PROCEEDINGS

OF SCIENCE

Spectral Diffusion for Sampling on SU(V)

Gurtej Kanwar® and Octavio Vega’*

“Higgs Centre for Theoretical Physics, University of Edinburgh, Edinburgh EH9 3FD, UK
bIllinois Center for Advanced Studies of the Universe and Department of Physics,
University of Illinois Urbana-Champaign, Urbana, IL 61801, USA

E-mail: octavio5@illinois.edu

Although ensemble generation remains a central challenge in lattice field theory simulations,
recent advances in generative modeling may offer a path to accelerated sampling in these contexts.
In this work, we implement a framework for efficiently training diffusion models acting on SU(N)
degrees of freedom, adapting the traditional score matching technique to the group manifold. We
demonstrate that our models can effectively reproduce several target densities, resulting in precise
unbiased expectation values. These results mark a step for diffusion models towards modeling full
SU(N) lattice field theories, including lattice Quantum Chromodynamics.
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1. Introduction

The first step of any lattice field theory simulation is ensemble generation, which requires
accurate sampling of physical probability densities in high dimensions. Traditional approaches, such
as Hybrid Monte Carlo [1], are afflicted by topological freezing [2, 3] and critical slowing down [4],
which become more pronounced with decreasing lattice spacing and increasing dimensionality.
Recently, several advancements in machine learning have offered methods for using deep generative
models to efficiently produce samples from arbitrarily complicated probability densities. Among
these, score-based diffusion models [5-8] have shown promising impacts in image generation, drug
discovery, and, recently, lattice field theory [9-11]. This work extends the formulation of score-
based diffusion models to SU(N) degrees of freedom, laying the groundwork for their application
to lattice gauge theories, such as lattice Quantum Chromodynamics. While previous works have
demonstrated a general construction of Riemannian manifold diffusion models [12, 13], here we
resolve several practical questions required to implement these models for SU(N). A software
package containing this implementation is available at github.com/ovegal4/sun_diffusion.

The central idea of score-based diffusion models is connecting the target probability distribution
po to atrivial distribution by incrementally applying Brownian noise. This diffusion process induces
a time-dependent sequence of distributions p, according to the associated Fokker-Planck equation;
in practice a finite diffusion time 7 is sufficient for pr to very closely approximate the equilibrium
Gaussian (for non-compact variables) or uniform (for compact variables) distribution. The target
distribution can be efficiently sampled using the reverse transport process, given by an ordinary
differential equation written in terms of the score function Vlog p;. Because the score function
is related to the unknown density p;, score-based diffusion models instead optimize a machine
learning approximation of the true score, s; =~ Vlog p;. Regardless, exact unbiased estimates can
be obtained by constructing appropriate reweighting factors. !

2. Diffusion and the Heat Equation

A fundamental step in training score-matching diffusion models is drawing samples over the
range of diffusion times ¢ to be studied. Efficient training is possible when these samples can be
drawn directly, without simulating the diffusion process.

2.1 Euclidean Diffusion

Mathematically, the diffusion and denoising processes are formulated through stochastic dif-
ferential equations (SDE). A typical choice for the diffusion process on Euclidean data is the
variance-expanding SDE,”

dxt = gtdWl. (1)

IThe learned reverse transport process is a continuous normalizing flow, and the unbiased estimators used in that
context directly apply here [14].
ZHere, dW; is an infinitesimal Wiener process increment defined by dW, = W,,q; — W; ~ N (0, dt).
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The time-dependent probability density p; (x) of the samples evolves according to the Fokker-Planck
Equation, which is in this case the heat equation

2
8
Oipi(x) = TApi(x), A =0y @

The fundamental solution to Eq. (2) is the heat kernel,

; 3)

1
Kt(x) = \/2;7 exXp [_F”xllz
t t

where the diffusivity o; > 0 is defined by o = 4/ fot gtz, dt’. The forward evolution of any target
density po(x) has an exact solution obtained by convolving against K:

P = i) = [ K= )p() . @

Thus, simulating the forward diffusion process from x to x; is equivalent to solving the heat equation
to arbitrary time ¢. This requires sampling noise Ax; ~ K;(-), which is trivially accomplished in
Euclidean space by sampling n ~ N(0,I) and setting Ax;, = o7, leading to the forward map

X0 P X; = X0 + 07. ©)

2.2 Diffusion Processes on SU(N)

An analogous diffusion process can be defined on the SU(N) group manifold as

N?-1
dUt = lgt Tatha Ut. (6)

a=1
Due to the non-Abelian nature of SU(N), the stochastic evolution of U; is given by a path-ordered
exponential U; = P exp [i fOt 8t ZaNjf ! Tatha] Up. Sampling U; using simulation would thus
require a computationally challenging numerical approximation to this integral. However, we

demonstrate in the following section that the analytically known heat kernel of SU(N) can be
sampled directly as an efficient alternative.

3. The Heat Kernel over SU(N)

The Fokker-Planck equation corresponding to (6) is obtained by replacing the Euclidean
Laplace operator with the Laplace-Beltrami operator in (2), giving

22 N2l a2
_ ot _ iwaT?
V) = Fhup V), dufU) = 3 e f (¢

a=1

(N

w=0

The SU(N) heat kernel K; (U) is the Green’s function solution of (7) sourced by a delta distribution
at the identity, so that forward evolution under the heat equation is solved by convolving against K,

po(U) > p(U) = / dv K, (UV) po(V). ®)
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Combining left- and right-invariance of Ay with the invariance of the identity matrix / under
unitary conjugation, the heat kernel satisfies K,(U) = K,(P'UP). The heat kernel is therefore
completely specified by its value on the subgroup of diagonal matrices.® Matrices belonging to this
subgroup can be identified with a list of eigenangles,

A =diag(dy,...,Ay) = diag(e'?,...,e!) <  6=(01,...,60N), 9)

where 3;0; =0 (mod 27). By convention, we chose ¢; € [—, x| for all explicit representations
of the eigenangles below. With a slight abuse of notation, we write K, (@) for the heat kernel on the
diagonal subgroup.

3.1 Wrapped Normal Representation

The heat kernel on the group is closely related to the heat kernel on the Cartan subalgebra
of su(N), which is isomorphic to the space {x | Zfi ,%i = 0}. In particular, applying an ap-
propriate measure factor and wrapping using the exponential map, 6; = arg(e'*/), leads to the
representation [15]

K, (8) o« Z K, (0 +21m) & (Z m;

meZN i

~ Xi—X j 1 2
> K[(x) = . Xi—Xj eXp l_ 2 xi] ’ (10)
ll:][. 2sin [T’] 207 Z
where the sum over m € Z" represents the sum over all equivalent pre-images of 6.
We can also analytically compute the score function for (10). First, the score for the heat kernel
over the space of unwrapped eigenangles is given by

_ Xi 1 1 Xi —Xj
0; log K, =——+ — —cot
i 10g t(x) 2 Z [Xi = 5 Cco >

t j#

) 1D

where the first term is the Euclidean score function for the Gaussian distribution and the second
term corresponds to the gradient of the measure term. The wrapped score is then

4

Viog K, (6) = ﬁ D R0 +27m)V1ogR, (0 + 2rm) 6 (Z mi) . (12)
! mezZN

3.2 Dual Representation

The spectral heat kernel may also be written as a character sum or eigenfunction expansion
which, for general N, takes the form [15, 16]

Ki(U) = ) dim(p0)x,,(U) exp [-o7ea(p)] (13)
7]

where the sum runs over partitions g = {u; > - - - > uy = 0} labeling the SU(N) irreps. The value
of the quadratic Casimir is the eigenvalue of the SU(N) Laplace-Beltrami operator:

2

N N
. 1
C2(ﬂ)=;ﬂj(#j—2J+N+1)—N ;u,- : (14)

3This subgroup is known as the maximal torus T < SU(N).
4The sums in Eq. (10) and Eq. (12) can be calculated more stably using the LogSumExp function to avoid singularities.
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The Weyl character and Weyl dimension formulas [17] give

_ detA(U) . T M T Hkt k-]
Xu(U) = dtB(U)’ dim(pu) = J:}[—k iy 15)

where the matrix elements of A and B are given in terms of the eigenvalues A; of U as

j+N—j
b

[A(U)];; = A [B(U)]ij = AN, (16)

The resulting score function is then

1
0; log K, (6) = TGl Z dim(g) x, (U)Tr [A™' 8, A = B~'0g,B] exp [-o2ea(w)] . (17)
H

In contrast to (10), here o> appears in the numerator of the exponent. These two representations
are complementary: if oy is small, the sum over m rapidly converges in (10), while if oy is large, the
sum over u rapidly converges in (13). For the limited range of oy used in the one-variable targets
below, we find that the wrapped normal representation remains stable for all times, but we expect
that larger oy may be required for higher-dimensional examples to fully diffuse the data to a uniform
prior distribution, making the dual representation critical for stable training.

3.3 Sampling the Heat Kernel

Given the explicit representations above, the full heat kernel over the group can be efficiently
sampled in a two-step process. First, we sample the marginal distribution over eigenvalues,

0~]_[4sin2l9i;9j]l(;(0), (18)

where marginalizing over the eigenvectors introduces the extra Haar measure term. Second, we
sample eigenvectors P € U(N) uniformly with respect to the Haar measure of U(XN), and construct

V = Pdiag (e’”) PH~ K, (V). (19)

In this work, we sample the marginal distribution using a Metropolis sampling scheme with a
proposal distribution tuned separately for o; < 0.5 (wrapped normal) and oy > 0.5 (uniform). A
similar sampling approach was successfully applied in Ref. [13].

4. Spectral Diffusion
The forward diffusion process on the group is simulated by
Upts U, =V Uy, V =Pdiag (e“”) Pt~ K, (V). 20)

We show an example of the forward spectral diffusion process on SU(2) in Figure 1.
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t=0.0 t=0.25 t=0.5 t=0.75 t=1.0

Target
------- Haar Uniform

Diffused samples

Dt (9)

Figure 1: Evolution from left to right of the SU(2) spectral density on the first eigenangle under the forward
diffusion process. The starting (target) density is progressively smoothed out by the heat kernel. After 1 unit
of diffusion time, the diffused density closely matches the SU(2) Haar uniform density.

4.1 Group-Valued Score Matching

Score-based diffusion models are conventionally trained via score matching, which minimizes
the distance between the model score function and an unbiased estimator of the true score function
across diffusion time. The SU(N) score-matching loss function, adapted to the SU(N) group
manifold, is

1
. 2
L= /0 Eyy-poEv-k, [af||st(U) — P'diag[V log K, (8)]P|| ]dz. 1)

Here, 6 and P are the sampled eigenangles and eigenvectors used to construct V in (19), s, (V) takes
values in the algebra su(N), and the norm is over algebra components. As usual for score matching,
computing (21) requires samples Uy from the target distribution. To verify the correctness of our
approach, we have applied the training routine detailed here to successfully learn the analytically
known heat kernel score function (12) by training with a fixed initial condition Uy = 1.

4.2 Reverse Transport

Given a trained score function, the ODE for the reverse transport process is
aUr = [~5g7s:(UD] Us, (22)

to be integrated in reverse from ¢ = 1 — 0. We can compute the model probability density at each

time ¢ as
1 g2
logq;(U;) = / 2t Vs (Up)dr. (23)

t

This allows reweighting factors to be introduced for unbiased evaluation at t = 0: for each sample
U drawn, we evaluate the model density log g(U) = log go(U) and the target density log p(U;) =
—S(U;) + const., giving the unnormalized weights

w(U) = e 3@ /q(U). (24)
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R0 e e

B 1.0 50 90 1.0 50 90 1.0 50 90
SU(2) ESS (%) 99.6 96.6 97.1 96.7 97.8 954 99.5 98.4 98.7
SU(3) ESS (%) 98.8 93.7 97.7 97.6 95.1 93.8 99.2 97.1 96.8

Table 1: Final ESS values for different 8 values and coefficient sets in the SU(N) toy model.

5. Toy Example

To illustrate the ability of our method to sample from non-trivial target distributions, we define
a family of simple densities p*) over a single SU(N) matrix U, where the action for the toy theory
is polynomial in the matrix:

, 1 _co
, p<‘><U)=§e S (25)

i Cili)Un

n=1

sOwW) = —%Re Tr

The action is parameterized by a set of coeflicients c,(f), i € {1,2,3} which determine the shape
of the density. For comparison to the spectral flow-based approach, we choose the same sets of

coefficients as in Table I of Ref. [18]. We investigate both SU(2) and SU(3) targets.

The diffusion process uses a diffusion schedule g, = «t® with x = 3.0, @ = 1.0, and we
stop diffusion at ¢+ = 1, which is sufficient to reach a uniform distribution. For training, 32,768
configurations were generated using the Metropolis algorithm with 1000 thermalization steps,
keeping every tenth configuration. Unless otherwise stated, we train for 100 epochs using the Adam
optimizer [19] with a batch size of 1024 and a base learning rate of 10~3; for SU(3) experiments we
instead use a batch size of 3072 and a learning rate of 10~2. Using the fact that the target distribution
is a function of only the eigenvalues, we define a specialized score network s,(U;) = s,(6;) acting
directly on eigenvalues and returning non-zero values only in the Cartan subalgebra. The score
network is parameterized by a multilayer perceptron with three hidden layers and SiLlU activations,
using sinusoidal positional encodings to embed the input times.

For inference, we sample the uniform distribution and apply reverse transport using a simple
group-valued Euler integrator with 200 steps. Fig. 2 displays the measure target and model log-
likelihoods, —S and log ¢, the unnormalized reverse Kullback-Leibler divergence Dxyr (¢l||p) =
Ey-q[logg + S] , the effective sample size (ESS),

0<ESS<I, (26)

as well as an unbiased estimator of the partition function, Z = f dU e 5WU) = E[w]. We summarize
the final effective sample sizes we obtain for the toy models in Table 1 and compare the learned
distributions with the target densities in Figs. 3 and 4.
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Figure 2: Reverse transport process for the toy SU(2) model with 8 = 1.0 and coefficient set ¢(®). The
horizontal axis on each plot represents forward diffusion time, so the evolution should be interpreted as right
to left. The KL divergence is seen to decrease while the ESS increases over time, signifying that the target
density is being approximately reproduced by the model during sampling.
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Figure 3: Learned and target SU(2) densities at 8 = 1.0. Models were trained for 200 epochs. Unbiased
results can be obtained by reweighting estimates from the model to the target density with (24).
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Figure 4: Comparison between the learned and target SU(3) densities at 8 = 9.0, shown over the first two
eigenangles 8, and ;. Unbiased results can be obtained from the diffusion model with (24).
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6. Outlook

We have demonstrated an implementation of the SU(N) heat kernel, its score function, and
training using SU(N) score matching. Analytic results for the score function of the heat kernel and
a numerically stable implementation were key steps to making this method possible. This lays the
groundwork for future studies with the potential to address the challenges of ensemble generation
for SU(N) lattice gauge theories.
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