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Normalizing flows have recently demonstrated the ability to learn the Boltzmann distribution of
the Hubbard model, opening new avenues for generative modeling in condensed matter physics.
In this work, we investigate the steps required to extend such simulations to larger lattice sizes and
lower temperatures, with a focus on enhancing stability and efficiency. Additionally, we present
the scaling behavior of stochastic normalizing flows and non-equilibrium Markov chain Monte
Carlo methods for this fermionic system.
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1. Introduction

The Hubbard model is a central framework in condensed-matter physics for describing strongly
correlated electronic systems [1, 2]. It can be formulated either in terms of a Hamiltonian or
an action, with the latter typically referring to the finite-temperature auxiliary-field formulation.
Despite its simple structure, numerical simulations in this formulation are challenging due to the
multimodal structure of the Boltzmann distribution and the presence of large potential barriers. As
a consequence, standard sampling methods such as Hybrid Monte Carlo (HMC) often suffer from
ergodicity violations [3], which can lead to biased estimates of physical observables.

Generative neural samplers (GNSs), including Normalizing Flows (NFs) [4, 5] and autoregres-
sive models [6], have shown strong performance in representing Boltzmann distributions across
a wide range of physical systems. Often referred to as Boltzmann generators [7], they have been
applied in lattice quantum field theory [8–10], statistical mechanics [11, 12], string theory [13, 14],
and quantum chemistry [7, 15, 16]. Beyond accelerating sampling, GNSs enable direct estimates of
thermodynamic observables [9] and entanglement entropies [17, 18]. In parallel, non-equilibrium
Markov chain Monte Carlo (NE-MCMC) methods [19–22] remain effective in regimes where HMC
suffers from ergodicity problems and strong autocorrelations [23].

In this work, we investigate the performance of NE-MCMC methods, NFs, and SNFs for
sampling the Boltzmann distribution of the Hubbard model. While NFs provide efficient generative
proposals and NE-MCMC methods offer favorable scaling properties, SNFs combine both by
augmenting deterministic flow transformations with stochastic updates [21, 24]. This unified
framework is particularly well suited for addressing ergodicity issues in Hubbard model simulations.

Building on earlier work on symmetry-enforced normalizing flows for the Hubbard model at
small volumes [25, 26], we extend these studies to larger lattice volumes and lower temperatures by
improving the numerical stability of the Hubbard action. We also present initial scaling results for
NE-MCMC methods, NFs, and SNFs in this setting.

The remainder of these proceedings is organized as follows. In Sec. 2, we review the Hubbard
model. In Sec. 3, we introduce an algorithm to improve numerical stability at low temperatures.
The methods of NE-MCMC, NFs, and SNFs are discussed in Sec. 4, and their scaling results are
presented in Sec. 5. Conclusions and an outlook are given in Sec. 6.

2. Hubbard Model

The Hubbard model is defined by the Hamiltonian

𝐻 = −𝜅
∑︁
⟨𝑥,𝑦⟩

(
𝑎
†
𝑥,↑𝑎𝑦,↑ + 𝑎

†
𝑥,↓𝑎𝑦,↓

)
− 𝑈

2

∑︁
𝑥

(
𝑛𝑥,↑ − 𝑛𝑥,↓

)2
, (1)

where 𝑎
†
𝑥,𝜎 (𝑎𝑥,𝜎) denotes the fermionic creation (annihilation) operator for a particle with spin

𝜎 ∈ {↑, ↓} at lattice site 𝑥, and 𝑛𝑥,𝜎 ≡ 𝑎
†
𝑥,𝜎𝑎𝑥,𝜎 is the corresponding number operator. The

first term in Eq. (1) describes nearest-neighbor hopping with amplitude 𝜅, while the second term
represents an on-site interaction with coupling strength 𝑈 > 0. In the following, we consider
hexagonal, half-filled lattices which correspond to zero chemical potential. For all simulations, we
set 𝜅 = 1.
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Applying a Suzuki–Trotter decomposition [27, 28] and a Hubbard–Stratonovich transformation
[29] to the Hamiltonian, the model can be expressed in terms of an action 𝑆,

𝑆[𝜙] =
∑︁
𝑥,𝑡∈Λ

𝜙2
𝑥𝑡

2𝛿𝑈
− log det 𝑀 [𝜙] − log det 𝑀 [−𝜙] . (2)

Here, 𝜙 ∈ RΛ is a bosonic auxiliary field defined on the lattice Λ = 𝑁𝑥 × 𝑁𝑡 , with physical sites
𝑁𝑥 and artificial sites 𝑁𝑡 arising from the Suzuki–Trotter decomposition. This decomposition
introduces an error of O(𝛿2), where 𝛿 = 𝛽/𝑁𝑡 and 𝛽 is the inverse temperature.

Fermionic dynamics are encoded in the fermion matrix 𝑀 ∈ R𝑁𝑥𝑁𝑡×𝑁𝑥𝑁𝑡 , whose elements are

𝑀 [𝜙]𝑥′𝑡 ′ ,𝑥𝑡 = 𝛿𝑥′𝑥𝛿𝑡 ′𝑡 − [𝑒𝛿ℎ]𝑥′𝑥𝑒𝜙𝑥𝑡B𝑡 ′𝛿𝑡 ′ ,𝑡+1 , (3)

where ℎ is the hoping matrix, and B𝑡 = 1 for 1 < 𝑡 ≤ 𝑁𝑡 and B1 = −1 implements anti-periodic
temporal boundary conditions.

Owing to the sparsity of 𝑀 , its determinant can be evaluated using an 𝐿𝑈 decomposition,

det 𝑀 = det 𝐿 · det𝑈 . (4)

As shown in Ref. [3], the triangular structure of 𝐿 and 𝑈 allows an equivalent formulation:

det 𝑀 = det
(
1 + 𝐴1𝐴2 . . . 𝐴𝑁𝑡

)
, (5)

where the product of matrices 𝐴𝑡 ∈ R𝑁𝑥×𝑁𝑥 is referred to as the sausage of matrices. The individual
matrices are given by

𝐴𝑡 = 𝑒𝛿ℎ𝐹𝑡 with [𝐹𝑡 ]𝑥𝑥′ = 𝑒𝜙𝑥,𝑁𝑡 −𝑡 𝛿𝑥𝑥′ . (6)

3. Enhancing Numerical Stability with QR Decompositions

In Eq. (6), the matrices 𝐴𝑡 depend exponentially on the auxiliary field 𝜙 and the hopping matrix
ℎ. Consequently, the product 𝐴 ≡ 𝐴1𝐴2 . . . 𝐴𝑁𝑡

develops a wide range of eigenvalues, resulting
in a large condition number. While this behavior is mathematically well defined, it leads to
numerical instabilities due to the accumulation of rounding errors during matrix multiplications.
These instabilities propagate into the evaluation of the action and can produce unstable estimates
of physical observables.

To mitigate this problem, we perform intermediate 𝑄𝑅 decompositions [30] during the com-
putation of the matrix product. Here, 𝑄 is an orthogonal matrix with unit condition number, while
the triangular matrix 𝑅 contains the ill-conditioned part. This approach was previously employed
in Ref. [31], and we select the 𝑄𝑅 decomposition over a singular value decomposition due to its
significantly lower computational cost.

Applying this procedure to the sausage of matrices, as shown in Algorithm 1, yields

𝑄𝑅 = 𝐴 . (7)

Rewriting the determinant from Eq. (5) in terms of 𝑄 and 𝑅,

det (1 +𝑄𝑅) = det𝑄 · det
(
𝑄𝑇 + 𝑅

)
, (8)
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enables a numerically stable evaluation. The same technique can also be used to compute the
inverse of 1 + 𝑄𝑅, which is required for several observables, including the gradient 𝜕𝑆

𝜕𝜙𝑥𝑡
used in

HMC and in the training loop of the NF.

Algorithm 1 Stable multiplication of a chain of matrices using 𝑄𝑅 decomposition
1: 𝑄 ← 1𝑁𝑥×𝑁𝑥

2: 𝑅 ← 1𝑁𝑥×𝑁𝑥

3: for each 𝐴𝑡 in [𝐴1, 𝐴2, . . . , 𝐴𝑁𝑡
] do

4: 𝑅 ← 𝑅 · 𝐴𝑡

5: 𝑄help, 𝑅 ← QRDecomposition(𝑅)
6: 𝑄 ← 𝑄 · 𝑄help

7: end for

4. Methods

4.1 Non-Equilibrium Markov Chain Monte Carlo

NE-MCMC is based on Jarzynski’s equality [32], which relates the free-energy difference Δ𝐹

between an initial and a final macrostate of a statistical system undergoing an out-of-equilibrium
evolution to an ensemble average,

⟨𝑒−𝑊⟩f = 𝑒−Δ𝐹 . (9)

Here, 𝑊 denotes the work performed on the system during the non-equilibrium process, and ⟨·⟩f
indicates an average over all possible non-equilibrium trajectories.

Starting from an equilibrium Boltzmann distribution, a non-equilibrium Markov chain is con-
structed by updating the configuration using transition probabilities 𝑃𝑠 (𝑛) . The latter depends
on a parameter 𝑠 of the action, which is varied at each step 𝑛 of the evolution. In particular,
𝑃𝑠 (𝑛) (𝑧𝑛−1 → 𝑧𝑛), used to generate the configuration 𝑧𝑛 from 𝑧𝑛−1, satisfies detailed balance for
the action 𝑆𝑠 (𝑛) with the value of 𝑠 at the 𝑛-th step. In this framework, the work 𝑊 is defined as the
cumulative change of the action induced by variations of 𝑠 at fixed configurations,

𝑊 =

𝑛step−1∑︁
𝑛=0

(
𝑆𝑠 (𝑛+1) [𝑧𝑛] − 𝑆𝑠 (𝑛) [𝑧𝑛]

)
, (10)

where 𝑛step is the number of Monte Carlo steps along the evolution.
It is important to notice that the system is never thermalized after the first step. Equilibirum

expectation values are instead recovered via a reweighting formula,

⟨O⟩𝑝 =
⟨O𝑒−𝑊⟩f
⟨𝑒−𝑊⟩f

, (11)

where ⟨O⟩𝑝 denotes the expectation value with respect to the target distribution 𝑝 ∝ 𝑒
−𝑆𝑠 (𝑛step ) .

In the case of the Hubbard model, it is natural to define

𝑆𝑠 [𝜙] =
∑︁
𝑥,𝑡∈Λ

𝜙2
𝑥𝑡

2𝛿𝑈
− 𝑠 (log det 𝑀 [𝜙] + log det 𝑀 [−𝜙]) (12)
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with 𝑠 ∈ [0, 1]. For 𝑠 = 0, the distribution is Gaussian, allowing trivially ergodic sampling, while
the full action in Eq. (2) is recovered at 𝑠 = 1. In the NE-MCMC simulations, we interpolate
linearly from 𝑠(0) = 0 to 𝑠(𝑛step) = 1.

4.2 (Stochastic) Normalizing Flows

SNFs, introduced by Wu et al. [33], combine deterministic NFs with stochastic NE-MCMC updates.
A NF 𝑓𝑛 : 𝑧𝑛 → 𝑓𝑛 (𝑧𝑛) induces a transformation of probability densities according to

log 𝑞𝑛+1( 𝑓𝑛 (𝑧𝑛)) = log 𝑞𝑛 (𝑧𝑛) − log det
����𝜕 𝑓𝑛 (𝑧𝑛)𝜕𝑧

���� , (13)

where the NF allows an easily tractable Jacobian determinant that encodes the change in volume.
A SNF is constructed by alternating blocks of flow transformations and NE-MCMC updates. The
resulting chain can be represented as

𝑧0
NF−→ 𝑓0(𝑧0)

MC−→ 𝑧1
NF−→ 𝑓1(𝑧1)

MC−→ 𝑧2
NF−→ . . .

MC−→ 𝑧𝑛step ≡ 𝜙 . (14)

The output density 𝑞𝑛step is obtained by combining the change-of-variables formula in Eq. (13) with
the accumulated work in Eq. (10),

log 𝑞𝑛step (𝜙) = log 𝑞0(𝑧0) −𝑊 −
𝑛step−1∑︁
𝑛=0

log det
����𝜕 𝑓𝑛 (𝑧𝑛)𝜕𝑧

���� . (15)

Training of the SNF is performed by minimizing the reverse Kullback–Leibler divergence [34],
given by

KL(𝑞𝑛step | |𝑝) = ⟨𝑆𝑠 (𝑛step ) [𝜙] + log 𝑞𝑛step (𝜙)⟩𝜙∼𝑞𝑛step
. (16)

5. Results

In this section, we present our results on the numerical stability of the action and the scalability of
NFs, SNFs and NE-MCMC.

5.1 Computational Cost of the Action

As discussed in Sec. 2, the determinant of the fermion matrix can be expressed using the sausage of
matrices. This formulation exploits the sparsity of the full fermion matrix, significantly reducing
both computational cost and memory consumption. A scaling analysis of these quantities is shown
in Fig. 1, while the key scaling behavior is summarized in Table 1. Using the sausage formalism
reduces the computational cost by a factor of 𝑁2

𝑡 and memory usage by a factor of 𝑁𝑡 .

5.2 Numerical Stability of the Action at Low Temperatures

The numerical instability of the action in the sausage formalism introduces a bias that becomes
more severe at larger inverse temperatures 𝛽 and larger numbers of temporal sites 𝑁𝑡 . To quantify
the numerical precision, we define

Precision ≡

√√√
1

𝑁cfg

𝑁cfg∑︁
𝑖=1

(
𝑆
[
𝜙 (𝑖)

]
− 𝑆

[
𝜙
(𝑖)
𝑟

] )2
, (17)
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Figure 1: Scaling of computational cost (a) and memory consumption (b) for the full fermion matrix (blue)
and the sausage formalism (orange) for different 𝑁𝑡 at fixed 𝑁𝑥 = 4. Dashed lines correspond to fits based
on the scaling behavior from Table 1. Error bars are smaller than the marker size.

Full Sausage
Computational cost 𝑁3

𝑥𝑁
3
𝑡 𝑁3

𝑥𝑁𝑡

Memory consumption 𝑁2
𝑥𝑁

2
𝑡 𝑁2

𝑥𝑁𝑡

Table 1: Scaling behavior of computational cost and memory consumption for the full fermion matrix and
the sausage formalism. Both quantities improve in terms of 𝑁𝑡 .

which measures the root-mean-square difference between the action computed for a configuration
𝜙 and a time-shifted configuration 𝜙𝑟 , with (𝜙𝑟 )𝑥,𝑡 ≡ 𝜙𝑥,𝑡+1. In exact computations, where
instabilities are absent, this quantity would be zero due to time-translational symmetry.

Fig. 2 shows the numerical precision with and without 𝑄𝑅 decompositions as a function of 𝛽,
while keeping 𝛿 fixed (thus increasing 𝑁𝑡 ). Without QR stabilization, the action becomes inaccurate
for 𝛽 > 10, whereas the QR decomposition maintains good precision up to 𝛽 = 100. The vertical
black line indicates graphene at room temperature, serving as a target for future simulations.

5.3 Scaling of the Training: (S)NFs

Here, we quantify the scaling of (S)NFs by measuring the computation cost, i.e., the training time,
required to reach a given measure of quality. In this setup, we report the training cost until the
sampler achieves a 20 % acceptance rate in an accept-reject step. In Fig. 3(a), we compare RealNVP
[35], a standard NF architecture, with an SNF having a fixed 𝑛step = 3 at𝑈 = 2, 𝛽 = 5, and 𝑁𝑡 = 20.
Both flows exhibit an exponential scaling with system size; however, the SNF shows an additional
offset due to the extra computations of the action during the training loop.

Importantly, the present study is performed for a fixed architecture. Future work will explore
how the training cost scales with the number of Monte Carlo steps and the number of parameters in
the NF layers.

6
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Figure 2: Precision of the Hubbard action in the sausage formalism with (orange) and without (blue) QR
decomposition for different 𝛽. The black line marks graphene at room temperature, and the red shaded area
indicates impracticable precision. The system is evaluated at 𝑈 = 2, 𝑁𝑥 = 20, and 𝛿 = 0.5. For most data
points, the error bars are smaller than the markers.
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(a) NF and SNF at 𝛽 = 5, 𝑁𝑡 = 20
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(b) NE-MCMC at 𝛽 = 12

Figure 3: Scaling of the training cost of (S)NFs for a fixed architecture (left) and scaling of the sampling
cost of NE-MCMC (right) at 𝑈 = 2.

5.4 Scaling of the sampling: NE-MCMC

It has been established in various physical setups that NE-MCMC exhibits an approximately linear
scaling with the lattice volume [21, 22]. More precisely, to maintain a given sampling quality (here
quantified by the effective sampling size (ESS)) as the volume increases, the number of steps in the
non-equilibrium evolution must grow linearly with the system size.

This scaling behavior is illustrated in Fig. 3(b), which shows the ESS of NE-MCMC simulations
at 𝑈 = 2, 𝛽 = 12, and various lattice sizes 𝑁𝑥 × 𝑁𝑡 . The data collapse indicates that the ESS is
approximately a function of 𝑛step/𝑁𝑥 , confirming the expected linear scaling with the spatial extent.
Interestingly, there is no significant dependence on 𝑁𝑡 . This is not in conflict with previous
observations [21, 22], as space and time play distinct roles in the Hubbard model.

This scaling behavior is expected to carry over to SNFs, while the NF transformation reduces
the computational cost. Consequently, SNFs offer a promising approach for simulating the Hubbard
model on larger lattices, despite the increased training cost at fixed step size.

7
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6. Conclusion

In this work, we have studied the numerical stability and scalability of NFs, SNFs, and NE-MCMC
methods for the Hubbard model. An important step toward improved scalability is the sausage
formalism, which enables linear scaling in the temporal lattice extent 𝑁𝑡 when computing the
fermion determinant. Numerical stability, even at low temperatures, can be ensured by performing
QR decompositions between matrix multiplications.

Our numerical results show that NFs and SNFs, when operated with a fixed number of Monte
Carlo steps, exhibit an exponential scaling of training time with the spatial lattice extent 𝑁𝑥 .
In contrast, NE-MCMC shows the expected linear scaling with the lattice volume and therefore
currently provides the most scalable and robust sampling strategy for the Hubbard model.

For future work, we plan to conduct a detailed analysis of the scaling behavior of SNFs when
the number of Monte Carlo steps is allowed to increase with 𝑁𝑥 . While the present results indicate
unfavorable scaling at fixed Monte Carlo depth, we expect that, once this restriction is lifted, both
training and sampling costs of SNFs can achieve linear scaling with the lattice volume, similar to
NE-MCMC. Under these conditions, SNFs have the potential to become a competitive and fully
scalable tool for ergodic sampling of the Hubbard model.
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