by:

(𝑂qCEDM)𝑅 (𝑡) 𝑡→0∼ 𝑐𝐶𝑃𝑃𝑅 (0) + 𝑐𝐶𝑞 (𝑂𝑞)𝑅 (0) + · · · , (21)

which indicates mixing with the lower dimensional operators𝑃 = 𝑘𝑃𝜓𝛾5𝜓 and𝑂𝑞 = (𝑘𝑞/4) 𝜖𝜇𝜈𝛼𝛽𝐺𝑎
𝜇𝜈𝐺

𝑎
𝛼𝛽

.
The ellipsis (· · · ) denotes mixing with same dimension 5 and higher dimensional operators.

The leading order in a perturbative calculation [76] yields:

O𝑅𝐶 (𝑡)
𝑡→0∼ 6𝑖𝑔2 𝑘𝐶

𝑘𝑃

𝐶2(𝐹)
(4𝜋)2

{
1
𝑡
+ 𝑝2

[
log

(
2𝑝2𝑡

)
+ 𝛾𝐸 − 11

4

]}
O𝑅𝑃 (0)

+ 4𝑖𝑔2 𝑘𝐶
𝑘𝑞

𝑚

(4𝜋)2

[
log(2𝑝2𝑡) + 𝛾𝐸 − 1

]
O𝑅𝑞 (0) + · · ·

(22)

The Wilson coefficient 𝑐𝐶𝑃 confirms the expectation that the leading small 𝑡 contribution of O𝑅
𝐶
(𝑡)

is given by the pseudoscalar density, with a leading 1/𝑡 divergence.
There have been preliminary attempts to calculate qcEDM on the lattice[30, 38, 77–79]. One

such calculation was performed by the Stony Brook-BNL group [38] using a DWF lattices with
a lattice spacing of 𝑎 = 0.1141(3) fm at the physical pion mass. This involved a direct four-
point function calculation with the qcEDM operator insertion. Only the connected insertions were
calculated for both the CP-odd and CP-even correlators. Fig. 4 presents the contributions of the
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Figure 4: The contributions of the 𝑢 and 𝑑 quark to the bare 𝐹3 form factors as functions of 𝑄2 for the
neutron (𝑛) and proton (𝑝) are shown with different source-sink time separations 𝑇 . The left panels display
the contributions from the 𝑢 quarks, while the right panels display those from the 𝑑 quarks. This is a direct
four-point function calculation with the qcEDM operator insertion [38].

𝑢 and 𝑑 quark to the bare 𝐹3 form factors for the neutron and proton at different source-sink time
separation 𝑇 . A crucial future plan for this approach will necessarily involve renormalization and
mixing with operators of the same and lower dimensions in the RI-SMOM scheme [72].

Figure 5: The simultaneous continuum (left) and chiral (right) extrapolations of the isovector nEDM,
resulting from the qcEDM action, are calculated using the Schwinger source method [79].

Another recent qcEDM calculation was carried out by the Los Alamos group [79]. The cal-
culation utilized clover fermions on four 2+1+1-flavor HISQ ensembles. Three of these ensembles
have lattice spacings of 𝑎 = 0.12, 0.09 and 0.06 fm, with a pion masses around 300 MeV. The fourth
ensemble, also at 𝑎 = 0.12 fm, has a pion mass at 227 MeV. These configurations were employed
for continuum extrapolation and the study of poin mass dependence. They developed a Schwinger
source method [77, 80] that incorporates the qcEDM operator, a quark bilinear, into the action to
calculate the nucleon EDM. This involves reweighting the ratio of the determinants between the
modified and the original ones. Additionally, the three-point function for the vector current must
be calculated using a combination of quark propagators — with and without the qcEDM operator
in the Dirac matrix — to examine the linear region of the small scale parameter multiplied by
the qcEDM operator. Since this approach uses a mixed action with non-chiral valence fermions
and the operators are not 𝑂 (𝑎) improved, there is an 𝑂 (𝑎) error [47]. The axial Ward identity
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for the Wilson-clover action includes an additive term corresponding to the dimension-5 qcEDM
operator [81–83]. Utilizing this identity, the isovector nEDM from the qcEDM is obtained for the
power-divergence subtracted 𝐹3 form factor, which is proportional to that from the pseudoscalar
operator. However, it is found that the omitted 𝑂 (𝑎2) error can be as large as ∼ 25% [79].

The results for the isovector neutron 𝐹3 form factor at 𝑞2 = 0 are shown in Fig. 5, with the
continuum extrapolation presented in the left panel and 𝑚2

𝜋 dependence in the right panel. They
obtained nEDM 𝐹3(0)/2𝑀𝑁 𝜖 = −2.6(2.9), where 𝜖 is the dimensionful parameter which multiplies
the qcEDM term. The study also considered a fit accounting for the 𝜋𝑁 excited state contamination,
which resulted in a 5-fold increase in 𝐹3(0)/2𝑀𝑁 𝜖 .

The isovector case considered in this work allowed several simplifications: the determinant
reweighting and the mixing with the topological term, and other dimension-5 operators are avoided.
In the future when individual 𝑢, 𝑑, 𝑠 quarks are considered, these complications need to be ad-
dressed [77].

5. Summary

Lattice QCD has matured to the point where it can calculate nucleon matrix elements with
controlled systematic errors. We have observed significant improvements in the calculations of
nEDM and pEDM with the 𝜃 term, despite the smallness of the signals. An important factor is
the adoption of chiral fermions, which ensures that nEDM and pEDM are zero in the chiral limit
at finite 𝑎. Additionally, variance reduction with the CEDR technique can decrease the variance
of the signal by a volume factor. The agreement of the CP-violating 𝜋NN coupling from lattice
calculations with predictions from the baryon spectrum serves as a consistency check between chiral
perturbation theory and lattice calculations.

Lattice calculations of the Weinberg term and the quark chromo-electric dipole moment
(qcEDM) have been undertaken. A major challenge for these operators is the complicated renor-
malization pattern. As higher dimensional operators, they mix with both other operators of the same
dimension and lower-dimensional ones, leading to divergences in powers of 1/𝑎 in off-shell renor-
malization schemes, such as RI/MOM. The gradient flow with short flow-time expansion (SFTE) is
gauge invariant and makes the renormalization of higher-dimensional operators more manageable.
The power divergence of 1/𝑎2 is reflected in the 1/𝑡 behavior in the SFTE as 𝑡 approaches zero.
In contrast to the small signal of nEDM due to the 𝜃 term, which is ∼ 10−3, the nEDM from the
Weinberg term and qcEDM appear to be on the order of 𝑂 (1) to 𝑂 (10). This is encouraging
news,indicating that the numerical efforts required to calculate these terms are less demanding.

Despite the statistical error of the current calculation of nEDM from the 𝜃 term is at the
10% level, it is based on chiral interpolation from heavier pion masses greater than 300 MeV. The
calculation should be performed for ensembles at the physical pion mass, including systematic
errors from continuum and infinite volume extrapolations.
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