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We present a method based on the bootstrap to determine 𝑝-values from Monte Carlo data, in
particular those generated in a lattice QCD calculation, where we make no assumptions about the
underlying distribution. By generating samples from the underlying data, we are able to naturally
incorporate the effects of autocorrelations and non-normally-distributed samples, both of which
skew the distribution away from the conventional 𝜒2 or 𝑡2 distributions. Additionally, with these
methods we can estimate the p-values for uncorrelated fits and more elaborate fitting procedures
for which these analytical distributions are also unsuitable. (This talk summarizes work published
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1. Introduction and Motivation

Lattice quantum chromodynamics (QCD) utilizes Monte Carlo evaluation of the QCD path
integral in order to statistically sample correlation functions of the theory. We may then fit to
parameters of a theoretical ansatz describing this correlation function, where some parameters
correspond to physical quantities of interest, making it possible to extract these quantities. In
fitting to this ansatz, we would like to achieve two main goals: 1) we’d like the fitted function to
interpolate the average correlator values well, taking into account statistical uncertainties; 2) we’d
like to evaluate how good our fit was.

Using the conventional fitting approach, described in more detail below, one minimizes a
standard goodness-of-fit metric, often called 𝜒2. In our work we call the metric 𝑞2 to include the
more general case in which we may want to modify the form of the metric (say, to massage the
covariance matrix).

If the underlying data are statistically independent samples and normally distributed, it is
possible to convert this 𝜒2 score into a 𝑝-value, knowing only the number of parameters in the
ansatz, the number of correlator timeslices, and the number of data points. The 𝑝-value tells us the
likelihood of the data having been generated by the ansatz, assuming that the ansatz was correct
(the null hypothesis). In this frequentist approach to hypothesis testing, a larger 𝑝-value, indicating
that data that were quite plausibly generated from the ansatz, implies a good fit.

The issue with using this approach in lattice QCD is that the core assumptions of the inde-
pendence and normality of the underlying data are violated. Furthermore, the covariance matrix,
whose inverse is used in the conventional 𝑞2 metric, may be very close to singular and we may
want to modify it (for instance, by, removing the off-diagonal components in an uncorrelated fit),
invaliding the conventional mapping to 𝑝-values.

We propose a method based on the bootstrap [1] to overcome these limitations. By repeatedly
resampling the ensemble of data we have obtained from a lattice simulation, and obtaining a
histogram of goodness-of-fit scores, we can infer a 𝑝-value from where our fit score lies in this
distribution. In the toy models we have tested this on, for which we know the true distribution
of these scores, the bootstrap shows remarkable agreement with the true distribution. This holds
even in the presence of autocorrelations and modifications of the covariance matrix, for which no
analytical distribution is available.

2. Conventional Fitting Approach

The usual definition of the goodness-of-fit uses the sample mean and covariance matrix esti-
mated from the data. In the following 𝐶𝑖 (𝑡) refers to a correlator at timeslice 𝑡 = 1, . . . , 𝑇 at the
measurement index 𝑖 = 1, . . . , 𝑁 . The fit function is denoted by 𝑓 , and the parameters to be fit are
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Figure 1: 𝜒2 vs. 𝑇2 distributions for 𝐾 = 32 degrees of freedom

in vector ®𝑎:

𝐶 (𝑡) ≡ 1
𝑁

𝑁∑︁
𝑖=1

𝐶𝑖 (𝑡)

Σ(𝑡, 𝑡′) ≡ 1
𝑁 − 1

〈(
𝐶 (𝑡) − 𝐶 (𝑡)

) (
𝐶 (𝑡′) − 𝐶 (𝑡′)

)〉
𝑞2 =

∑︁
𝑡 ,𝑡 ′

[
𝐶 (𝑡) − 𝑓 (𝑡; ®𝑎)

]
Σ−1(𝑡, 𝑡′)

[
𝐶 (𝑡′) − 𝑓 (𝑡′; ®𝑎)

]
.

The fitting procedure is to tune the parameters ®𝑎 such that 𝑞2 is minimized. In the case where
we expect the data is independent and normally distributed, statistical theory provides an analytic
form for the distribution of 𝑞2 scores under the null hypothesis. In the simplest form, depending
only on the number degrees of freedom 𝐾 = 𝑇 − length( ®𝑎), where𝑇 is the total number of correlator
time separations measured, we expect that the 𝑞2 scores follow the 𝜒2 distribution. If in addition
we supply the number of data points 𝑁 , we obtain the 𝑇2 distribution (see [9]), which is exact in the
case where the data follow the assumptions. Both distributions are shown in Figure (1), where we
can also see that as 𝑛→ ∞, the 𝑇2 distribution tends toward the 𝜒2 distribution. In order to produce
a 𝑝-value, then, we integrate the tail of this distribution past the score that we obtained from our fit.
This tells us, if the data were, in fact, generated by a process reflecting the ansatz but with statistical
errors that are normally distributed and independent, that we would expect this score or worse 𝑝
percent of the time.

3. Toy Model

As mentioned in the introduction, the assumptions underlying the analytical distributions above
are invalid for Monte Carlo lattice data. We will refer only to the 𝑇2 distribution for comparison
now, being the more accurate distribution. Our approach to generate data is described in detail in
[2], and uses simple stochastic processes to generate “correlator” data. For the data described in this
document, 𝑇 = 6 (the number of timeslices) and 𝑁 = 800 (the number of samples). We generate
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many ensembles of data, and for each of these, we perform a fit of the ansatz by minimizing 𝑞2.
The resulting histogram of 𝑞2 scores is plotted in comparison with 𝑇2.

If we generate data with Gaussian errors (see [2] for the specific parameters) distributed around
the ansatz function, we get a histogram of 𝑞2 scores shown in Figure 2a, in good agreement with
the 𝑇2 distribution. However, if there are even small autocorrelations present in the data, we can see
in Figure 2b that the distribution of 𝑞2 scores is skewed. Similarly, if we perform an uncorrelated
fit, we see in Figure 2c that the distribution is also skewed. In both of these last cases, reporting a
𝑝-value obtained from 𝑇2 will be inaccurate.

(a) 𝑇2 vs. data obtained from multivariate Gaussian

(b) 𝑇2 vs. data with autocorrelations 𝜏int ≈ 1.2

(c) 𝑇2 vs. uncorrelated fit

Figure 2: 𝑞2 scores: 𝑇2 vs. true distribution from toy model data
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Figure 3: Bootstrap resampling

4. Bootstrap Approach

The main idea behind the bootstrap approach is to use lattice data to generate many synthetic
ensembles, from which we will attempt to recreate the null distribution of 𝑞2. We refer the reader
to [2] for a detailed discussion of the rationale and algorithm, but to summarize at a high level:

1. Perform an initial fit of the data and obtain a 𝑞2 score.

2. Draw a contiguous block of 𝐵 ≈ 𝜏int samples from the correlator data, across all timeslices,
with replacement. That is, into a new ensemble, copy𝐶𝑖 (𝑡) for 𝑖 = 𝑋 . . . 𝑋+𝐵 and 𝑡 = 1 . . . 𝑇
where 𝑋 is chosen randomly. Copying in blocks ensures that the autocorrelation structure
is replicated in the synthetic ensemble, 𝐶𝑏

𝑖
(𝑡). This is depicted visually in Figure 3. Repeat

𝑁/𝐵 times to create a synthetic ensemble.

3. For each timeslice, shift the data so that the average exactly matches the ansatz function with
the parameters determined by the initial data (Figure 4). This ensures that these new ensembles
reflect data points generated from the ansatz function, but also reflect the underlying variance
and autocorrelation structure of the underlying data:

𝐶𝑏
𝑖 (𝑡) → 𝐶𝑏

𝑖 (𝑡) − [𝐶 (𝑡) − 𝑓 (𝑡; ®𝑎)]

4. For this new ensemble, perform a fit and record the resulting 𝑞2 score.

5. Repeat steps [2-4] 𝑁boot times, obtaining a histogram of 𝑞2 scores.

6. Compare the original 𝑞2 score to this histogram in order to report a 𝑝-value.
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Figure 4: Recentering

5. Results

We refer the reader to [2] for more analysis and discussion, but here we highlight the results
of this procedure applied to the simulated data described above. In Figure 5a, we can see that from
a single initial ensemble of data we can recover the 𝑇2 distribution with high fidelity, a reassuring
result. In Figure 5b, we see that the resampled ensembles generate a histogram (orange) that is
close to what the “true” distribution is obtained from many simulations of a Metropolis process that
produces autocorrelations. And finally, in Figure 5c, we can see that the procedure also reproduces
the true distribution of 𝑞2 scores in the case where we do an uncorrelated fit.

6. Conclusion

We have described a procedure to extract a 𝑝-value for a fit by bootstrapping the data, sum-
marizing our work in [2]. This procedure is general enough to reproduce the standard analytical
𝜒2 or 𝑇2 distributions in cases where they apply, but also faithfully reproduce the null distribution
of goodness-of-fit scores in more realistic situations where we cannot make assumptions about the
independence and normality of the statistical errors. Furthermore, when no analytic distribution is
available, such as when we have modified the covariance matrix, the procedure is able to estimate the
true distribution well. We believe that this work allows the lattice QCD practitioner more freedom
in modifying the fitting procedure and metric to suit their needs, while also providing 𝑝-values that
better reflect reality.
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(a) 𝑇2 vs. data obtained from multivariate Gaussian

(b) 𝑇2 vs. data with autocorrelations 𝜏int ≈ 1.2

(c) 𝑇2 vs. uncorrelated fit

Figure 5: 𝑞2 scores: 𝑇2 vs. true vs. bootstrap distributions
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