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1. Introduction

The Wilson term in the Wilson-Dirac fermion discretization successfully removes fermion
doublers but explicitly breaks the chiral symmetry of continuum QCD, consistent with the Nielsen-
Ninomiya no-go theorem. Ginsparg and Wilson [1] found a way to reconcile these requirements by
redefining chiral symmetry on the lattice. A Dirac operator 𝐷 is chiral within this definition if it
satisfies the Ginsparg-Wilson (GW) relation:

{𝛾5, 𝐷} = 𝑎𝐷𝛾5𝐷 . (1)

where 𝑎 is the lattice spacing. Two types of undoubled fermion formulations satisfy this relation
exactly, namely the domain wall fermions in the limit where the extent of the fifth dimension goes
to infinity (𝑁5 → ∞) and overlap fermions. In this work, we focus on overlap fermions.

The massive overlap operator, proposed by Neuberger and Narayanan [2, 3], takes the form:

𝑎𝐷ov
𝑚 =

(
𝜌 + 𝑎𝑚

2

)
I +

(
𝜌 − 𝑎𝑚

2

)
𝛾5 sgn[X] , (2)

with X = 𝛾5(𝑎𝐷ker
0 − 𝜌I), where 𝐷ker

0 is a massless Dirac operator serving as the kernel and 𝜌 is
a dimensionless parameter with 0 < 𝜌 < 2. The matrix sign function for Hermitian matrix H can
be expressed as sgn[H] = H(H2)−1/2, and approximating this with sufficient precision is the main
computational challenge for overlap fermions.

Our approach explores two complementary directions: the diagonal Kenney-Laub iterates as
a rational approximation to the sign function, and the Brillouin operator as a chirally-improved
kernel. In the following sections, we examine the theoretical properties of each component and
present numerical results assessing the practical advantages of this combination.

2. The Diagonal Kenney-Laub Method

In the early 1990s, Kenney and Laub [4] published a rational recursive scheme for approximating
the matrix sign function. Starting from an indefinite Hermitian matrix H with no zero eigenvalues,
a sequence is built recursively that converges to sgn[H]:

sgn[H] = lim
𝑘→∞

H𝑘 , with H𝑘+1 = 𝑓𝑚𝑛 (H𝑘) and H0 = H . (3)

The (𝑚, 𝑛) Kenney-Laub (KL) iterates 𝑓𝑚𝑛 are constructed from Padé approximants of (1 − 𝑡)−1/2,
𝑡 ≡ 1 − 𝑥2, where 𝑚 and 𝑛 are the degrees of the numerator and denominator polynomials. We
focus on the diagonal case (𝑚 = 𝑛), using a single recursion (𝑘 = 1) with varying order 𝑛 [6]:

sgn[H] ≈ 𝑓𝑛𝑛 (H) = H

∑𝑛
𝑖=0

(2𝑛+1
2𝑖+1

)
(H2)𝑖∑𝑛

𝑖=0
(2𝑛+1

2𝑖
)
(H2)𝑖

. (4)

Fig. 1 illustrates how the diagonal KL iterates approximate the scalar sign function, compared
to Chebyshev polynomials. The KL method exhibits smooth, monotonic convergence that im-
proves uniformly with increasing 𝑛 across all of R, while Chebyshev, where 2𝑁 is approximately
the polynomial degree, shows oscillatory behavior with less consistent pointwise improvement –
particularly near zero – and diverges outside its prescribed, bounded domain of approximation.
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(a) Diagonal KL method: 𝑛 = 1, 2, 3, 4. (b) Chebyshev method: 𝑁 = 10, 20, 30, 40.

Figure 1: Scalar sign function (solid blue line) compared to approximations using diagonal KL iterates,
defined on all of R (left), and Chebyshev polynomials, defined on |𝜆 | ∈ [0.01, 7.0] (right). The latter interval
approximately spans the eigenvalue range for a Wilson kernel in 4D with 𝜌 = 1.

The diagonal KL iterates possess several key advantages. Most importantly, they exhibit
global convergence [4]: no eigenvalue estimation or matrix rescaling of X is required, unlike other
approximation schemes. This eliminates a computational step that is necessary for methods such as
Chebyshev or Zolotarev, and which needs to be carried out every time the background gauge field
configuration changes.

Furthermore, the diagonal KL iterates admit a numerically convenient partial fraction decom-
position:

𝑓𝑛𝑛 (H) = H

(
𝑐0 +

𝑛∑︁
𝑖=1

𝑐𝑖

H2 + 𝜎𝑖

)
, (5)

where all coefficients 𝑐𝑖 > 0 and shifts 𝜎𝑖 > 0 are trigonometric functions that depend only on 𝑛:

𝑐0 =
1

2𝑛 + 1
, 𝑐𝑖 =

2𝑐0

cos2
[
(2𝑖−1) 𝜋

4𝑛+2

] , 𝜎𝑖 = tan2
[
(2𝑖 − 1)𝜋

4𝑛 + 2

]
. (6)

This form is particularly well-suited for Multi-Shift Conjugate Gradient (MSCG) solvers, which
can solve all shifted systems (H2 + 𝜎𝑖)𝑥 = 𝑏 for a set 0 < 𝜎1 < 𝜎2 < . . . < 𝜎𝑛 simultaneously, at
approximately the cost of the smallest, and thus slowest-converging, shift 𝜎1.

3. The Brillouin Operator

The Brillouin operator, developed in Ref. [5], is a parameter-free Wilson-type operator that
maintains the Wilson structure but employs extended stencils for its covariant derivative and gauged
Laplacian. Specifically, it uses a 64-point stencil for the isotropic covariant derivative and an
81-point stencil for the Brillouin gauged Laplacian, compared to the 2-point and 9-point stencils of
standard Wilson action. While this increases the application cost by a factor of 3-4 per lattice site,
the hops stay within the 4D hypercube, keeping the overhead controllable.

The design goal of the Brillouin operator is to reduce the degree of rotational symmetry
breaking near the boundaries of the Brillouin zone, hence its name. For our purposes, its most

3
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Figure 2: Eigenvalue spectra for the Wilson (left) and Brillouin (right) operators on thermalized configu-
rations. The Brillouin eigenvalue spectrum is compared to the ideal GW form (black circle) for increasing
number of APE smearing steps as indicated in the legend. Figures adapted from Ref. [5] (left) and Ref. [6]
(right).

important advantage is in its spectral properties. As shown in Fig. 2, the Brillouin operator exhibits
smaller condition numbers than the Wilson operator. More importantly, its eigenvalue spectrum
is much closer to the ideal shifted-circular spectrum that one expects from the Ginsparg-Wilson
relation, making it a promising candidate as an overlap kernel.

4. Numerical Results

4.1 Setup

We performed proof-of-concept calculations on 48×243 lattices at 𝛽QCD = 6.20 (𝑎 ≈ 0.066 fm)
using quenched gauge field configurations with one APE smearing step with 𝛼APE = 0.72. For this
proof-of-concept, we refrain from tuning any parameters, keeping the setup minimal with 𝜌 = 1 and
𝑐𝑆𝑊 = 0. We compare two kernels, namely Brillouin vs. Wilson, and two approximation methods,
the diagonal KL rational vs. Chebyshev polynomial, evaluating performance across several metrics.

4.2 Ginsparg-Wilson Violation

For the (dimensionless) massless overlap operator 𝑎𝐷ov = 𝜌(I + 𝛾5 sgn[X]), we define the
Ginsparg-Wilson violation (ΔGW) with 𝜌 = 1:

ΔGW = 𝛾5𝑎𝐷
ov + 𝑎𝐷ov𝛾5 − 𝑎𝐷ov𝛾5𝑎𝐷

ov , (7)

which vanishes for an exact sign function. Fig. 3 shows the averaged norm | |ΔGW𝜂 | |2/| |𝜂 | |2 over
random vectors 𝜂, as a function of diagonal KL order 𝑛 for several gauge configurations with
different condition numbers 𝜅X2 .

We observe systematic, monotonic improvement with increasing KL order 𝑛, as expected from
theory. The Brillouin kernel consistently outperforms the Wilson kernel, requiring a lower KL

4
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Figure 3: GW violation vs. diagonal KL order for the Wilson (left) and Brillouin (right) kernels. Same
color and symbol combination refers to the same configuration, whose condition number 𝜅X2 for that kernel
is given in the respective legend.
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Figure 4: PCAC mass (left) and pion effective mass (right) for the Brillouin kernel at 𝜌 = 1 and 𝑎𝑚 = 0.02
with diagonal KL orders 𝑛 = 1, . . . , 7. The number of configurations is 𝑂 (20).

order 𝑛 to achieve the same | |ΔGW𝜂 | |2/| |𝜂 | |2. Note also that for a given gauge configuration (same
shape and color between left and right panels), the Brillouin kernel exhibits a smaller condition
number, as expected.

4.3 Physical Observables

We evaluate the PCAC mass, as defined in Ref. [7], as well as pion two-point correlation
functions varying the bare quark mass (𝑎𝑚) of the overlap operator (see Eq. 2). Fig. 4 shows a
representative example of the PCAC mass 𝑎𝑚PCAC(𝑡) and the pion effective mass 𝑎𝑀eff

𝜋 (𝑡) as a
function of the Euclidean time separation for the Brillouin kernel at 𝑎𝑚 = 0.02 for various KL
orders 𝑛. As can be seen, excited-state effects are sufficiently suppressed starting at around 𝑡/𝑎 = 12,
where we identify a plateau region. Furthermore, we observe a clear convergence in both the PCAC
mass and pion mass with increasing 𝑛.

We fit the PCAC mass in the identified plateau region, obtaining the values shown in Fig. 5,
plotted against the KL order for two different bare mass values. Both kernels exhibit rapid exponen-
tial convergence, reaching their asymptotic values within just a few approximation orders. Beyond

5
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Figure 5: Plateau PCAC mass vs. diagonal KL order for 𝑎𝑚 = 0.02 (left) and 𝑎𝑚 = 0.07 (right), comparing
Wilson (filled) and Brillouin (empty) kernels. The statistics are the same as in Fig. 4.

0.04 0.02 0.00 0.02 0.04 0.06
am

0.00

0.02

0.04

0.06

0.08

0.10

am
PC

AC

Wilson Kernel
n=

1
2
3
4

5
6
7

0.04 0.02 0.00 0.02 0.04 0.06
am

0.00

0.02

0.04

0.06

0.08

0.10
am

PC
AC

Brillouin Kernel
n=

1
2
3
4

5
6
7

Figure 6: Plateau PCAC mass vs. bare mass for Wilson (left) and Brillouin (right) kernels at different
diagonal KL orders. The dashed lines result from linear fits to the data shown. The critical bare mass is the
x-intercept. The vertical line shows 𝑎𝑚 = 0 for reference. The statistics are the same as in Fig. 4.

𝑛 ≃ 5 we see no improvement within the statistics at hand. At convergence, the two kernels yield
different PCAC mass values for a given 𝑎𝑚, consistent with expectations.

4.4 Critical Bare Mass

In Fig. 6 we plot the fitted PCAC mass as a function of the bare mass. The critical bare mass
𝑎𝑚critical

bare , defined as the value of the bare mass for which 𝑎𝑚PCAC = 0, is obtained via linear fits to
this data. 𝑎𝑚critical

bare is a direct measure of the quality of the chiral symmetry achieved; a perfectly
chiral operator has zero critical bare mass. As can be seen in Fig. 6, both kernels show systematic
improvement with increasing order 𝑛. The critical bare mass 𝑎𝑚critical

bare tends to zero for 𝑛 → ∞, but
it is consistent with zero (within errors) for finite 𝑛.

4.5 Comparison with Chebyshev polynomial method

To compare the computational requirements of our overlap procedure among different ap-
proximation orders, we estimate, for each case, the core-hours needed to obtain one spinor on

6
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Figure 7: Critical bare mass obtained vs. computational cost as defined in the text, for Wilson (left) and
Brillouin (right) kernels, comparing the KL (filled) and Chebyshev (empty) methods. For KL, we show data
for 𝑛 = 1 to 𝑛 = 7 from left to right, while for Chebyshev we select representative values of the polynomial
order 𝑁 with values indicated in the plot. Insets show a subset of the data with semi-log scale; the green line
marks the target precision of |𝑎𝑚critical
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Figure 8: Computational cost for the four method-kernel combinations to reach |𝑎𝑚critical
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achieved precision is indicated above each bar.

one configuration for a bare overlap quark mass, 𝑎𝑚, such that it yields a pion mass of around
300 MeV. In Fig. 7 we plot 𝑎𝑚critical

bare against this cost for different KL and Chebyshev orders. The
KL method shows predictable, monotonic convergence, while the Chebyshev method oscillates
before stabilizing. This makes KL more controllable when targeting a specific precision.

In Fig. 8 we summarize the computational cost required to reach the target precision |𝑎𝑚critical
bare | <

10−4. The KL-Brillouin combination requires computational cost comparable to - or slightly less
than - the Chebyshev-Wilson combination, while offering more predictable convergence.

5. Conclusions

We have presented an alternative approach to implementing overlap fermions by combining
the diagonal Kenney-Laub rational approximation with the Brillouin operator as the kernel. Key
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features of this combination include the elimination of the requirement to estimate the eigenvalues
of the kernel operator, improved kernel conditioning, predictable monotonic convergence with
increasing approximation order, and minimal parameter tuning.

Our proof-of-concept tests find an overall performance that is comparable to the established
Chebyshev-Wilson combination, with indications of potential cost advantages for reaching a specific
precision in the overlap approximation. Further details will be presented in a forthcoming publica-
tion. Future directions include testing this setup against other matrix sign function approximations
and in dynamical fermion settings.
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