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1. Introduction

The numerical sign problem has long been a major obstacle to first-principle computations
of various important physical systems, such as finite-density QCD, strongly correlated electron
systems, and real-time dynamics of quantum many-body systems. Among them, the Hubbard
model has a unique position in the research area of the sign problem, not only because of its
importance in condensed-matter physics, but also because of its similarity in the mathematical
structure to finite-density QCD.

For the Hubbard model, the standard quantum Monte Carlo method suffers from the severe
sign problem when the system is doped (away from half filling), and the model has been extensively
studied using diverse methods, ranging from Variational Monte Carlo [1–4] and Constrained-Path
Auxiliary-Field Quantum Monte Carlo [5, 6], to rather new approaches such as the Lefschetz
thimble method [7–12], the tempered Lefschetz thimble (TLT) method [13], tensor renormalization
group [14, 15], complex-valued neural networks [16], constant path-integral contour shifts [17],
and normalizing flows [18].

For the last fifteen years, there has been an academic trend to construct a versatile solution to
the sign problem, and various methods have been proposed. Among them, the Worldvolume Hybrid
Monte Carlo (WV-HMC) [19] (see also Refs. [20–25]) was proposed as a reliable and low-cost
algorithm that resolves the sign problem. This is based on the idea of the thimble method but is
free from the ergodicity problem inherent in thimble approaches by considering a continuum union
of deformed integration surfaces. In this paper, based on Refs. [24, 25], we report its application
to the two-dimensional doped Hubbard model. We particularly demonstrate that the method
predicts physical observables with controlled statistical errors on an 8 × 8 lattice at temperature
𝑇/𝑡 = 1/6.4 ≈ 0.156 and interaction strength 𝑈/𝑡 = 8.0 (𝑡 is the hopping amplitude), for which the
standard determinant quantum Monte Carlo fails.

2. WV-HMC method via embedding GT-HMC

We here give a brief review on the basics of WV-HMC. Let 𝑥 = (𝑥𝑎) ∈ R𝑁 be a variable of 𝑁
degrees of freedom. Our aim is to numerically evaluate an observable O(𝑥) with a complex action
𝑆(𝑥):

⟨O⟩ ≡
∫
R𝑁 𝑑𝑥 𝑒−𝑆 (𝑥 ) O(𝑥)∫

R𝑁 𝑑𝑥 𝑒−𝑆 (𝑥 )

(
𝑑𝑥 = 𝑑𝑥1 ∧ · · · ∧ 𝑑𝑥𝑁 ≡

𝑁∏
𝑎=1

𝑑𝑥𝑎
)
. (2.1)

Following the Lefschetz thimble method [26–33], we complexify 𝑥 = (𝑥𝑎) to 𝑧 = (𝑧𝑖) (𝑖 = 1, . . . , 𝑁),
and deform the integration surface from Σ0 ≡ R𝑁 into Σ within the complexified space C𝑁 . This
deformation is governed by the anti-holomorphic flow:

¤𝑧 = 𝜕𝑆(𝑧) with 𝑧 |𝑡=0 = 𝑥, (2.2)

where ¤𝑧 = 𝜕𝑧/𝜕𝑡 (𝑡: the deformation parameter referred to as the flow time). Writing the solution
by 𝑧 = 𝑧(𝑡, 𝑥), the deformed surface at flow time 𝑡 is given by Σ = Σ𝑡 ≡ {𝑧(𝑡, 𝑥) | 𝑥 ∈ Σ0}. Cauchy’s
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theorem guarantees that the integrals do not change under the flow, so that Eq. (2.1) is written as

⟨O⟩ =

∫
Σ𝑡
𝑑𝑧 𝑒−𝑆 (𝑧) O(𝑧)∫
Σ𝑡
𝑑𝑧 𝑒−𝑆 (𝑧)

(𝑑𝑧 = 𝑑𝑧1 ∧ · · · ∧ 𝑑𝑧𝑁 ). (2.3)

At large flow times 𝑡, Σ𝑡 approaches the Lefschetz thimbles (constant Im 𝑆 surfaces), which sup-
presses the phase fluctuation from 𝑒−𝑖Im 𝑆 (𝑧) . However, this large 𝑡 introduces ergodicity issues:
zeros of 𝑒−𝑆 (𝑧) appear on Σ𝑡 , acting as infinitely high potential barriers for Markov chain updates.
The generalized thimble (GT) method [33] uses an intermediate 𝑡 to balance sign suppression and
ergodicity. However, detailed studies show that sign suppression generally requires Σ𝑡 to crosses
zeros [13], leaving the fundamental tension unresolved.

The tempered Lefschetz thimble (TLT) method [34] resolves this tension by treating 𝑡 as a
dynamical variable. However, TLT incurs a high computational cost because it requires computing
the deformation Jacobian at every replica exchange. The Worldvolume Hybrid Monte Carlo (WV-
HMC) method [19] (see also Refs. [20–25] eliminates this bottleneck. This can be regarded as a
continuous version of the TLT method and introduced as follows.

Since both the numerator and the denominator in Eq. (2.3) are independent of 𝑡 (due to Cauchy’s
theorem), we can take averages over 𝑡 separately with an arbitrary common weight 𝑒−𝑊 (𝑡 ) [19]:

⟨O⟩ =

∫
𝑑𝑡 𝑒−𝑊 (𝑡 ) ∫

Σ𝑡
𝑑𝑧 𝑒−𝑆 (𝑧) O(𝑧)∫

𝑑𝑡 𝑒−𝑊 (𝑡 )
∫
Σ𝑡
𝑑𝑧 𝑒−𝑆 (𝑧)

. (2.4)

This takes the form of a ratio of reweighted averages on the worldvolume R,

R ≡
⋃
𝑡

Σ𝑡 = {𝑧(𝑡, 𝑥) | 𝑡 ∈ R, 𝑥 ∈ R𝑁 }, (2.5)

as

⟨O⟩ = ⟨FR (𝑧) O(𝑧)⟩R
⟨FR (𝑧)⟩R

, (2.6)

⟨𝑔(𝑧)⟩R ≡
∫
R |𝑑𝑧 |R 𝑒−Re 𝑆 (𝑧)−𝑊 (𝑡 ) 𝑔(𝑧)∫

R |𝑑𝑧 |R 𝑒−Re 𝑆 (𝑧)−𝑊 (𝑡 )
. (2.7)

Here, |𝑑𝑧𝑟 |R is the invariant measure on R, and FR (𝑧) ≡ 𝑑𝑡 𝑑𝑧 𝑒−𝑖 Im 𝑆 (𝑧)/|𝑑𝑧 |R is the associated
reweighting factor. The extent of the worldvolume R in the 𝑡-direction can be restricted within a
finite interval [𝑇0, 𝑇1] by tuning the function 𝑊 (𝑡), which we take as follows [21]:

𝑊 (𝑡) =


− 𝛾(𝑡 − 𝑇0) + 𝑐0

(
𝑒 (𝑡−𝑇0 )2/2𝑑2

0 − 1
)

for 𝑡 < 𝑇0

− 𝛾(𝑡 − 𝑇0) for 𝑇0 ≤ 𝑡 ≤ 𝑇1

− 𝛾(𝑡 − 𝑇0) + 𝑐1
(
𝑒 (𝑡−𝑇1 )2/2𝑑2

1 − 1
)

for 𝑡 > 𝑇1.

(2.8)

The reweighted average ⟨𝑔(𝑧)⟩R can be further rewritten as a phase-space integral over the tangent
bundle of R,

𝑇R = {(𝑧, 𝜋) | 𝑧 ∈ R, 𝜋 ∈ 𝑇𝑧R}, (2.9)
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as

⟨𝑔(𝑧)⟩ =
∫
𝑇R 𝑑ΩR 𝑒−𝐻 (𝑧, 𝜋 ) 𝑔(𝑧)∫

𝑇R 𝑑ΩR 𝑒−𝐻 (𝑧, 𝜋 )
. (2.10)

Here, 𝑑ΩR ≡ 𝜔𝑁+1
R /(𝑁+1)! is the symplectic volume form constructed from the symplectic 2-form

𝜔R = Re (𝑑𝜋† ∧ 𝑑𝑧), and 𝐻 (𝑧, 𝜋) = (1/2) 𝜋†𝜋 + Re 𝑆(𝑧) +𝑊 (𝑡 (𝑧)).1 The distribution function
∝ 𝑒−𝐻 (𝑧, 𝜋 ) can be generated using the HMC algorithm with constrained molecular dynamics such
as RATTLE [35]. See Refs. [19, 21, 22] for details.

An HMC algorithm for the GT method [which we refer to as the generalized thimble HMC
(GT-HMC)] can be introduced similarly [36, 37] (see also Ref. [21]) as a sampling on the tangent
bundle of Σ,𝑇Σ = {(𝑧, 𝜋) | 𝑧 ∈ Σ, 𝜋 ∈ 𝑇𝑧Σ}, from the distribution∝ 𝑒−𝐻 (𝑧, 𝜋 ) with the Hamiltonian
𝐻 (𝑧, 𝜋) = (1/2) 𝜋†𝜋 + Re 𝑆(𝑧). While GT-HMC alone suffers from ergodicity issues, embedding
it as a subprocess within WV-HMC strongly enhances global sampling, particularly when the
worldvolume is a thin layer [25].

3. The Hubbard model

The Hubbard model on a 𝑑-dimensional spatial lattice is defined by the following Hamiltonian
(including the chemical potential term):

𝐻̂
org
𝜇 = 𝐻̂ − 𝜇𝑁̂

≡ −
∑︁
x,y

𝑡xy
∑︁
𝜎=↑,↓

𝑐
†
x,𝜎𝑐y,𝜎 +𝑈

∑︁
x

𝑛x,↑𝑛x,↓ − 𝜇
∑︁

x
(𝑛x,↑ + 𝑛x,↓). (3.1)

Here, 𝑐x,𝜎 and 𝑐
†
x,𝜎 denote the annihilation and creation operators, respectively, of an electron with

spin 𝜎 (=↑, ↓) at site x = (𝑥𝑖) (𝑖 = 1, . . . , 𝑑), and 𝑛x,𝜎 ≡ 𝑐
†
x,𝜎𝑐x,𝜎 . 𝑡 = (𝑡xy) is the hopping matrix,

where 𝑡xy = 𝑡 (> 0) if x and y are nearest neighbors, and 𝑡xy = 0 otherwise. 𝑈 is the on-site repulsion
strength, and 𝜇 is the chemical potential associated with the number operator 𝑁̂ =

∑
x
∑

𝜎 𝑛x,𝜎 .
We assume that the model is defined on a periodic, bipartite square lattice of linear size 𝐿𝑠, so that
the spatial volume is given by 𝑉𝑑 ≡ 𝐿𝑑

𝑠 .
We perform a particle-hole transformation on the down-spin component and write

𝑎x ≡ 𝑐x↑, 𝑏x ≡ (−1)x𝑐†x↓, (3.2)

where (−1)x ≡ (−1)
∑

𝑖 𝑥𝑖 denotes the parity of site x. Under this transformation, the Hamiltonian
(3.1) becomes (up to an additive constant −𝜇𝑉𝑑):

𝐻̂𝜇 ≡ 𝐻̂
org
𝜇 − 𝜇𝑉𝑑 = −

∑︁
x,y

𝑡xy (𝑎†x𝑎y + 𝑏
†
x𝑏y) +

𝑈

2

∑︁
x
(𝑛𝑎x − 𝑛𝑏x )2 − 𝜇̃

∑︁
x
(𝑛𝑎x − 𝑛𝑏x ), (3.3)

where 𝑛𝑎x ≡ 𝑎
†
x𝑎x and 𝑛𝑏x ≡ 𝑏

†
x𝑏x, and the shifted chemical potential is defined as

𝜇̃ ≡ 𝜇 − 𝑈

2
. (3.4)

1𝑡 (𝑧) returns the flow time 𝑡 for configuration 𝑧 = 𝑧(𝑡, 𝑥).
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The point 𝜇 = 𝑈/2 (i.e., 𝜇̃ = 0) corresponds to half filling, where ⟨𝑛x,↑+𝑛x,↓⟩ = 1 (i.e., ⟨𝑛𝑎x −𝑛𝑏x ⟩ =
0).

Following Ref. [38], we introduce the redundant parameter 𝛼 (0 ≤ 𝛼 ≤ 1) as2

(𝑛𝑎x − 𝑛𝑏x )2 = 𝛼(𝑛𝑎x − 𝑛𝑏x )2 − (1 − 𝛼) (𝑛𝑎x + 𝑛𝑏x − 1)2 + 1 − 𝛼. (3.5)

We then complete the square by using two auxiliary variables (Hubbard-Stratonovich variables):

𝑒−(𝛼𝜖𝑈/2) (𝑛𝑎−𝑛𝑏 )2+( (1−𝛼) 𝜖𝑈/2) (𝑛𝑎+𝑛𝑏−1)2−(1−𝛼) 𝜖𝑈/2

=

∫
𝑑𝐴𝑑𝐵 𝑒−(1/2) (𝐴2+𝐵2 ) 𝑒 [𝑖𝑐0𝐴+𝑐1𝐵−𝑐2

1 ] 𝑛
𝑎

𝑒 [−𝑖𝑐0𝐴+𝑐1𝐵−𝑐2
1 ] 𝑛

𝑏

(3.6)

with 𝑐0 ≡
√
𝛼𝜖𝑈 and 𝑐1 ≡

√︁
(1 − 𝛼)𝜖𝑈. We decompose the inverse temperature 𝛽 into 𝑁𝑡 time

slices and introduce a spacetime lattice of volume 𝑉𝑑+1 ≡ 𝑁𝑡𝑉𝑑 = 𝑁𝑡 × 𝐿𝑑
𝑠 , whose coordinates

are labeled by 𝑥 = (ℓ, x) (ℓ = 1, . . . , 𝑁𝑡 ). Then, the grand canonical partition function is given as
follows (see Ref. [24] for derivation):

𝑍 =

∫
𝑑𝐴 𝑑𝐵 𝑒−𝑆 (𝐴,𝐵) =

∫
𝑑𝐴 𝑑𝐵 𝑒−𝑆0 (𝐴,𝐵) det 𝐷𝑎 (𝐴, 𝐵) det 𝐷𝑏 (𝐴, 𝐵). (3.7)

Here, 𝐴 = (𝐴𝑥) and 𝐵 = (𝐵𝑥) are scalar fields on the spacetime lattice, and we have introduced
𝑉𝑑+1 ×𝑉𝑑+1 matrices 𝑡 = (𝑡𝑥𝑦) and Λ0 = ((Λ0)𝑥𝑦) with indices 𝑥 = (ℓ, x) and 𝑦 = (𝑚, y) (we reuse
the symbol 𝑡),

𝑡𝑥𝑦 ≡ 𝛿ℓ𝑚 𝑡xy, (Λ0)𝑥𝑦 ≡
{

𝛿ℓ+1,𝑚 𝛿xy (ℓ < 𝑁𝑡 )
−𝛿1,𝑚 𝛿xy (ℓ = 𝑁𝑡 ).

(3.8)

Moreover, 𝑆0(𝐴, 𝐵) ≡ (1/2)∑𝑥 (𝐴2
𝑥 + 𝐵2

𝑥), ℎ𝑎/𝑏 = ((ℎ𝑎/𝑏)𝑥) are diagonal matrices with

(ℎ𝑎/𝑏)𝑥 = 𝑒±(𝜖 𝜇̃+𝑖𝑐0𝐴𝑥 )+𝑐1𝐵𝑥−𝑐2
1 , (3.9)

and 𝐷𝑎/𝑏 are fermion matrices,

𝐷𝑎/𝑏 (𝐴, 𝐵) ≡ ℎ𝑎/𝑏 − 𝑒−𝜖 𝑡 Λ0. (3.10)

We employ the symmetric Trotter decomposition, which matches the continuum evolution operator
𝑒−𝜖 𝐻̂𝜇 up to 𝑂 (𝜖2). Accordingly, we expand 𝐷𝑎/𝑏 to the same order:3

𝐷𝑎/𝑏 = ℎ𝑎/𝑏 − Λ0 + 𝜖𝑡Λ0 −
𝜖2

2
𝑡2Λ0. (3.11)

As discussed in Ref. [24], the identity𝐷𝑏 = 𝐷∗
𝑎 holds at half filling (𝜇̃ = 0), yielding det 𝐷𝑎 det 𝐷𝑏 =

| det 𝐷𝑎 |2. This ensures that the path integral is free from the sign problem at half filling. We expect
the sign problem to remain mild when 𝐷𝑏 ≈ 𝐷∗

𝑎, which occurs for small 𝛼. However, choosing 𝛼

too small introduces ergodicity issues: zeros of det 𝐷𝑎/𝑏 appear on or near the original configuration

2The equality directly follows from the identity (𝑛𝑎x + 𝑛𝑏x − 1)2 = −(𝑛𝑎x − 𝑛𝑏x )2 + 1 (note that (𝑛𝑎/𝑏x )2 = 𝑛
𝑎/𝑏
x ) [38].

3Note that Λ0 = 1 +𝑂 (𝜖) holds only for thermalized configurations and should not be used as a general estimate.
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space Σ0, as detailed in Ref. [38]. Thus, there exists an optimal 𝛼 that mitigates the sign problem
on Σ0 without triggering ergodicity issues.

We define the number density operator 𝑛 and the energy density operator 𝑒 as follows [24]:

𝑛(𝐴, 𝐵) ≡ − 1
𝑉𝑑+1

𝜕𝑆(𝐴, 𝐵)
𝜕 (𝜖 𝜇)

���
𝜖
+ 1 = − 1

𝑉𝑑+1

𝜕𝑆(𝐴, 𝐵)
𝜕 (𝜖 𝜇̃)

���
𝜖
+ 1, (3.12)

𝑒(𝐴, 𝐵) ≡ 𝜕𝑆(𝐴, 𝐵)
𝜕𝜖

���
𝜖 𝜇

=
1

𝑉𝑑+1

[
𝜕𝑆(𝐴, 𝐵)

𝜕𝜖

���
𝜖 𝜇̃

− 𝑈

2
𝜕𝑆(𝐴, 𝐵)
𝜕 (𝜖 𝜇̃)

���
𝜖

]
. (3.13)

Their expectation values can be estimated via the path integral, and are expected to agree with the
continuum expectation values of 𝑁̂/𝑉𝑑 and 𝐻̂/𝑉𝑑 up to 𝑂 (𝜖2) corrections:

⟨𝑛⟩ ≡ 1
𝑉𝑑+1

∫
(𝑑𝐴 𝑑𝐵) 𝑒−𝑆 (𝐴,𝐵) 𝑛(𝐴, 𝐵)∫

(𝑑𝐴 𝑑𝐵)𝑒−𝑆 (𝐴,𝐵)
=

1
𝑉𝑑

tr 𝑒−𝛽 (𝐻̂−𝜇𝑁̂ ) 𝑁̂

tr 𝑒−𝛽 (𝐻̂−𝜇𝑁̂ )
+𝑂 (𝜖2), (3.14)

⟨𝑒⟩ ≡ 1
𝑉𝑑+1

∫
(𝑑𝐴 𝑑𝐵) 𝑒−𝑆 (𝐴,𝐵) 𝑒(𝐴, 𝐵)∫

(𝑑𝐴 𝑑𝐵)𝑒−𝑆 (𝐴,𝐵)
=

1
𝑉𝑑

tr 𝑒−𝛽 (𝐻̂−𝜇𝑁̂ ) 𝐻̂

tr 𝑒−𝛽 (𝐻̂−𝜇𝑁̂ )
+𝑂 (𝜖2). (3.15)

4. Setup

We apply WV-HMC to the two-dimensional doped Hubbard model on a lattice of size 𝐿𝑠×𝐿𝑠 =

8 × 8 with the following parameters: hopping amplitude 𝑡 = 1.0, inverse temperature 𝛽 = 6.4,
repulsion strength 𝑈 = 8.0 for various values of the chemical potential 𝜇.4 The Trotter numbers
are 𝑁𝑡 = 24, 22, 20, corresponding to the Trotter steps 𝜖 = 0.267, 0.291, 0.320. We tune 𝛼 to the
smallest value that avoids ergodicity issues. This allows us to keep the maximum flow time 𝑇1 as
small as possible. We choose the upper cutoff 𝑇1 such that the average phase factor on Σ𝑡 , computed
using GT-HMC, becomes statistically distinguishable from zero at the two-sigma level at 𝑡 ∼ 𝑇1.
The weight function parameters [see Eq. (2.8)] are set as follows: 𝛾 = 0, 𝑐0 = 𝑐1 = 0.01, and
𝑑0 = 𝑑1 = 2.0 × 10−3.

We perform the simulations using a combined update: two sets of embedded GT-HMC (each
trajectory consisting of 25 MD steps with Δ𝑠 = 4.0 × 10−2) followed by one set of pure WV-HMC
(each trajectory consisting of 25 MD steps with Δ𝑠 = 4.0 × 10−4). Observables are measured after
each combined update, and statistical errors are estimated using the blocked jackknife method.

5. Results

Figure 1 shows the number density as a function of 𝜇̃ at the Trotter steps 𝜖 = 0.267, 0.291, 0.320
with 𝛽 fixed to 6.4. Results obtained using ALF (Algorithm for Lattice Fermions) [39, 40] at
𝜖 = 0.01 are also shown for comparison. We see that WV-HMC evaluates the number density
with controlled statistical errors in a parameter region where the sign problem is serious. We also
observe discrepancies between WV-HMC and ALF results in the region 𝜇̃ = 5.5–7.0, for which the
sign problem is not serious and thus the ALF results are reliable.

4In the common notation in condensed matter physics, these parameters correspond to 𝑇/𝑡 = 1/(𝑡𝛽) = 1/6.4 ≃ 0.156
and 𝑈/𝑡 = 8.0.
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Figure 2 shows that the number density ⟨𝑛⟩ can be fit as 𝑎 + 𝑏𝜖2, which agrees with the
expectation from Eqs. (3.14) and (3.15). The energy density ⟨𝑒⟩ can also be fit with the same
functional form. These fits yield the observables in the continuum limit 𝜖 → 0, which are shown
in Fig. 3. We find that WV-HMC yields observables with controlled statistical errors even in the
continuum limit. The discrepancies between WV-HMC and ALF results observed at finite 𝜖 indeed
disappear in the continuum limit.
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Figure 1: The number density ⟨𝑛⟩ at 𝜖 = 0.267, 0.291, 0.320, compared with results using ALF at 𝜖 = 0.01.
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Figure 2: Finite-𝜖 effects in the number density ⟨𝑛⟩ for 𝜇̃ = 1.5, 3.5, 7.0, 9.0.
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Figure 3: Number density ⟨𝑛⟩ and energy density ⟨𝑒⟩ in the continuum limit 𝜖 → 0, compared with results
using ALF at 𝜖 = 0.01.

6. Conclusion

We applied WV-HMC to the two-dimensional doped Hubbard model on an 8 × 8 lattice at
𝑇/𝑡 = 1/6.4 ≃ 0.156 and 𝑈/𝑡 = 8.0. The tuning of 𝛼 mitigates the sign problem on the original
integration surface, allowing the maximum flow time 𝑇1 to be significantly reduced. Although this
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introduces an ergodicity issue for a thin layer of WV-HMC, the problem is successfully resolved
by embedding GT-HMC into the process. Using this combined algorithm, we took the continuum
limit in the temporal direction (𝜖 → 0) and demonstrated that observables can be evaluated with
controlled statistical errors. The techniques developed here are expected to scale for the Hubbard
model on larger lattices, which we are currently investigating.
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