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1. Introduction

The nuclear force plays a central role in understanding the properties of atomic nuclei and
nuclear matter. Over the past decades, a variety of theoretical approaches have been developed
to study nuclear systems based on nucleon-nucleon interactions, including ab initio calculations
of light nuclei, shell-model studies of medium-mass nuclei, and many-body methods applied to
nuclear matter [1]. In particular, not only the central and tensor forces but also the spin-orbit (LS)
force is indispensable for a quantitative understanding of nuclear structure and dense matter.

Among the spin-triplet odd-parity channels, the 3𝑃2 channel is of special interest because it
is closely related to neutron superfluidity in dense neutron matter. Phenomenological nucleon-
nucleon interactions generally exhibit an attractive pocket in this channel [2], which is considered
important for the onset of 3𝑃2 pairing. It is therefore an important problem to clarify how such a
feature emerges directly from QCD.

The HAL QCD method provides a framework to extract hadron-hadron interactions from lattice
QCD through the Nambu-Bethe-Salpeter wave function and its associated non-local potential. In
previous lattice studies, the central, tensor, and LS forces in the odd-parity sector have been
investigated, and the existence of a weak attractive pocket in the 3𝑃2 channel has been suggested [3].
On the other hand, a systematic understanding of the quark-mass dependence of the nuclear LS
force and of the resulting 𝑃-wave interactions is still limited.

In this work, we investigate the quark-mass dependence of the nuclear LS force in lattice QCD
by employing the HAL QCD method together with the free Laplacian Heaviside (fLapH) source
operator. The fLapH setup enables an efficient treatment of two-nucleon systems with non-zero
relative momentum and is therefore suitable for odd-parity channels.

2. Determination of the NN potential

The Nambu-Bethe-Salpeter (NBS) wave function is defined as

𝜓𝛼𝛽 (𝒙 − 𝒚;𝑊) ≡ ⟨0|𝑝𝛼 (𝒙)𝑛𝛽 (𝒚) |𝑊⟩, (1)

where 𝑝𝛼 (𝒙) and 𝑛𝛽 (𝒚) denote local interpolating operators for proton and neutron, respectively,
and |𝑊⟩ are the QCD energy eigenstates with the same quantum numbers as the 𝑁𝑁 system and the
total energy𝑊 = 2

√︃
𝑘2 + 𝑚2

𝑁
. Below the inelastic threshold of the NN system𝑊 < 2𝑚𝑁 + 𝑚𝜋 , a

non-local and energy-independent potential can be defined through [4, 5](
𝑘2

𝑚𝑁

− 𝐻0

)
𝜓(𝒓;𝑊) =

∫
𝑑3𝒓𝑈 (𝒓, 𝒓′)𝜓(𝒓′;𝑊) (2)

with the nucleon mass 𝑚𝑁 and 𝐻0 ≡ −∇2/𝑚𝑁 . The non-local potential satisfying Eq. (2) for all
energies below the threshold is not uniquely determined. We introduce the derivative expansion up
to the next-to-leading order

𝑈 (𝒓, 𝒓′) =
[
𝑉 𝐼
𝑐 (𝑟) +𝑉 𝐼

𝑡 (𝑟)𝑆12 +𝑉 𝐼
𝑙𝑠 (𝑟)𝑳 · 𝑺 + O(∇2

𝑟 )
]
𝛿3(𝒓 − 𝒓′), (3)

where 𝑆12 ≡ 3(𝝈1 · 𝒓̂) (𝝈2 · 𝒓̂) − 𝝈1 · 𝝈2, 𝑳 ≡ −𝑖𝒓 × ∇, 𝑺 = (𝝈1 + 𝝈2)/2, and 𝐼 = 0, 1 denote the
total isospin.
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In actual lattice QCD calculations, one computes the nucleon correlation function

𝑅
(Γ)
𝛼𝛽

(𝒓, 𝑡) ≡ 1
𝑉

∑︁
𝒙
⟨0|𝑇 𝑝𝛼 (𝒓 + 𝒙, 𝑡)𝑛𝛽 (𝒙, 𝑡)𝒥̄ (Γ) |0⟩/𝑒−2𝑚𝑁 𝑡 (4)

=
∑︁
𝑛

𝜓𝛼𝛽 (𝒓;𝑊𝑛)⟨𝑊𝑛 |𝒥̄ (Γ) |0⟩𝑒−Δ𝑊𝑛𝑡 , (5)

where Δ𝑊𝑛 ≡ 𝑊𝑛 − 2𝑚𝑁 and the source operator 𝒥̄
(Γ) couples to the two-nucleon states with

Γ = (𝐽Π, 𝐽𝑧 , 𝑆). The explicit construction of the source operator is described in Sect. 3. When 𝑡 is
large enough such that the contribution from the inelastic states is negligible, one can show that the
non-local potential in Eq. (2) satisfies the following time-dependent equation [3, 6]:{

1
𝑐2

eff

(
1

4𝑚𝑁

𝜕2

𝜕𝑡2
− 𝜕

𝜕𝑡

)
− 𝐻0

}
𝑅 (Γ) (𝒓, 𝑡) =

∫
𝑑3𝒓′𝑈 (𝒓, 𝒓′)𝑅 (Γ) (𝒓′, 𝑡). (6)

The factor 𝑐2
eff ≡ 𝐸 (𝑝)2−𝐸 (0)2

𝑝2 represents a violation of the relativistic dispersion relation.
We define an inner product of the correlation functions as ⟨𝐹 (𝒓)𝐺 (𝒓)⟩ ≡ ∑

𝑔∈Oℎ
𝐹∗
𝛼𝛽

(𝑔𝒓)𝐺𝛼𝛽 (𝑔𝒓)
to reduce unphysical statistical noise. Since the local potentials 𝑉 𝐼

𝑐 (𝑟), 𝑉 𝐼
𝑡 (𝑟), and 𝑉 𝐼

𝑙𝑠
(𝑟) in Eq. (3)

are invariant under the cubic group rotations, they can be determined in the 𝐼 = 1 sector by solving
the following equation:

𝑉 𝐼=1
𝑐 (𝑟)𝐹 (Γ)

𝑐 (𝑟) +𝑉 𝐼=1
𝑡 (𝑟)𝐹 (Γ)

𝑡 (𝑟) +𝑉 𝐼=1
𝑙𝑠 (𝑟)𝐹 (Γ)

𝑙𝑠
(𝑟) = 𝐾 (Γ) (𝑟), (7)

where

𝐹
(Γ)
𝑐 (𝑟) ≡ ⟨𝑅 (Γ) (𝒓, 𝑡), 𝑅 (Γ) (𝒓, 𝑡)⟩ (8)

𝐹
(Γ)
𝑡 (𝑟) ≡ ⟨𝑅 (Γ) (𝒓, 𝑡), 𝑆12𝑅

(Γ) (𝒓, 𝑡)⟩ (9)

𝐹
(Γ)
𝑙𝑠

(𝑟) ≡ ⟨𝑅 (Γ) (𝒓, 𝑡), (𝑳 · 𝑺)𝑅 (Γ) (𝒓, 𝑡)⟩ (10)

𝐾 (Γ) (𝑟) ≡ ⟨𝑅 (Γ) (𝒓, 𝑡), (𝐷𝑡 − 𝐻0)𝑅 (Γ) (𝒓, 𝑡)⟩ (11)

and 𝐷𝑡 ≡
(

1
4𝑚𝑁

𝜕2

𝜕𝑡2 − 𝜕
𝜕𝑡

)
/𝑐2

eff . In order to obtain three unknown functions 𝑉 𝐼
𝑐 (𝑟), 𝑉 𝐼

𝑡 (𝑟), and
𝑉 𝐼
𝑙𝑠
(𝑟), we employ 𝐽Π = 𝐴−

1 , 𝑇
−
1 , 𝐸

− in Eq. (7), corresponding to the 3𝑃0, 3𝑃1, and 3𝑃2 states in the
continuum, respectively. Another choice of representations, 𝐽Π = 𝐴−

1 , 𝑇
−
1 , 𝑇

−
2 , does not lead to a

significant difference.

3. Source Operator

In order to access the 𝑃-wave states, the source operator must couple to two-nucleon states with
non-zero relative momentum 𝒒. This naively requires all-to-all propagators and is computationally
demanding. An alternative approach has been proposed in Ref. [7]. The method known as Laplacian
Heaviside (LapH), here referred to as covariant LapH (cLapH), provides a low-rank approximation
to all-to-all propagators by projecting quark fields onto a low-dimensional subspace spanned by low
eigenmodes of the gauge-covariant Laplacian. It has been extended to stochastic estimation [8] and
has been successfully applied to hadron spectroscopy and scattering studies [9–13]. We employ an
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approach that is similar to cLapH but computationally more efficient in the HAL QCD framework
and refer to it as free LapH (fLapH) [14].

The fLapH distillation operator is defined as

S(𝒙, 𝒚) ≡ 1
𝑁𝑣

𝑁𝑣∑︁
𝑙=1

𝑣𝑙 (𝒙)𝑣∗𝑙 (𝒚), (12)

where 𝑣𝑙 (𝒙) = exp(𝑖 𝒑𝑙 · 𝒙) denotes a plane wave with momentum 𝒑𝑙 = 2𝜋𝐿−1𝒏𝑙, and the index
𝑙 labels the modes in ascending order of |𝒏𝑙 |, with 𝒏𝑙 ∈ Z3. This is a projection onto a subspace
spanned by the 𝑁𝑣 lowest-lying eigenmodes of the free Laplacian, equivalent to imposing a mo-
mentum cutoff on the quark fields. Since we are interested in low-energy nucleon scattering, high
eigenmodes are expected to be irrelevant, so that 𝑁𝑣 can be taken much smaller than the lattice
volume 𝑉 = 𝐿3 required for the all-to-all propagators. We also note that 𝑁𝑣 = 1 is equivalent to the
conventional wall source operator.

The fLapH-distilled nucleon creation operators read

𝑁̄ (𝒒, 𝑡0) =
1
𝑉

∑︁
𝒙
𝑒𝑖𝒒 ·𝒙𝜖𝑎𝑏𝑐

(
𝑞𝑎𝑓1S

)
(𝒙, 𝑡0)

[(
𝑞𝑏𝑓2S

)
(𝒙, 𝑡0)𝑇𝐶𝛾5

(
𝑞𝑐𝑓3S

)
(𝒙, 𝑡0)

]
(13)

=
∑︁

𝑙1,𝑙2,𝑙3

𝛿𝒒, 𝒑𝑙1
+ 𝒑𝑙2

+ 𝒑𝑙3
𝜖𝑎𝑏𝑐𝑞

𝑎
𝑓1,𝑙1

(𝑡0)
[
𝑞𝑏𝑓2,𝑙2 (𝑡0)

𝑇𝐶𝛾5𝑞
𝑐
𝑓3,𝑙3

(𝑡0)
]
, (14)

𝑞𝑎𝑓 ,𝑙 (𝑡0) ≡
1
𝑁𝑣

∑︁
𝒙
𝑞𝑎𝑓 (𝒙, 𝑡0)𝑣𝑙 (𝒙). (15)

Then the two-nucleon source operator with relative momentum 𝒒 and zero total momentum reads

𝐽 (𝒒, 𝑡0) = 𝑝(+𝒒, 𝑡0)𝑛̄(−𝒒, 𝑡0). (16)

Following Ref. [3], projection matrices onto irreducible representations are constructed. We fix
𝑞 ≡ |𝒒 | = 2𝜋𝑛𝐿−1 and take 𝒒 to be one of the on-axis momenta, 𝒒1 = (𝑞, 0, 0), 𝒒2 = (0, 𝑞, 0), 𝒒3 =

(0, 0, 𝑞), 𝒒4 = (−𝑞, 0, 0), 𝒒5 = (0,−𝑞, 0), 𝒒6 = (0, 0,−𝑞). Under a cubic group rotation 𝑔 ∈ Oℎ,
Eq. (16) transforms as

𝐽𝛼𝛽 (𝒒𝑖 , 𝑡0) ↦→ 𝑝𝛼′ (𝑔−1𝒒𝑖 , 𝑡0)𝑛̄𝛽′ (−𝑔−1𝒒𝑖 , 𝑡0)𝑆𝛼′𝛼 (𝑔−1)𝑆𝛽′𝛽 (𝑔−1) (17)

= 𝐽𝛼′𝛽′ (𝒒 𝑗 , 𝑡0)𝑈 𝑗𝑖 (𝑔)𝑆𝛼′𝛼 (𝑔−1)𝑆𝛽′𝛽 (𝑔−1), (18)

where 𝑆(𝑔) and 𝑈 (𝑔) denote rotation matrices in spinor and coordinate space, respectively. Using
this property, projection matrices for the total angular momentum 𝑃 (𝐽 ) , 𝑃 (𝐽𝑧 ) , parity 𝑃 (Π) , and the
total spin 𝑃 (𝑆) are defined. The eigenvectors 𝜂 (𝐽,𝐽𝑧 ,Π,𝑆);𝜉

𝛼𝛽𝑖
are obtained by solving(

𝑃 (𝐽 )𝑃 (𝐽𝑧 )𝑃 (Π)𝑃 (𝑆)
)
𝛼𝛽𝑖;𝛼′𝛽′ 𝑗

𝜂
(𝐽Π ,𝐽𝑧 ,𝑆);𝜉
𝛼′𝛽′ 𝑗 = 𝜂

(𝐽Π ,𝐽𝑧 ,𝑆);𝜉
𝛼𝛽𝑖

(19)

for physically allowed combinations. An additional index 𝜉 is introduced to account for possible
degeneracies, while we find that varying 𝜉 has negligible effects on the results as long as 𝐽, 𝐽𝑧 ,Π, 𝑆
are fixed. Finally, the projected two-nucleon source operator is given by

𝒥̄
(𝐽Π ,𝐽𝑧 ,𝑆) ≡

∑︁
𝛼𝛽𝑖

𝐽𝛼𝛽 (𝒒𝑖 , 𝑡0)𝜂
(𝐽Π ,𝐽𝑧 ,𝑆);𝜉∗
𝛼𝛽𝑖

. (20)
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The diluted quark propagators 𝑦𝑙 ≡
∑
𝒚 ⟨𝑞(𝒙, 𝑡)𝑞(𝒚, 𝑡0)𝑣𝑙 (𝒚)⟩ are obtained by solving𝐷𝑦𝑙 = 𝑣𝑙,

where 𝐷 is the Dirac matrix. The correlation function in Eq. (4) is evaluated by the block
algorithm [15]: the color, spinor, and the level contractions in the sink are performed as greedily as
possible to construct proton and neutron blocks; then the other indices are contracted. Here lies a
key advantage of fLapH over cLapH: while the computational cost of FFT for diagrams involving
quark exchange scales as O

(
(𝑁𝑐𝑁𝑣)4) in cLapH 1, it is reduced to O(𝑁2

𝑐𝑁
3
𝑣) in fLapH thanks to the

exact momentum conservation relation in Eq. (14). In our setup, this corresponds to an approximate
109-fold speed-up.

4. Lattice Setup

We use the 𝑁 𝑓 = 3 gauge ensembles in the flavor-SU(3) limit generated in Ref. [16]. These
configurations were produced with the renormalization-group improved Iwasaki gauge action and
the nonperturbatively 𝑂 (𝑎)-improved Wilson quark action at 𝛽 = 1.83, corresponding to a lattice
spacing 𝑎 = 0.121(2) fm. In this work, we employ the 324 ensembles, which give a spatial extent
𝐿 ≃ 3.87 fm, and select the three ensembles with the common hopping parameter 𝜅𝑢𝑑𝑠 = 0.13760,
0.13800, and 0.13840. The corresponding pseudoscalar masses are 𝑚PS ≃ 837, 672, and 469 MeV,
respectively.

The number of fLapH modes is taken to be𝑁𝑣 = 19, corresponding to the number of momentum
modes 𝒑𝑙 = 2𝜋𝐿−1𝒏𝑙 with |𝒏𝑙 |2 ≤ 2, and hence to a momentum cutoff

√
2(2𝜋𝐿−1) = 604 MeV.

We take the average over the source time slices 𝑡 = 0, 2, . . . , 30, at which the Coulomb gauge fixing
is applied. The relative momentum between the source nucleons is taken to be |𝒒 | = 2𝜋𝐿−1.

5. Results and Discussion

The nucleon mass and the factor 𝑐2
eff in Eq. (6) are estimated from the point-sink-fLapH-source

nucleon two-point correlation functions. The results are summarized in Table 1. In addition, the
exponential factor in Eq. (4) is replaced by the nucleon two-point functions to possibly cancel the
elastic-state contamination.

Figure 1 shows the potentials in the (𝑆, 𝐼) = (1, 1) sector and their quark-mass dependence.
We observe that the central potential is positive and the LS force is negative at all distances, and
the tensor force is positive and weak. These observations are consistent with phenomenological

1Since the cLapH subspace is spanned by vectors carrying both spatial and color degrees of freedom, the effective
number of modes is 𝑁𝑐 times larger than that of fLapH.

Table 1: The pseudoscalar and nucleon masses, and the 𝑐2
eff factor for each gauge ensemble. The numbers

in parentheses denote the statistical uncertainties estimated by the jackknife method, while the pseudoscalar
masses are taken from Ref. [16].

𝜅𝑢𝑑𝑠 𝑚𝑃𝑆 [MeV] 𝑚𝑁 [MeV] 𝑐2
eff

0.13760 836.5(5) 1753.1(2.3) 0.955(5)
0.13800 672.3(6) 1492.5(1.8) 0.944(9)
0.13840 468.6(7) 1165.5(4.2) 0.928(6)
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potentials [2] and previous lattice QCD calculations [3]. As the quark mass decreases, the absolute
value of each term increases: the central force becomes more positive and the LS force more
negative. Here and in what follows, the sink time slice 𝑡 = 10𝑎 is used. We have confirmed that
varying 𝑡 by a few lattice units leads to statistically consistent results.

Figure 2 shows the potentials in the 3𝑃0, 3𝑃1, and 3𝑃2 channels:

𝑉 (3𝑃0 ) (𝑟) = 𝑉 𝐼=1
𝑐 (𝑟) − 4𝑉 𝐼=1

𝑡 (𝑟) − 2𝑉 𝐼=1
𝑙𝑠 (𝑟) (21)

𝑉 (3𝑃1 ) (𝑟) = 𝑉 𝐼=1
𝑐 (𝑟) + 2𝑉 𝐼=1

𝑡 (𝑟) −𝑉 𝐼=1
𝑙𝑠 (𝑟) (22)

𝑉 (3𝑃2 ) (𝑟) = 𝑉 𝐼=1
𝑐 (𝑟) − 2

5
𝑉 𝐼=1
𝑡 (𝑟) +𝑉 𝐼=1

𝑙𝑠 (𝑟) (23)

for the 𝑚𝑃𝑆 ≃ 470 MeV ensemble. We observe that these potentials are repulsive at all distances.
The absence of an attractive pocket in the 3𝑃2 channel contradicts phenomenological predictions,
leading to a result that cannot account for 3𝑃2 neutron superfluidity. The quark-mass dependence
in the 3𝑃2 channel is found to be rather mild. This can be understood from Eq. (23): although
the central and LS terms enter with the same sign, the central force is positive whereas the LS
force is negative. As the quark mass decreases, both contributions increase in magnitude but in
opposite directions, leading to a substantial cancellation in the overall 3𝑃2 interaction. Possible
reasons for this are as follows: (1) The quark masses are not physical: even in the lightest case,
𝑚𝑃𝑆 ≃ 470 MeV, and the calculations are carried out in the flavor-SU(3) limit. (2) The number
of fLapH modes, 𝑁𝑣 = 19, may not be sufficiently large, and the source operator has only a poor
overlap with the elastic states. However, neither of these issues appears to provide a fully satisfactory
explanation, given that Ref. [3] reported a weak attractive pocket in the 3𝑃2 channel despite using
much heavier quark masses, 𝑚𝑃𝑆 ≃ 1133 MeV and 𝑚𝑁 ≃ 2158 MeV, as well as less sophisticated
momentum-wall source operators. To clarify this point, calculations using more realistic lattice
QCD configurations, such as the physical-point ensembles of Ref. [17], will be necessary in the
future.

The scattering phase shifts are then calculated as follows. We fit the central and LS forces using
a three-Gaussian form 𝑣(𝑟) = ∑3

𝑖=1 𝑏𝑖 exp
[
−𝜈𝑖 (𝑟/𝑎)2] , and the tensor force using a phenomenolog-

ical function 𝑣(𝑟) = 𝑐1(𝑟/𝑎) exp
[
−𝜈1(𝑟/𝑎)2] + 𝑐2(𝑟/𝑎)3 exp

[
−𝜈2(𝑟/𝑎)2] , where 𝑎 = 0.121 fm is

the lattice spacing. The potentials exhibit singular behavior at long distances due to large condition
numbers in solving Eq. (7). Such behavior should simply be regarded as unphysical noise. We
therefore restrict the fitting range to 𝑟 < 1.5 fm, which is short enough to avoid the singular behav-
ior and yet long enough to accommodate the interaction range. The fitted potentials are then used
to solve the Lippmann-Schwinger equation and to extract the asymptotic behavior of the regular
solutions. The scattering phase shifts and the mixing angle at 𝑚𝑃𝑆 ≃ 470 MeV in the 3𝑃2 − 3𝐹2

coupled channels are shown in Fig. 3. We see that the interaction is very weak at low energies,
consistent with the absence of an attractive pocket in the 3𝑃2 channel, as already discussed above.

6. Conclusion

We have investigated the quark-mass dependence of the nuclear LS force in lattice QCD using
the HAL QCD method with the fLapH source operator. From flavor-SU(3) symmetric gauge
ensembles at 𝑚PS ≃ 837, 672, and 469 MeV, we extracted the central, tensor, and LS forces in the
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Figure 1: (Top left) Central, (top right) tensor and (bottom) LS forces in the (𝑆, 𝐼) = (1, 1) sector. The
quark-mass dependence is indicated by color: (red) 𝑚PS ≃ 470 MeV, (black) 670 MeV, and (blue) 840 MeV.

(𝑆, 𝐼) = (1, 1) sector. We found that the central force is positive and the LS force is negative over
the entire range, while their magnitudes become larger toward lighter quark masses.

We found that the potentials in the 3𝑃0, 3𝑃1, 3𝑃2 channels are all repulsive at all distances. No
attractive pocket was observed in 3𝑃2. We also found that the quark-mass dependence in the 3𝑃2

channel is rather mild. This can be understood from the fact that the central and LS forces contribute
in opposite directions to the 3𝑃2 interaction, so that their quark-mass dependences largely cancel
each other.

A more definitive understanding of the odd-parity nuclear force, especially in the 3𝑃2 channel,
will require calculations on more realistic gauge configurations closer to the physical point. Such
studies will be essential for clarifying the QCD origin of the spin-orbit force and its role in 𝑃-wave
neutron pairing.
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