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The rigorous treatment of four-particle intermediate and final states poses a major challenge for
lattice calculations of scattering and decay amplitudes, as well as long-distance matrix elements.
As a step towards addressing these challenges, we present a new formalism that perturbatively
relates two- and four-particle finite-volume energies and matrix elements to the couplings of the
infinite-volume theory. Our method works at leading order in the two-to-two, four-to-four, and two-
to-four couplings of the theory, while also capturing the leading finite-volume effects associated
with two-to-two subprocess scattering in the four-particle sector. The result takes the form of a
quantization condition which we implement numerically to produce a plot of volume-dependent
energies for center-of-mass energies up to the six-particle threshold. The solutions exhibit a
clear signature of two- and four-particle-like states and the avoided level crossings between them,
which are particularly sensitive to the two-to-four coupling. We further discuss the implications
of this formalism for quantifying the four-particle contributions in decay and transition amplitudes
(e.g. for hadronic D decays).
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1. Introduction

Lattice QCD calculations are necessarily performed in a finite spatial volume and with imag-
inary (Euclidean) time. As a result, the spectrum of the numerically evaluated theory is discrete
(rather than continuous as in infinite volume) and the computed correlation functions have decay-
ing (rather than oscillatory) time dependence. As a result, lattice-determined quantities related to
multi-particle dynamics differ significantly from their infinite-volume counterparts.

One of the leading approaches to resolving this mismatch is to treat finite-volume energies
and matrix elements as intermediate observables. Extracting these, by fitting the Euclidean time
dependence of correlators, removes all effects of the imaginary time. It then remains to relate
the finite-volume quantities to physical scattering and decay amplitudes. This is achieved using
dedicated formalisms, pioneered by Liischer [1-3] and Lellouch and Liischer [4], that treat finite-
volume effects as a useful tool rather than as unwanted artifact. This has subsequently been extended
to general two-particle and nearly general three-particle systems. See refs. [5—10] for recent reviews.

For energies above the two-pion elastic threshold, the interpretation of the spectrum is further
complicated by the fact that finite-volume QCD eigenstates are classified only by internal symme-
tries, e.g. charge and flavour, and by rotational symmetries of the periodic box. In particular, there is
no notion of asymptotic multi-particle states in a finite volume, and labels related to individual scat-
tering channels are simply not meaningful. For example, the analog to the weak decay amplitude for
D — nmis afinite-volume matrix element that receives contributions from all energetically allowed
states with the same quantum numbers (e.g. 7, KK, 4rn, 6m, nn, ...). Schematically, [11-15]

<En’ LlHW|D> = C7r7r(En’ L)AD—>7r7r + CKF(En, L)AD_,Kf + C47r(Ena L)AD—>47r +..., (1)

where the coefficients Cy(E,, L) encode the mixing. The infinite-volume quantities of interest,
Ap—x, can be related to physical decay amplitudes by solving integral equations that incorporate
all on-shell intermediate states [16-20]. Perturbatively, higher-multiplicity states are expected to
be suppressed at low energies. However, in the presence of final-state resonances, this need not
hold, and all kinematically allowed contributions must be included to correctly interpret the matrix
elements.

By now the formalism is well-established for weak decays into coupled two- and three-particle
channels [4, 11-15, 21-26], but the treatment of four-particle states is still in its infancy. As a
first step toward such a framework, in these proceedings we introduce a perturbative approach to
study four-particle effects in scattering and decay amplitudes. The remaining sections are organised
as follows: in section 2 we describe the coupled-channel expansion for a system with two- and
four-particle sectors. In section 3 we present numerical results for the finite-volume spectrum of
such a system, and discuss the implications for interpreting finite-volume matrix elements. We
conclude with a summary and outlook in section 4.

2. Perturbative framework

Inspired by the approach of ref. [27], we consider a QFT of scalar fields with Lagrangian
density
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where we include four-, six-, and eight-particle interaction terms. This theory splits into even and
odd sectors under the Z, symmetry of ¢ — —¢, and in this work we focus on the even sector
involving2 — 2,2 — 4,4 — 2, and 4 — 4 interactions. The names of the couplings are chosen to
reflect the processes they contribute to at leading order in our expansion. Although we are inspired
by two- and four-pion scattering and decays, we refer to the scatterers as generic particles here, in
particular because we do not include the effects of isospin.

The counterterms for mass and wave-function renormalisation are tuned to reproduce the
physical, infinite-volume particle mass (m) and the infinite-volume propagator with unit residue
at the mass pole. We do not include counterterms for the interaction terms and work instead in a
framework with bare couplings.

Finite volume

Restricting the spatial volume to a periodic box of side length L quantizes the spatial momenta,
allowing us to write the scalar field as a sum of modes (in the time-momentum representation)

1 DX 7 2
$(x.7) = 73 Z e"PXgo(r), p= fﬂn, withn € Z°, (3)
P
and the non-interacting, time-ordered Euclidean propagator as

N . L’
Ap(7) = (¢p(r)¢_p(0))g:0 = me—wpm, with wp = Vp? +m?. 4)

p

Coupled-channel expansion

Consider a two-point correlation function of an operator O that couples to both two- and
four-particle states in the finite volume:

CL(E,P) = / Oodte‘iE"$’<Op(it)O;(0)>L, )

where we have rotated to Minkowski time and Fourier transformed to energy-momentum space.
We emphasize that the finite-volume energies extracted in the lattice calculation do not depend
on the metric signature and can equally well be viewed as the decay constants of the Euclidean
exponents in the time-momentum representation or as the poles of the Minkowski energy-dependent
correlation function. Thus our task is to analytically relate the poles of Cr (E, P) to the couplings
of the theory [2, 21, 28].

We next define 6Cy. (E, P) as the difference between the full correlation function and a certain
class of diagrams that have exponentially suppressed finite-volume effects (e.g. those with only
t-channel two-particle loops or six-particle loops). We then perform an all-orders diagrammatic
expansion of §Cy (E,P) while only identifying contributions that will shift the pole positions at
order O(g2—2, 8254, g4—4) and capture the leading finite-volume effects associated with two-to-two
subprocess scattering in the four-particle sector.
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We will present more details of the expansion in a future publication, but the result can be
expressed compactly as

ausim=o o )l 2N F S| [2)

= Y asiasya’ = 4| |4 ™

The steps of identifying the two- and four-particle poles and factorizing the diagrams defining the
correlator as shown particularly follow the approach of refs. [2, 21, 28-30].
Here S is a diagonal matrix of poles arising from s-channel two- and four-particle loops

ST ) l)

with all incoming and outgoing momenta summed subject to the condition that the total momentum
is P. Beginning with the two-particle component, in the time-momentum representation this is

given by
11 ik
Sop,r(7) = i =D Z Z Oki+koP | Ky« L, | ©
kKK - 0
(4) 1 1 1 1 —(wy, + NEd
Ok +ky P e T kJITE (10)
2L k%;z 220k, 2wk,

Analytically continuing and Fourier transforming to the energy-momentum representation, we reach

Sy(E,P,L) = / dt e "E1=#18, p 1 (it)

O5k,p 1 .
2'L3ZH,2wk, ETon)” withi = 1,2. (11)
Here we do not include the integral from —oco to 0, which contributes terms that are smooth
functions of k; and E, and thus have exponentially suppressed L-dependence in our region of
interest 2m < E < 6m. These are absorbed into redefinitions of the couplings and endcap functions
as we discuss below, and thus do not appear explicitly in our final result. Note that the non-interacting
two-particle energy levels correspond to poles at £ = ¥;wk, = wk, + wk, for any k; + ky = P.
Turning to S4, this quantity contains diagrams involving four-particle loops, including those
with all possible 2 — 2 and 3 — 3 subprocesses. In the time-momentum representation, we have

Sap,L(7) = Z*—EE Z Z O¥k,p
k

(12)
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In this work we restrict attention the first two diagrams, which capture the leading finite-volume
effects associated with two-to-two subprocess scattering in the four-particle sector. Working in the
time-momentum representation makes it straightforward to identify and evaluate the subleading
term in the expansion: the subleading term generates a contribution of the form e~ 2“7 where
the leading 7 factor arises from expanding the exponentials of interacting energies to first order
in the couplings. (Again, see ref. [27].) Re-exponentiating this contribution and then Fourier
transforming to energy-momentum space, we find

11 Osk.P Ck .

LO _ > ©

S, (E,P,L)——4!—L9 E T, 20n PR withi=1,...,4. (13)
k; t 1 (E —Zi(i)ki —CkT)

The coeflicients ck and ¢k encode symmetry factors specific to each momentum configuration. We
have computed and incorporated these shifts for the lowest lying 50 poles in our numerical results
below.

The poles of S{;O give the leading-order four-particle spectrum in the absence of 2 < 4
interactions given by

4
~ 822
En(L) = )" wi, + Gk SRR (14)
i=1
where the ellipsis denotes higher-order corrections in the couplings. For the threshold energy this
reproduces the result of Huang and Yang [31]:

822

Eo(L)y=4m +6
o(L) =4m S22

Foee (15)

where g»_,»/(8m>L?) is the leading order energy shift of the two-particle energy and the factor of
6 counts the number of pairs of particles that can scatter.

We now turn to the two L-independent contributions to eq. (7). First, A™ and A are endcap
functions — given by vectors in the channel space — that describe how the interpolating operator O
creates and annihilates two- and four-particle states:

A= W€ )= (40-2n Ao—tn)- (16)

These can be understood as the leading order short-distance contributions to matrix elements of the
form (0|O|2r) and (0|0 |4r).

Finally, B is a matrix in channel space and contains all possible interactions vertices: 2 — 2,
2 54,4 - 2and 4 — 4. In full, all-orders finite-volume formalisms the quantity analogous
to B is initially defined with infinite-volume Bethe-Salpeter kernels. These are then converted
to scheme-dependent K-matrices through a series of manipulations that involve absorbing smooth
contributions arising from multi-particle loops. In this work we have formally absorbed such smooth
contributions because our definition of S contains only simple two- and four-particle poles. But
consistent with our aim to only include the leading order effects of the couplings on the finite-volume
energies, we replace B with its leading order expression, which is a matrix of the bare couplings:

) w0 [ 4] (e e
Tl )T < _(gm g4_>4)' (7)
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Regulating the two- and four-particle loops

S>(E,P) and Sf;o (E, P) each involve a summation over an infinite tower of discrete momentum
configurations. For practical numerical implementation, we regulate the sums by introducing a
momentum cutoff (parameterised by a physical scale A) as well as a smooth damping factor (using
a second dimensionful parameter @) [2, 21]. The regularised quantities are given by

A -y,
11 6 a(B-Liwk;)
SMO (g0, L) = Ly ko ¢ i=1.2, (18)

a(E-L;wy;)

A
11 6
SM(E0,L) = - ) DGk i=1...4, (19
k;

419 4 o)
4. L Hl 26()ki (E _Ziwki _Ckgi_SZ)

where we will restrict attention to P = 0 for the remainder of this work.

The summation is now over the finite set of momenta {k} such that each 3-momentum is
constrained to k; € [-A, A]®. To make physical predictions, the bare couplings must be tuned as a
function of the regulator parameters A and « such that the predictions are invariant under changes
in the regulator. Including the smooth damping factor seems to reduce the sensitivity of the bare
parameters to the regulator in this tuning procedure.

Quantization condition and four-particle effects

Returning to eq. (7) and dropping the 0 argument for brevity, the finite-volume spectrum for a
given L is given by all energies E,, (L) at which the correlation function has a pole, which implies
the quantization condition

det [SMN(E, (L), L)™' - BN ] =0. (20)

Here we have also given the coupling matrix B a dependence on the regulator parameters, as
discussed at the end of the previous section. We note also that, because the couplings within B
have no momentum dependence, this quantization condition will only lead to interacting solutions
for states that transform according to the trivial irrep of the relevant symmetry group, in particular
as the A irrep of the octahedral group with parity for the case of P = 0.

Note also that, for any energy E, and volume L, one can decompose the quantization condition
matrix into its eigenvalues and eigenvectors as

M(E, L) 0
0 A2(E, L)

vI(E, L)

(A,(l) -1 —_ (A,CI/) =
S (E,L) B = (Vl(E,L) V2(E>L)) VZT(E,L)

) .21

In the vicinity of a given solution one of the eigenvalues must vanish, and for concreteness
we call it 4} (41(E,(L),L) = 0). Then as described in eq. (1), and in analogy to the results
of refs. [11-13, 15], the corresponding eigenvector gives the relative weights of the two- and
four-particle components in the finite-volume state:

Cor(En, L))

Vi(Ey, L) «
! " C47T(En, L)

(22)

The full value of the coefficients also depends on the energy derivative of the eigenvalue, but here
we are mainly interested in the relative size of the two- and four-particle contributions, which is
given by the ratio of the components of the eigenvector.
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3. Numerical results

We now come to a first numerical evaluation of the results presented in the previous section. A
reminder of the big picture: we are interested in studying the interacting finite-volume spectrum of
such a system where the two- and four-particle sectors mix (allowed by a non-zero g>.4 coupling)
in the energy region 2m < E < 6m. We work with total momentum P = 0, and study only the A}
irrep.

g252=20, g24=5000, g44=1

LAl— -
6.0 [TAJ =6, ma=10 Figure 1 shows the interacting energy levels

(black lines) obtained by numerically solving the
quantization condition, eq. (20), for a fixed set
55 of bare couplings and regulators. The light red
curves are the non-interacting two-particle energy
levels corresponding to the poles of SZ(A’Q). The
50 - light (dark) blue levels correspond to the poles of
S iA’“) in the absence (presence) of two-to-two in-
teractions; i.e. the difference between a light and
dark blue level is the O(gs—»/L?) shift discussed

in section 2.

4.5 A

The non-interacting two- and four-particle levels

40 exhibit true crossings, however the mixing of the

E/m

sectors (due to gro,4 # 0) causes level repulsions
and we see this in the form of avoided level cross-

35 ings. Consider the second excited state close to the
' four-particle threshold: naively one might argue

that it behaves as a four-particle-ground-state-like

20 level for mL < 5, and as a two-particle-excited-
' state-like level for mL > 5. We can make this

2-ptc NI level comparison quantitative by evaluating eq. (22) for
4-ptc NI level

2.5 - 4-ptc with2 -2
interacting level
* EC=I(mL=4.5)

50 - . . Vi(Es, L) = (

mL = G 7.5%. (24)

[2 2
C27r + C47r

a particular L value. For example, taking the point
marked by x in the figure, we find:

(23)

~0.99720554
~0.07470683 |

~
)]
(@)
N

Figure 1: Interacting FV spectrum of a two- and
four-particle system. Further explanation in the text.

In this case the four-particle contribution is enhanced relative to the expected volume suppression
factor, but is still subdominant. We plan to investigate this dependence more in a forthcoming
publication.
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While we work to leading order in a power counting scheme where all three couplings are
included, the two-to-two interactions have the least volume suppression and thus make the dominant
contributions to the energy-level shifts. The magnitude of the shift within a given level depends on
the multiplicity of allowed kinematic configurations. The effects of the four-to-four coupling are
the most volume-suppressed while the two-to-four coupling governs the extent of mixing between
the two sectors.

It is important to note that without lattice data it is not possible to predict the relative sizes of
the bare couplings. In order to make a meaningful prediction for the size of four-particle effects in
a given multi-hadron process, one must start by computing the finite-volume spectrum from lattice
correlation functions, fit the spectrum to obtain the bare couplings, and then use this perturbative
framework to make leading order estimates for four-particle contributions.

4. Summary and outlook

In this work we have described a perturbative framework for studying finite-volume scattering
systems where the two- and four-particle sectors mix. We used this to compute the finite-volume
spectrum arising from two-to-two, two-to-four and four-to-four interactions and capture the behavior
of and shifts in the interacting energies to leading order in the three bare couplings. Moreover,
this framework predicts the relative size of the four-particle contributions to energies at above the
four-particle threshold up to the six-particle threshold.

Some practical near-term extensions to this work are generalisations of the numerical imple-
mentation to non-zero total momentum (P), to other irreps of the relevant symmetry group, and
to a realistic treatment of pions that incorporates isospin. It would also be instructive to do a
proof-of-principles lattice study using correlation functions of operators that overlap with two- and
four-particle final states. One would then extract and fit the finite-volume spectrum to see how well
lattice data can constrain the bare couplings of the theory, and whether meaningful predictions for
four-particle effects can be made in such a setup.
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