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A normalizing-flow-based implementation of the density-of-states approach has recently been
used to successfully reconstruct the partition function of (1+1)D scalar lattice field theory. In
this preliminary work, we extend this framework to a lattice gauge theory by employing gauge-
equivariant normalizing flows to reconstruct the density of states of pure (1+1)D U(1) lattice
gauge theory, both with and without a 𝜃-term. In the absence of a 𝜃-term, we first demonstrate that
the normalizing-flow-based reconstruction of the density of states reproduces the known analytic
results for this theory. We further show that, in the presence of a 𝜃-term, this formulation enables
the generation of gauge-field configurations at fixed values of the topological charge.
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1. Introduction

Hybrid Monte Carlo (HMC) simulations sample gauge-field configurations according to the
path-integral distribution and provide the standard non-perturbative approach for lattice QCD.
However, HMC becomes inefficient in several important regimes: simulations near the continuum
limit suffer from critical slowing down [1], while theories with complex actions, such as those
including a topological 𝜃-term, exhibit a numerical sign problem.

The density-of-states (DoS) method offers a promising direction to mitigate both critical
slowing down and the sign problem. Recently, normalizing flows (NFs) have been used to compute
the DoS directly [2], rather than reconstructing it via the conventional procedure of measuring and
integrating the derivative of its logarithm. In this preliminary work, we extend this approach by
employing gauge-equivariant NFs, based on Refs. [3, 4], to reconstruct the DoS of pure (1+1)D
U(1) lattice gauge theory with and without a 𝜃-term. We first validate the method by comparing
the flow-based DoS in the absence of the 𝜃-term with exact results, and then study the theory in the
presence of the 𝜃-term, where a sign problem arises.

These proceedings are organized as follows. In Sec. 2, we briefly review the DoS method.
Section 3 describes the flow-based DoS approach. In Sec. 4, we motivate the choice of (1+1)D
U(1) gauge theory as a test case. Results are presented in Sec. 5, followed by conclusions in Sec. 6.

2. The density of states

The DoS method was originally introduced to address difficulties encountered in MC simu-
lations of systems undergoing first-order phase transitions [5, 6]. In such systems, the probability
distribution of the action becomes bimodal, with two peaks corresponding to coexisting phases
separated by a region of suppressed probability. As a result, MC configurations tend to become
trapped in one peak, leading to inefficient sampling and a loss of ergodicity.

These transitions are associated with changes in the Boltzmann weight controlled by the
coupling 𝛽. The DoS method addresses this problem by factorizing the path integral: the 𝛽-
independent DoS 𝜌(𝑐) is computed for fixed slices 𝑐 of the 𝛽-independent action 𝑆(𝜙), and the
𝛽-dependence is later reintroduced through a one-dimensional integral over 𝑐:

𝜌(𝑐) =
∫

D𝜙 𝛿[𝑐 − 𝑆(𝜙)], 𝑍 (𝛽) =
∫ 𝑐max

𝑐min

𝑑𝑐 𝑒−𝛽𝑐𝜌(𝑐). (1)

Here, 𝜙 denotes a field configuration (e.g., scalar or gauge fields), 𝜌(𝑐) counts the number of
configurations with constant action 𝑆(𝜙) = 𝑐, and 𝑍 (𝛽) is the canonical partition function. For
most systems of interest, including those considered in this work, the integral over 𝑐 is bounded
within the interval [𝑐min, 𝑐max].

In this formalism, an observable 𝑂 is first averaged over all configurations with a fixed action
𝑆(𝜙) = 𝑐, giving the slice-dependent expectation value 〈𝑂〉𝑐 , and then averaged over 𝑐 to yield the
canonical expectation value 〈𝑂〉𝛽 at coupling 𝛽:

〈𝑂〉𝑐 =
1

𝜌(𝑐)

∫
D𝜙𝑂 (𝜙)𝛿[𝑐 − 𝑆(𝜙)], 〈𝑂〉𝛽 =

∫
𝑑𝑐 𝜌(𝑐)𝑒−𝛽𝑐 〈𝑂〉𝑐∫
𝑑𝑐 𝜌(𝑐) 𝑒−𝛽𝑐

. (2)
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This approach offers two main advantages. First, it eliminates the need to perform separate MC
simulations for each value of 𝛽. Second, by factorizing the Boltzmann weight, the coupling 𝛽,
which causes the double-peak structure in systems with first-order phase transitions, is decoupled
from the sampling procedure. This reformulation, however, comes with a trade-off: it requires
highly accurate estimates of the density of states 𝜌(𝑐), particularly near the boundaries of the action
slices. Insufficient accuracy in these regions can induce significant errors in the one-dimensional
integrals of Eqs. (1) and (2), with the magnitude of the error depending on 𝛽 [7]. An extension of
the original method [6] to quantum field theories with continuous degrees of freedom was proposed
in Ref. [8] and has since been widely applied [9–14].

A related approach, known as the generalized density of states (gDoS), was introduced in
Refs. [15, 16] to tackle the numerical sign problem. Similar to the standard DoS method, the path
integral is factorized into two parts. Consider an action with a complex contribution that can be
written as 𝑆(𝜙) = 𝛽𝑆𝑅 (𝜙) + 𝑖ℎ𝑆𝐼 (𝜙), where 𝛽, ℎ ∈ R, and 𝑆𝑅 (𝜙) and 𝑆𝐼 (𝜙) denote the real and
imaginary parts of the action, respectively. In this case, the gDoS is defined by

𝜌(𝛽, 𝑐) =
∫

D𝜙 𝑒−𝛽𝑆𝑅 (𝜙)𝛿[𝑐 − 𝑆𝐼 (𝜙)] , 𝑍 (𝛽, ℎ) =
∫ 𝑐max

𝑐min

𝑑𝑐 𝑒−𝑖ℎ𝑐𝜌(𝛽, 𝑐) . (3)

In this formulation, sampling is performed with respect to the positive semi-definite measure
𝑒−𝛽𝑆𝑅 (𝜙) 𝛿[𝑐 − 𝑆𝐼 (𝜙)], while the complex phase enters through the one-dimensional Fourier trans-
form of the gDoS. It is important to emphasize that this procedure reformulates rather than solves
the sign problem: regions of phase space with strong phase oscillations require highly accurate de-
terminations of 𝜌(𝛽, 𝑐) defined in Eq. (3). Nevertheless, the method has been successfully applied
to a variety of theories affected by the sign problem [9–11], including (1+1)D U(1) gauge theory
with a 𝜃-term [9, 11], and has even been explored in lattice QCD studies at finite density [17].

3. The normalizing-flow-based density of states

NFs have recently been explored for generating gauge configurations in lattice QCD [18],
with the goal of overcoming critical slowing down in conventional MC simulations. An NF is an
invertible map 𝑓𝑤 parametrized by neural networks, which transforms samples 𝜉 drawn from a
simple prior distribution 𝑟 (𝜉) into samples 𝜙 = 𝑓𝑤 (𝜉) of a model distribution 𝑞𝑤 (𝜙),

𝑞𝑤 (𝜙) = 𝑟 (𝜉)
����det

(
𝜕 𝑓𝑤

𝜕𝜉

)����−1
. (4)

The parameters 𝑤 of 𝑓𝑤 are optimized so that 𝑞𝑤 (𝜙) approximates the target distribution, 𝑝(𝜙) =
𝑒−𝑆 (𝜙)/𝑍 , where 𝑆(𝜙) denotes the action and 𝑍 the partition function. As noted in Ref. [19], this
framework provides a direct estimator for the partition function,

𝑍 =

∫
D𝜙 𝑒−𝑆 (𝜙) =

∫
D𝜙 𝑞𝑤 (𝜙) 𝑒

−𝑆 (𝜙)

𝑞𝑤 (𝜙) =

〈
𝑒−𝑆 (𝜙)−log 𝑞𝑤 (𝜙)

〉
𝜙∼𝑞𝑤 (𝜙)

, (5)

i.e., as an expectation value over flow-generated samples.
As pointed out in Ref. [2], the same idea can be applied to compute the DoS 𝜌(𝑐) defined

in Eq. (1) and the gDoS 𝜌(𝛽, 𝑐) defined in Eq. (3). In these definitions, however, the integrands
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contain Dirac 𝛿-distributions that cannot be sampled directly. To make the expressions amenable
to sampling, the 𝛿-distribution is therefore replaced by a Gaussian of finite width,

𝛿(𝑐 − 𝑥) = lim
𝑃→∞

1
N 𝑒−

𝑃
2 (𝑐−𝑥)2

, N =

√︂
2𝜋
𝑃
, (6)

with the original constraint recovered in the limit 𝑃 → ∞.
For finite 𝑃, this replacement modifies the target action 𝑆(𝜙) in Eq. (5). One obtains an

effective action 𝑆𝑐,𝑃 (𝜙) that depends on both the constraint 𝑐 and the regulator parameter 𝑃. The
explicit form of the target actions relevant for this work will be given below in Eq. (11) for the DoS
and in Eq. (13) for the gDoS.

Following Ref. [2], the resulting estimator for the regularized density of states is

𝜌𝑃 (𝑐) =
∫

D𝜙 𝑒−𝑆𝑐,𝑃 (𝜙) =
〈
𝑒−𝑆𝑐,𝑃 (𝜙)−log 𝑞𝑤,𝑐 (𝜙)

〉
𝜙∼𝑞𝑤,𝑐 (𝜙)

, (7)

where the NF generating the distribution 𝑞𝑤,𝑐 (𝜙) is trained separately for each value of the constraint
parameter 𝑐. In this way, the density of states can be estimated directly from samples generated by
the flow.

As discussed in Ref. [2], the estimator in Eq. (7) offers a potential advantage over conventional
MC-based approaches. Standard DoS methods typically determine only the derivative of the
logarithm of the DoS, from which 𝜌(𝑐) must subsequently be reconstructed. In contrast, once an
NF has been properly trained, it allows for a direct evaluation of 𝜌𝑃 (𝑐) across the full range of
the constrained variable. This can lead to highly precise determinations of the DoS over the entire
domain, potentially providing improved control over relative errors, which is essential for reliably
computing observables at arbitrary values of the coupling.

4. U(1) lattice gauge theory in (1+1)D

The (1+1)D U(1) lattice gauge theory provides a simple testbed for studying topology in lattice
gauge theories. The theory contains only constant electric fields and no propagating degrees of
freedom. Nevertheless, it has a well-defined topological charge, leading to distinct topological
sectors. Additionally, introducing a 𝜃-term renders the action complex. As a result, Monte Carlo
simulations suffer from critical slowing down near the continuum limit and from a sign problem
induced by the 𝜃-term. The model therefore exhibits algorithmic challenges that also arise in lattice
QCD, making it a useful benchmark for new numerical methods. In addition, in (1+1)D gauge
theories are exactly solvable in the continuum [20], and their lattice partition function is known
analytically [21], providing a ground truth for comparison.

In the absence of a 𝜃-term, the U(1) lattice gauge theory is defined by the Wilson action (here
written without the coupling 𝛽, which will be introduced later in Eqs. (10) and (12)),

𝑆𝐺 [𝑈] =
∑︁
𝑛

[
I − 1

2

(
𝑈𝜇𝜈 (𝑛) +𝑈†

𝜇𝜈 (𝑛)
)]

, (8)

where the plaquette 𝑈𝜇𝜈 (𝑛) = 𝑈𝜇 (𝑛)𝑈𝜈 (𝑛 + 𝜇̂)𝑈†
𝜇 (𝑛 + 𝜈̂)𝑈†

𝜈 (𝑛) is a gauge-invariant product of
four link variables along a closed loop.
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For a lattice of size 𝐿 × 𝐿 with periodic boundary conditions, the partition function is known
exactly [21]:

𝑍 (𝛽) = 𝑒−𝛽𝑁P
∑︁
𝑛∈Z

[𝐼𝑛 (𝛽)]𝑁P , (9)

where 𝑁P is the number of plaquettes and 𝐼𝑛 is the modified Bessel function of the first kind [22].
Including a 𝜃-term generalizes the lattice action to

𝑆 = 𝛽𝑆𝐺 (𝑈) + 𝑖𝑆𝜃 (𝑈) , 𝑆𝜃 (𝑈) = 𝜃𝑄top =
𝜃

2𝜋

∑︁
𝑛

arg
[
𝑈𝜇𝜈 (𝑛)

]
, (10)

where 𝑄top is the geometric definition of the topological charge [3, 4]. This formulation has been
studied previously with MC–based DoS methods [9, 11], though with a different definition of 𝑄top.

5. Results

We present preliminary results for two scenarios in (1+1)D U(1) lattice gauge theory: without
a 𝜃-term, to benchmark the NF-based DoS approach against the exact partition function of Eq. (9),
and with a 𝜃-term, where the action becomes complex and a sign problem arises.

Throughout this work, we employ the NF ansatz of Ref. [3], consisting of coupling-based gauge-
equivariant convolutional networks trained by minimizing the reverse Kullback-Leibler divergence
(for details on the architecture, we refer the reader to Ref. [3]). This choice of NF architecture is
motivated by the fact that the constrained distributions in the DoS formulation are derived from a
target action that preserves gauge invariance, so a gauge-equivariant architecture ensures that this
symmetry is respected by the learned model.

In the following analysis, we adopt the notation of Ref. [3], in which the flow is defined in terms
of coupling blocks, each parameterized by a convolutional neural network with a fixed number of
coupling layers, acting on local gauge-invariant quantities. For the 𝐿 = 8 lattice, our choice for the
flow comprises 24 coupling blocks composed out of 2 coupling layers of width 16 and kernel size
7. For the smaller 𝐿 = 4 lattice, a reduced architecture with 20 coupling blocks made of 2 coupling
layers of width 8 and kernel size 5 provides comparable accuracy.

5.1 Results for (1+1)D U(1) gauge theory without a 𝜃-term

For the U(1) gauge theory without a 𝜃-term, the DoS can be defined using an intensive version
of the Wilson action [23], obtained by normalizing the gauge action by the number of plaquettes
𝑁P, which in (1+1)D is 𝑁P = 𝐿2. The corresponding 𝑃-dependent target action reads

𝑆𝑐,𝑃 (𝑈) = 𝑃

2

[
𝑐 − 𝑆𝐺 (𝑈)

𝑁P

]2
+ logN , (11)

where N is defined in Eq. (6). The DoS is evaluated using the NF-based estimator of Eq. (7):

𝜌𝑃 (𝑐) =
∫

D𝑈 𝑒−𝑆𝑐,𝑃 (𝑈 ) =
〈
𝑒−𝑆𝑐,𝑃 (𝑈 )−log 𝑞𝑤,𝑐 (𝑈 )

〉
𝑈∼𝑞𝑤,𝑐 (𝑈 )

, (12)

where the NF generating the distribution 𝑞𝑤,𝑐 (𝑈) is trained separately for each value of 𝑐. In the
following, we analyze the dependence of the 𝑃-dependent DoS on 𝑃, and subsequently compare
the reconstructed DoS to the exact result obtained via the inverse Laplace transform of Eq. (9).
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y = x
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NF-based-DoS
P = 100
P = 2000

Exact DoS
L = 8

Figure 1: Results for (1+1)D U(1) gauge theory without a 𝜃-term obtained with the DoS method. Left:
Expectation value of the Wilson action from NF-generated configurations at fixed constraint 𝑐 for an 𝐿 = 8
lattice and 𝑃 ∈ {100, 2000}. The dashed line indicates perfect constraint satisfaction. Right: Reconstructed
DoS compared to the exact result, illustrating that tighter constraints (𝑃 = 2000) yield improved agreement.

As a first validation of the constrained sampling procedure, we examine the relation between the
imposed constraint 𝑐 and the expectation value of the Wilson action on the generated configurations.
Figure 1 (left) shows 〈𝑆𝑊 〉𝑈∼𝑞𝑤,𝑐 (𝑈 ) as a function of 𝑐 for an 𝐿 = 8 lattice at two values of the
constraint strength, 𝑃 = 100 and 𝑃 = 2000. The dashed line 𝑦 = 𝑥 indicates perfect constraint
satisfaction, which would be obtained for a perfectly trained NF. We observe that the constraint
is reproduced most accurately near 𝑐 ≈ 1, while deviations increase toward the boundaries of the
constraint interval. This behavior is a direct consequence of the sampling measure defined in
Eq. (11): configurations with extreme action densities are suppressed, and resolving the DoS in
these regions requires enforcing a tighter constraint, i.e., increasing 𝑃.

The impact of constraint fidelity on the reconstructed DoS is shown in Fig. 1 (right). For
𝑃 = 100, the NF-based estimates deviate substantially from the analytical result, whereas for
𝑃 = 2000, agreement is achieved across a wider range. We note that, at this stage, we do not provide
uncertainty estimates for the DoS results. For the action results in Fig. 1 (left) we included statistical
sampling errors, in order to demonstrate the increase of statistical fluctuations with increasing width
of the Gaussian introduced in Eq. (6). However, these error bars do not include systematic effects,
such as those coming from multiple NF training seeds. A detailed assessment of such systematic
effects, both on the action results and the DoS results, will be addressed in future work.

Motivated by these results, we fix the constraint strength to 𝑃 = 2000 and study two lattice
volumes, 𝐿 ∈ {4, 8}. As illustrated in Fig. 2, the flow-based reconstruction qualitatively reproduces
the exact DoS for both lattice sizes. Quantitatively, however, the precision is not yet sufficient
to reliably compute derived observables, such as the topological susceptibility. In particular, for
larger values of the gauge coupling 𝛽, the one-dimensional integrals defining the partition function
become increasingly sensitive to small deviations in the DoS, since the Boltzmann factor amplifies
contributions from specific regions of the action interval. This is reflected in the left panel of Fig. 2,
where, despite the strong delta-like constraint, the measured action deviates from the imposed
constraint near the edges of the interval.
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Figure 2: Results for (1+1)D U(1) gauge theory without a 𝜃-term obtained with the DoS method. Left:
Expectation value of the Wilson action from NF-generated configurations at fixed constraint 𝑐 for 𝐿 = 4 and
𝐿 = 8 lattices with 𝑃 = 2000. The dashed line indicates perfect constraint satisfaction. Right: Reconstructed
DoS compared to the exact result for both lattice sizes.

To assess the quality of the learned distribution, we monitor the effective sample size (ESS),
normalized to lie in [0, 1], with larger values indicating better overlap between the model and target
distributions. We find that the ESS is highest in the central region of the action interval (reaching
up to 72% for 𝑃 = 2000, 𝐿 = 8, and 𝑐 = 1.02), where most configurations contribute, and up to
an order of magnitude lower (down to 3.5% for the same setup with 𝑐 = 0.10) near the interval
boundaries. This indicates that the flow accurately captures the dominant regions of configuration
space, while its performance deteriorates in regions where configurations are rare.

5.2 Results for (1+1)D U(1) gauge theory with a 𝜃-term

Next, we extend the analysis to the (1+1)D U(1) gauge theory in the presence of a 𝜃-term,
testing the NF-based gDoS framework with the lattice definition of the topological charge given in
Eq. (10). In this setting, the Euclidean action is 𝑆(𝑈) = 𝛽𝑆𝐺 (𝑈)+𝑖𝜃𝑄top(𝑈), and the corresponding
𝑃-dependent target action for constrained sampling reads

𝑆𝑐,𝑃 (𝑈) = 𝛽𝑆𝐺 (𝑈) + 𝑃

2
[
𝑐 −𝑄top(𝑈)

]2 + logN , (13)

from which the DoS is evaluated using the NF estimator in Eq. (12).
As in the pure Wilson case, we first verify that the imposed constraint effectively selects

configurations with the desired topological charge. Using the geometric definition of 𝑄top, the
NF model is able to generate configurations corresponding even to relatively rare values of 𝑄top.
Figure 3 demonstrates that the constraint is accurately satisfied for moderate values of the constraint
strength, 𝑃 = {5, 50}. This behavior reflects the fact that the DoS as a function of the topological
charge is supported only at integer values, formally corresponding to a sum of Dirac 𝛿-functions [11].

The primary objective of this analysis is to compute the gDoS at fixed 𝛽 and reconstruct the
partition function as a function of 𝜃. Currently, the precision of this reconstruction is limited by the
expressivity of the NF ansatz. In particular, we observe a pronounced reduction in the ESS when
increasing 𝛽 or when constraining the system to configurations with large integer values of 𝑄top.

7
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constraint: c = Qtop(U)
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p

y = x
Qtop U qw, c(U) at P = 5
Qtop U qw, c(U) at P = 50

Figure 3: Results for (1+1)D U(1) gauge theory with a 𝜃-term obtained with the gDoS method. Verification
of the topological charge constraint for an 𝐿 = 8 lattice. Shown is the expectation value of the topological
charge from NF-generated gauge field configurations at fixed constraint, with 𝛽 = 1.0 and 𝑃 = {5, 50}. The
dashed line indicates perfect constraint satisfaction.

Work is ongoing to enhance the expressivity of the NF architecture to improve sampling efficiency
and reconstruction accuracy.

6. Conclusions and outlook

In this preliminary work, we applied the NF-based DoS method to (1+1)D U(1) lattice gauge
theory, both in the absence and in the presence of a 𝜃-term. We employed the gauge-equivariant NF
ansatz of Ref. [3] and demonstrated that it can be used to sample from the 𝑃-dependent constrained
action relevant for the DoS construction. In particular, in the presence of a 𝜃-term, this approach
allows the generation of configurations at fixed values of the topological charge.

We also investigated the effect of relaxing the Dirac-delta constraint appearing in the DoS
definition. Our results indicate that accurately learning the constrained distributions in regions
where configurations are rare requires a sufficiently tight constraint. At the same time, increasing
the constraint strength 𝑃 reduces the ESS of the flow model, reflecting a decreased overlap between
the learned and target distributions in these regions.

This behavior suggests that the current limitation arises primarily from the expressivity of
the NF architecture, particularly in the tails of the constrained distributions where configurations
contribute with small probability but remain important for an accurate reconstruction of the DoS.
Improving the expressivity of the flow model therefore appears to be a promising direction for
achieving the precision required to reliably extract physical observables.

More generally, our results indicate that NF architectures designed to sample from the Boltz-
mann distribution of a given lattice field theory can be naturally adapted to the DoS framework,
since the symmetry structure of the action is preserved under the imposed constraints. We are
currently exploring this strategy in other systems, including the Hubbard model [24], where more
expressive flow architectures have been shown to improve sampling efficiency [25–27].
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