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1. Introduction

Theories with a complex Boltzmann weight suffer from sign and overlap problems, and simu-
lating them using conventional methods based on importance sampling is difficult. A well-known
example is QCD at non-zero baryon density, for which the quark determinant is complex-valued
for real quark chemical potential, see e.g. Refs. [1, 2] for reviews. A potential solution is to rely
on analytical continuation and extend the theory into a complexified manifold, e.g. via complex
Langevin dynamics [3, 4], Lefschetz thimbles [5], holomomorphic flow [6], and variations thereof.

In this contribution we focus on complex Langevin (CL) dynamics, in which a complexified
manifold is explored via a stochastic process after analytical continuation [3, 4]. We refer to
Ref. [7] for an extensive list of references. An important role in CL dynamics is played by the
(real and semi-positive) distribution on this manifold. This distribution is typically not known,
as the Fokker-Planck equation (FPE) associated to the CL process cannot be solved in general.
However, characterising this distribution is important: once it is determined, it would enable new
avenues to link averages over complex-valued Boltzmann weights p(x) to statistical averages over
real, semi-positive probability distributions p(x, y), via the relation

/dxp(x)O(x):/dxdyp(x,y)O(x+iy), (1.1)

written here for one degree of freedom. In particular, if the distribution on the RHS is unambiguously
determined, one can use importance sampling and the sign problem is evaded. Besides the specific
application to CL dynamics, this is an open problem worth studying more generally [8, 9].

Diffusion models [10—13] are a class of generative Al methods, which learn distributions from
data. A recent comprehensive review can be found in Ref. [14]. The formulation in terms of
stochastic differential equations (SDEs) is closely related to stochastic quantisation [15], using a
learned and time-dependent drift term, instead of a drift derived from the action [16, 17]. Diffusion
models have been applied to lattice theories for scalar [16, 18, 19] and U(1) gauge fields [20-22], and
very recently also to SU(NV) one-link models [23], two-dimensional U(2) and SU(2) gauge theories
[24] using lattice gauge equivariant convolutional neural networks [25], and two-dimensional SU(2)
gauge theory without imposing equivariance [26].

Since diffusion models learn probability distributions directly from data, they can be employed
to learn the distribution sampled during the CL process [27]. Subsequently, the trained diffusion
models can be used to generate more configurations and study properties of the distribution. Here
we focus on the difference between so-called score-based and energy-based diffusion models. This
contribution is based on Ref. [7].

2. Distributions sampled by complex Langevin dynamics

We consider one degree of freedom with a complex weight p(x) ~ exp[—S(x)] € C throughout.
The CL process, with real noise, reads

£(1) = K [x(0), y(1)] + V21(), Ky(x,y) =Re di log p(z) K
Z ZX+Ly (21)
d

y(1) = Ky [x(1), y(1)]. Ky(xr,y) =Im=-logp(a)] _
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with Gaussian noise n ~ N(0, 1). The corresponding FPE reads

Orp(x, y;1) = [0x (0x — Kx) — 0yKy | p(x, y31). (2.2)

The assumption is that in the long-time limit averages over trajectories, using Eq. (2.1), yield
expectation values with respect to the original weight, i.e.,

tli_)rglo O[x(@) +iy(D)]),, = tli)rg/ dxdy p(x,y;1)O(x +iy) Z / dx p(x)0(x). 2.3)

It is well known that this is non-trivial and that convergence to wrong solutions may occur [28, 29].
Here we assume that the process converges to the correct solution and that Eq. (2.3) holds. The
FPE (2.2) cannot be solved in general, even in the stationary limit. One reason is that 0K, (x, y) #
0yK(x,y). Instead we use diffusion models to learn the distribution directly from data.

3. Score- and energy-based diffusion models

Diffusion models are probabilistic generative models that learn from data [10-13]. In our
application data generated using CL dynamics form the training set and it is assumed that these are
representative of the target distribution po(x) = lim;— p(X, ), where X = (x, y).

Diffusion models consist of a forward process, during which noise is applied to the data,
and a backward denoising process, during which new data are generated. In the so-called variance
expanding scheme, using the description in terms of SDEs [13], the forward and backward processes
are given by

forward: x(t) = g(t)n(r), 31
backward: x(1) = —g*(1)Viog p(x,1) + g(1)n (). G-l
The forward process runs between 0 < t < T, while for the backward process time is reversed.
The diffusion coefficient g(z) sets the time-dependent noise strength and n ~ N(0, 1) is again
Gaussian noise. Initial conditions for the forward process are determined by the target distribution
x(0) = xg ~ po(Xg) and taken from a simple prior for the backward process.

The additional term in the backward process, Vlog p(x,1), is the so-called score. It is not
known a priori and is modelled by a neural network s¢(X,?), where 6 denotes all the trainable
network parameters. It is learnt during the forward process by first writing

pun=/ﬁmmxmwmmx (3.2)

and then minimising the loss function [13],

1 T
L) = 5/0 dtEpixr) [xl(t)”Sg(X, 1) —Vlogp(x,t|xo)||2], 3.3)

where the weight A(7) is chosen to be the variance of the noise at time z. The expectation includes
the average over the initial distribution po(x), obtained by summing over the data set. After the
diffusion model is trained, new samples are generated by numerically solving the backward process.
This formulation is known as score-based diffusion models. For a detailed analytical study in a
language familiar to lattice field theorists, see Ref. [19].
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We are particularly interested in further analysing the distribution obtained after training at the
end of the backward process, since this should describe our unknown target distribution, i.e., the
distribution sampled with the CL process,

lir% S+ (X, 1) = lil’I(l)V log p(x,t) = Vlog po(x), 34
t— t—

where 6* denote a (near-)optimal set of network parameters (from now on we drop the * as well as
the 0 on the target distribution pg(x)).

In a first attempt, one may simply try to integrate the score to obtain p(x), up to the normali-
sation. However, there is no guarantee that the score is conservative. Indeed, in general one finds
that the score contains both a conservative and a non-conservative component (see below),

Sg(x,1) = VOy(X,1) +19(X, 1), V-rg(x,1) =0. 3.5)

This fact is known in the ML literature, see e.g. Refs. [30-32], although it is usually not emphasised.
If one insists on learning the data distribution directly, it is more useful to turn to energy-based
diffusion models [31-33] and learn instead the energy,

Eg(x,1) = —log p(x,t). (3.6)

We follow Ref. [33] and write the energy function as

1 2
Eo(x.1) = 5[[va(x.0) [ (3.7)
The score is conservative by construction,
ai logp(x’ t) =~ _aiEQ(X’ t) = _VG(X’ t) . aiVH(X9 t)e (38)

and is used in the loss function (3.3) during the training process. Once the energy is determined,
the distribution follows immediately,

p(x) ~ limexp [-Eq(x,1)], (3.9)

up to the overall normalisation. Some comments are in order. First, the choice of energy parametrisa-
tion is not unique. Moreover, the need for additional derivatives makes this method more expensive
than the score-based approach. Finally, even though in the latter the score is not conservative,
this does not affect the effectiveness of score-based diffusion models. For details of the numerical
implementation, we refer to Ref. [7].

4. Complex-valued quartic model

We demonstrate this approach in a simple but well-studied example, for which CL dynamics
is known to converge correctly, namely the quartic model with a complex mass parameter [34],

1 1
S = anxz + Zw, o= A +iB. 4.1)
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Figure 1: Complex-valued quartic model with parameters oy = 1 +i and 4 = 1: CL drift in the complex
plane (left) and histogram p(x, y) obtained by sampling the CL process (right) [34].
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Figure 2: Learned scores in the quartic model at the end of the backward process, using a score-based (left)

and energy-based (right) diffusion model. The drift on the left (right) is not conservative (conservative).

CL dynamics converges correctly when 342 — B2 > 0: since the CL process then takes place in a
strip —y_ <y < y_, with

A B2
y2_=—(1— l_ﬁ)’ y_ >0, 4.2)

22

the criteria for correctness apply [28, 29]. For more details on this aspect we refer to Ref. [34].
Below we take A = B = 1 = 1, for which y_ = 0.3029. In Fig. 1 (left) the CL drift is shown. The
boundaries at |y| = y_ are visible: all arrows point inward and hence the process cannot escape
the strip |y| < y-. The CL process is solved using a higher-order discretisation, see Ref. [7] for
details. Collecting the data in a histogram yields the ‘empirical’ distribution shown in Fig. 1 (right).
The distribution is zero when |y| > y_, consistent with the argument based on the drift. It is this
distribution that we aim to learn.

We have trained the diffusion models using the CL data as the training set. In Fig. 2 we show
the learned scores at the end of the backward process in the score-based (left) and energy-based
(right) formulations. Even though they look very similar, the one on the left is not conservative, as
demonstrated in Fig. 3 (left), where the curl of the score, 0ysy,9(X) —dy5x,¢(X), is shown, averaged
over 10 independently trained models. The score on the right is conservative by construction.
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Figure 3: Left: curl of the score in the score-based formulation, averaged over 10 independently trained
models. Right: distribution pg(x) ~ exp[—Eg(x)] in the energy-based formulation.

Figure 4: Energy E4(x) learnt in the energy-based model, in a three-dimensional plot and as a contour plot.

Before moving on to the distribution itself, we note that the learned scores in Fig. 2 are very
different from the CL drift of Fig. 1 (left). There are a number of reasons for this. First recall that
the CL drift is used in the CL equation with real noise only, whereas in the diffusion models noise
is applied in both directions. Second, the CL drift is not integrable, since 0K, (x) # d,K(x), and
has an attractive fixed point at the origin. Instead, in the diffusion models the origin is a saddle point,
while the two peaks, at Xpeax ~ (0.6, —0.25), are attractive. In fact, the scores in the diffusion
models are closer to the flow relevant for Lefschetz thimbles [35].

In the energy-based formulation, the energy Eg4(x) is learnt directly. In Fig. 4 we show the
energy, as a three-dimensional plot, restricted to Eg(x) < 10, and using a contour plot. We note
the two (shallow) minima around Xpeax and a rapidly increasing energy outside the main region of
interest. We now have direct access to the distribution, simply by exponentiating the learned energy.
The result is shown in Fig. 3 (right). The undetermined prefactor is determined by normalising
the distribution to 1. The distribution indeed resembles the empirical one constructed in Fig. 1
(right). We emphasise that this is the first time a parametrisation of the distribution sampled by a CL
process is obtained in a non-trivial case without explicitly constructing a histogram. A quantitative



Sampling from a complex distribution using an energy-based diffusion model Diaa E. Habibi

generate data using S train diffusion > use learned distribution
CL dynamics model on CL data in MCMC approach
CL DM MCMC
or any other method that directly use the DM fffr en‘er‘gy-based
tackles the sign problem to generate new data diffusion models

Figure 5: Flow chart indicating a three-stage approach to move from theories with a sign problem to MCMC
sampling. It is assumed that the first stage, represented here by complex Langevin dynamics, gives a correct
representation of the underlying theory.

comparison between the CL data and results obtained with the score-based and energy-based
diffusion models can be found in Ref. [7].

We can now make the final step. Having learnt the energy, we can forget its origin and directly
sample from the corresponding distribution, using a Metropolis-Hastings Markov Chain Monte
Carlo (MCMC) simulation with the learned energy in the accept/reject criterion. This setup is
outlined in the flow chart in Fig. 5. This third step was not feasible before, as the probability
distribution was not expressed in terms of an energy function E¢(x), which can be evaluated at
arbitrary points within the data domain. Of course, this approach depends crucially on the first
step providing a reliable approach to generating data in theories with a sign problem. Hence the
application of the diffusion model does not solve the sign problem by itself. Instead, it provides a
way to consider the equality in Eq. (1.1), with the distribution on the RHS learnt from data. For
a comparison of the results obtained using the Metropolis-Hastings MCMC simulation as outlined
here with the other approaches, we refer to Ref. [7].

Finally, for completeness we also note that systematic uncertainties in the diffusion models
can be estimated by creating an ensemble of N independently trained models, with the same set
of (near-)optimal hyperparameters. We found that the systematic uncertainty dominates, reflecting
the stochastic nature of the training procedure [7].

5. Summary and outlook

We have demonstrated that diffusion models can be used to study the distribution sampled by
a complex Langevin process for theories with a sign problem. Since this distribution is typically
not known a priori, this provides a new perspective on understanding CL dynamics and complex-
valued distributions more generally. Both score-based and energy-based diffusion models can
learn the score, i.e., the log derivative of the distribution, and subsequently be used to generate
additional configurations. In score-based models, the learned score is not conservative, as this is not
imposed. The score can then not be integrated to yield the distribution. In energy-based models, it
is conservative by construction. Hence, if the interest is in the distribution itself and not just in the
generation of additional samples, energy-based models are preferred.
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With direct access to the (unnormalised) distribution, a number of directions can be explored.
One of them is a detailed study of properties of the distribution in regions where CL encounters
problems. The direction we pursued here is to use the learned energy in an MCMC simulation. In
this setup, CL is used to provide training data and the diffusion model is used to learn the energy.
Afterwards, an MCMC simulation is used to generate additional configurations, without reference
to the original CL process or diffusion model. To verify the results, it may be useful to compute the
configurational temperature [36, 37]. Of course such an approach is only useful when the original
CL process converges correctly; as stated, the diffusion models as employed here will not solve the
sign problem when CL fails. So far we have explored these aspects in a simple model. The obvious
next step is to extend this to field theories.
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