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Mapping the QCD phase diagram at large density remains challenging due to the complex action
problem in lattice simulations. Using simulations at imaginary baryon chemical potential (𝜇𝐵), we
observe that, under the strangeness-neutrality condition, both the strangeness chemical potential
(𝜇𝑆/𝜇𝐵) and the strangeness susceptibility (𝜒𝑆

2 ) take on constant values at the chiral transition
across varying 𝜇𝐵. We present new lattice data to extrapolate contours of constant 𝜇𝑆/𝜇𝐵 or 𝜒𝑆

2 to
finite baryon chemical potential. These proxies are shown to be only mildly affected by criticality
and finite-volume effects, and their continuum limits up to 𝜇𝐵 = 400 MeV agree well with existing
determinations of the chiral transition and with the hadron resonance gas model.
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1. Introduction

The phase structure of Quantum Chromodynamics (QCD) at large baryochemical potential
remains elusive. Lattice studies using finite size scaling at zero chemical potential have established
the transition between the hadronic matter and quark gluon plasma to be a smooth crossover [1]
occurring around 𝑇𝑐 = 156 − 158 MeV for physical quark masses [2, 3]. The nature of this phase
transition at large density, however, remains an open question. Several Effective Field Theory (EFT)
approaches to QCD predict the transition to be of first order at large chemical potential [4][5]. This
suggests the existence of a second order critical point where the first order transition line originating
from the 𝜇𝐵-axis ends and the transition becomes a crossover. The search for the signatures of
this critical point has attracted considerable attention from both the experimental and theoretical
communities. On the theoretical side, the wide variability of the EFT and model based estimates for
the critical endpoint calls for a first principles study through lattice computation. However, direct
lattice simulations at finite chemical potential are hampered by the notorious sign problem. Due
to the complex nature of the action at finite chemical potentials, the Boltzmann weight 𝑒−𝑆 loses
its probabilistic interpretation and the importance sampling breaks down. A common approach to
circumvent this difficulty and to study the thermodynamics of QCD at finite density is to employ
the Taylor series expansion of the thermodynamic observables around zero chemical potential.

The primary observables for studying the chiral transition are the chiral condensate and its
associated susceptibility, from which the transition temperature is determined and systematically
extrapolated to finite chemical potential. In this contribution, we motivate the use of the constant
curves of the strangeness susceptibility, 𝜒𝑆

2 and the ratio of strange to baryon chemical potentials,
𝜇𝑆/𝜇𝐵, along the strangeness neutral line, as proxies for the QCD transition line.

2. Proxies for the QCD transition

The low temperature phase of QCD is dominated by color singlet bound states, i.e., hadrons
such as nucleons and pions. In particular, pions are the light Goldstone bosons emerging from
spontaneous symmetry breaking of the approximate chiral symmetry. On the other hand, the high
temperature phase is characterized by deconfined quarks and gluons as the degrees of freedom and
by the restoration of chiral symmetry. The chiral condensate defined as the first derivative of the
free energy density with respect to the light quark masses serves as the (pseudo) order parameter
for the chiral transition. On the lattice, we calculate the condensate and its fluctuation—the chiral
susceptibility—as functions of the temperature and identify the transition temperature with the peak
of the susceptibility. The corresponding expressions for these observables read:

⟨𝜓̄𝜓⟩ = 𝑇

𝑉

𝜕 log 𝑍

𝜕𝑚𝑢𝑑

, 𝜒𝜓̄𝜓 =
𝑇

𝑉

𝜕2 log 𝑍

𝜕𝑚2
𝑢𝑑

(1)

The chiral condensate and susceptibility contain both additive and multiplicative UV divergences
and thus need to be renormalized. One possible renormalization prescription is given by:

⟨𝜓̄𝜓⟩𝑢𝑑,𝑅 = −𝑚𝑢𝑑

𝑓 4
𝜋

[
⟨𝜓̄𝜓⟩𝑢𝑑,𝑇 − ⟨𝜓̄𝜓⟩𝑢𝑑,𝑇=0

]
, 𝜒𝜓̄𝜓,𝑅 =

𝑚2
𝑢𝑑

𝑓 4
𝜋

[
𝜒𝜓̄𝜓,𝑇 − 𝜒𝜓̄𝜓,𝑇=0

]
(2)
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where 𝑓𝜋 is the pion decay constant. The observables central to this work are the strangeness
susceptibility, 𝜒𝑆

2 and the strange chemical potential, 𝜇𝑆/𝜇𝐵 evaluated at the strangeness-neutral
point, ⟨𝑛𝑆⟩ ≡ 𝜒𝑆

1 = 0. The strangeness number density and the susceptibility are defined as:

⟨𝑛𝑠⟩ ≡ 𝜒𝑆
1 =

𝑇

𝑉

𝜕 log 𝑍

𝜕𝜇𝑆
, 𝜒𝑆

2 =
𝑇

𝑉

𝜕2 log 𝑍

𝜕𝜇2
𝑆

(3)

We start with an empirical observation based on the 483 × 12 lattice simulation data set with
4-stout improved staggered action at zero and various imaginary chemical potentials. Under the
condition of strangeness neutrality, the peak of 𝜒𝜓̄𝜓,𝑅 corresponds to a constant value of both 𝜒𝑆

2
and 𝜇𝑆/𝜇𝐵, independent of the (imaginary) chemical potential as illustrated in Fig. 1.
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Figure 1: Renormalized chiral susceptibility as a function of strangeness susceptibility, 𝜒𝑆
2 (left) and the

ratio of strange and baryon chemical potential, 𝜇𝑆/𝜇𝐵 (right) for various imaginary baryochemical potentials
evaluated at the strangeness neutral point on a 483 × 12 lattice.

This suggests that these observables take nearly universal values defined by the peak of the
chiral susceptibility: 𝜒𝑆

2 = const. ≈ 0.3 and 𝜇𝑆/𝜇𝐵 = const. ≈ 0.25. Note that both 𝜒𝑆
2 and 𝜇𝑆/𝜇𝐵

are monotonic in temperature, which is required in order to identify the peak of 𝜒𝜓̄𝜓 (𝜒𝑆
2 ) and

𝜒𝜓̄𝜓 (𝜇𝑆/𝜇𝐵) as the transition. The apparent collapse of curves for different imaginary chemical
potentials persists even for chemical potential values very close to the Roberge-Weiss critical point
at 𝜇𝐵/𝑇 = 𝑖𝜋, indicating that for these proxies, non-singular behavior dominates in the vicinity of
the critical point. In the following, using the quark meson model, we argue that the strangeness
neutrality condition suppresses the coupling of 𝜒𝑆

2 to the singular fluctuations associated with a
critical point. In this model, the quarks couple to the critical 𝜎 mode by means of a Yukawa term:

L𝜎𝑞̄𝑞 = 𝐺𝜎
∑︁

𝑖=𝑢,𝑑,𝑠

𝑞𝑖𝑞𝑖 (4)

where coupling constant𝐺 is the same for all three quark flavors due to 𝑆𝑈 (3) 𝑓 symmetry. Following
[6][7], we compute the critical contribution to the strangeness susceptibility due to coupling with
the 𝜎 mode 𝜒

𝑆 (𝑐𝑟𝑖𝑡 )
2 , both for 𝜇𝑆 = 0 and for strangeness neutrality, 𝑛𝑆 = 0 which as we showed

corresponds to 𝜇𝑆 ≈ 0.25𝜇𝐵. The central quantity to compute is the flavor-flavor correlation (𝑖 𝑗)
between net fluctuations of net quark number:

⟨Δ𝑁 𝑖Δ𝑁 𝑗⟩ = 𝑉

∫
𝑝

∫
𝑘

⟨𝛿𝑛𝑖𝑝𝛿𝑛
𝑗

𝑘
⟩ (5)

3



P
o
S
(
L
A
T
T
I
C
E
2
0
2
5
)
0
9
3

QCD transition line from strangeness fluctuations Piyush Kumar

with

𝑉 ⟨𝛿𝑛𝑖𝑝𝛿𝑛
𝑗

𝑘
⟩ = 𝐺2

𝑚2
𝜎𝑇

4𝑚𝑖𝑚 𝑗

𝐸 𝑖
𝑝𝐸

𝑗

𝑘

(6)

× [𝑛𝑖,+𝑝 (1 − 𝑛𝑖,+𝑝 ) − 𝑛𝑖,−𝑝 (1 − 𝑛𝑖,−𝑝 )] (7)

× [𝑛 𝑗 ,+
𝑘

(1 − 𝑛
𝑗 ,+
𝑘

) − 𝑛
𝑗 ,−
𝑘

(1 − 𝑛
𝑗 ,−
𝑘

)] (8)

Here, 𝑛𝑖,±𝑝 = [exp{(𝐸 𝑖
𝑝 ∓ 𝜇𝑖)/𝑇} + 1]−1 is the Fermi-Dirac distribution for flavor 𝑖 with chemical

potential 𝜇𝑖 and momentum mode 𝑝 and 𝑚𝑖 are the constituent quark masses, with 𝑚𝑢 = 𝑚𝑑 = 340
MeV or 𝑚𝑠 = 500 MeV. The correlation function factorizes and can be written as:

⟨Δ𝑁 𝑖Δ𝑁 𝑗⟩ = 𝐺2

𝑚2
𝜎𝑇

∫
𝑝

𝐹𝑖
𝑝

∫
𝑝

𝐹
𝑗
𝑝 (9)

where we have defined:

𝐹𝑖
𝑝 =

2𝑚𝑖

𝐸 𝑖
𝑝

[𝑛𝑖,+𝑝 (1 − 𝑛𝑖,+𝑝 ) − 𝑛𝑖,−𝑝 (1 − 𝑛𝑖,−𝑝 )] (10)

Here, we consider isospin symmetric case, 𝜇𝑄 = 0, which means 𝜇𝑢 = 𝜇𝑑 = 𝜇𝐵/3 and 𝜇𝑠 =

𝜇𝐵/3 − 𝜇𝑆 . Using chain rule to relate the correlation between fluctuations of quark flavors, 𝑢, 𝑑, 𝑠
to fluctuations of conserved charges, 𝐵,𝑄, 𝑆, we obtain:

𝜒𝑆
2 =

∫
𝑝

𝐹𝑠
𝑝

∫
𝑝

𝐹𝑠
𝑝; 𝜒𝐵

2 =
1
9
(2

∫
𝑝

𝐹𝑢
𝑝 +

∫
𝑝

𝐹𝑠
𝑝)2 (11)

and if we consider 𝑅(𝜇𝐵, 𝑇) =
∫
𝑝
𝐹𝑢
𝑝∫

𝑝
𝐹𝑠
𝑝

, we obtain:

𝜒
𝑆 (𝑐𝑟𝑖𝑡 )
2 =

𝜒
𝐵(𝑐𝑟𝑖𝑡 )
2

4
9𝑅(𝜇𝐵, 𝑇)2 + 4

9𝑅(𝜇𝐵, 𝑇) + 1
9

(12)

We can estimate this ratio by considering values for 𝑇𝑐, 𝜇𝐵,𝑐 consistent with current predictions for
the critical point location, at 𝜇𝑆 = 0 and 𝜇𝑆 = 0.25𝜇𝐵. For such predictions where 𝑇 = 100 − 120
MeV and 𝜇𝐵 = 600 − 650 MeV, we obtain 𝜒

𝑆 (𝑐𝑟𝑖𝑡 )
2 ≈ 0.3𝜒𝐵(𝑐𝑟𝑖𝑡 )

2 in the 𝜇𝑆 = 0 case, while in the
strangeness neutral case, we get 𝜒𝑆 (𝑐𝑟𝑖𝑡 )

2 ≈ 0.01𝜒𝐵(𝑐𝑟𝑖𝑡 )
2 . This means that in the latter case, the

strangeness susceptibility is essentially insensitive to the possible presence of a critical point.
A natural question at this point is why proxies are needed rather than using the theoretically

well-defined chiral susceptibility of the light quark flavors. The difficulty lies in the fact that
the observables associated with light quarks have large finite volume effects as shown in Fig. 2.
Consequently, determining the transition temperature and performing a reliable extrapolation to
finite density would require larger lattice volumes. However, with larger volume, a remnant of
the exponentially severe sign problem resurfaces in the Taylor based computation making the large
chemical potential extrapolation prohibitively difficult. The problem can be understood as follows.
Extrapolation to larger chemical potential requires higher order expansion coefficients. The terms
making up the coefficient 𝑐2𝑘 scale with volume as O(𝑉 𝑘−1), whereas the 𝑐2𝑘 itself remains finite
in the thermodynamic limit (𝑉 → ∞), being the expansion coefficient of an intensive quantity

4
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like pressure. This implies large cancellations among the contributing terms and, consequently, a
deteriorating signal-to-noise ratio of the coefficients with increasing volume and order. In contrast,
the computation of the transition temperature based on strangeness susceptibility exhibits a much
milder finite volume effect even if we reduce the simulation volume to 𝐿𝑇 = 2. This allows the
use of smaller volumes with higher statistics, enabling the computation of higher-order Taylor
coefficients and the extension of the analysis to larger values of 𝜇𝐵/𝑇 .
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Figure 2: Different definitions and proxies for the QCD crossover temperature as functions of the lattice
volume in temperature units (the aspect ratio) on 𝑁𝜏 = 12 lattices. The measure of the transition temperature
based on chiral observables have much larger finite volume effects than the definition based on strangeness
fluctuations.

3. Simulation setup and Results

We use 𝑁 𝑓 = 2 + 1 flavors of rooted staggered fermions with 4 steps of HEX smearing [8]
and the DBW2 action [9], at physical values of the quark masses. We employ two independent
scale settings, one with the pion decay constant 𝑓𝜋 and the other with a modified version of the
Wilson-flow-based 𝑤1 scale as introduced in [10], where this particular lattice action was already
used. Both scale settings enter in the systematic analysis of our results. We use 163 × 8, 203 × 10
and 243 × 12 lattices to perform the continuum extrapolations of the transition line proxies up to
𝜇𝐵 = 400 MeV. We have here the same statistics as in [10] on the 203 × 10 and 243 × 12, while on
the 163 × 8 lattice, it is much larger. Additionally, we employ new simulation data set on a 243 × 8
lattice to gauge the finite volume effects (with 60000 − 70000 configurations per temperature). On
the smaller lattices (163 × 8 and 203 × 10), we use the reduced matrix formalism to calculate the
fluctuations as was done in [10], whereas on the larger lattices we determine the 𝜇𝐵-derivatives
with stochastic sources [11].

In this study, we build a two-dimensional Taylor series expansion of the pressure in 𝜇𝐵, 𝜇𝑆 as
follows:

𝑝(𝑇, 𝜇𝐵, 𝜇𝑆)
𝑇4 =

𝑖+ 𝑗=𝑁∑︁
𝑖, 𝑗=0

1
𝑖! 𝑗!

𝜒𝐵𝑆
𝑖 𝑗 (𝑇)𝜇𝑖𝐵𝜇

𝑗

𝑆
(13)

where 𝜒𝐵𝑆
𝑖 𝑗

are the generalized baryon-strangeness susceptibilities. This allow us to write the
strangeness number density and fluctuations at finite chemical potential as:

5
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𝜒𝑆
1 (𝑇, 𝜇𝐵, 𝜇𝑆) =

𝜕 (𝑝/𝑇4)
𝜕 (𝜇𝑆/𝑇)

=

𝑖+ 𝑗=𝑁∑︁
𝑖=0, 𝑗=1

1
𝑖!( 𝑗 − 1)! 𝜒

𝐵𝑆
𝑖 𝑗 (𝑇)𝜇𝑖𝐵𝜇

𝑗−1
𝑆

(14)

𝜒𝑆
2 (𝑇, 𝜇𝐵, 𝜇𝑆) =

𝜕2(𝑝/𝑇4)
𝜕 (𝜇𝑆/𝑇)2 =

𝑖+ 𝑗=𝑁∑︁
𝑖=0, 𝑗=2

1
𝑖!( 𝑗 − 2)! 𝜒

𝐵𝑆
𝑖 𝑗 (𝑇)𝜇𝑖𝐵𝜇

𝑗−2
𝑆

(15)

The order of the computation is set by the even integer, 𝑁 where 𝑁 = 2 corresponds to leading
order (LO), 𝑁 = 4 to next-to-leading order (NLO) and so on. We extrapolate the observables
along the strangeness neutral line which is required to observe the collapse of the 𝜒𝜓̄𝜓,𝑅 (𝜒𝑆

2 , 𝜇
𝐼
𝐵
)

curves in Fig. 1 and is also phenomenologically more relevant. For each (𝑇 ,𝜇𝐵) pair, we search for
𝜇𝑆 = 𝜇★

𝑆
that corresponds to the strangeness neutral case. In practice, we use Newton’s method to

iteratively solve for 𝜒𝑆
1 (𝜇

★
𝑆
) = 0 rather than Taylor expanding 𝜇★

𝑆
(𝜇𝐵) itself. This approach achieves

faster convergence in the orders of 𝜇𝐵 and yields both 𝜇𝑆 (𝑇, 𝜇𝐵) and the susceptibility 𝜒𝑆
2 (𝑇, 𝜇𝐵)

simultaneously. We then construct the contours of 𝜒𝑆
2 = 𝐶, where the constant 𝐶 ≡ 𝜒𝑆

2 (𝑇0, 𝜇𝐵,0)
is the value this quantity takes at some reference temperature and chemical potential. The same
procedure is applied to get the contours of constant 𝜇𝑆/𝜇𝐵. We now turn to various systematics of
Taylor based extrapolations to real chemical potential.

In Fig. 3, we show the extrapolated contours of constant 𝜇𝑆/𝜇𝐵 (left) and 𝜒𝑆
2 (right) starting

from three reference temperatures from our 163 × 8 lattice. The contours span orders from NLO
to N4LO in the Taylor expansion showing very good convergence. The effects beyond N2LO are
visible only above 𝜇𝐵 ≈ 450 MeV, and a discrepancy between N3LO and N4LO appears, if at
all, above 𝜇𝐵 ≈ 500 MeV. To sum up, we observe that up to 𝜇𝐵 ≈ 400 MeV, N2LO (O(𝜇6

𝐵
)) is

consistent with higher orders for both contours.

 100

 110

 120

 130

 140

 150

 160

 170

 180

 0  100  200  300  400  500

163x8 lattice

µS/µB = const.

T
 [
M

eV
]

µB [MeV]

NLO

N2LO

N3LO

N4LO
 100

 110

 120

 130

 140

 150

 160

 170

 180

 0  100  200  300  400  500

163x8 lattice

χ2
S = const.

T
 [
M

eV
]

µB [MeV]

NLO

N2LO

N3LO

N4LO

Figure 3: Contours of constant 𝜇𝑆/𝜇𝐵 (left) and 𝜒𝑆
2 (right) at different orders of the baryochemical potential

in the Taylor expansion on the 163 × 8 lattice.

Since we are interested in the QCD transition proxies, we anchor the contours at the crossover
temperature 𝑇𝑐 = 158MeV obtained at 𝜇𝐵 = 0 in the continuum limit [3].

To assess the size of finite volume effects, we did the same analysis at N2LO order on the
243 × 8 lattice. In Fig. 4, the left plot shows resulting contours for the two volumes, 𝐿𝑇 = 2 and
𝐿𝑇 = 3 which suggests that finite volume effects are indeed small for the range covered using the
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present statistics on the 243 × 8 lattice. Cut-off effects are probed by repeating the analysis at N2LO
order for volume 𝐿𝑇 = 2 across 𝑁𝜏 = 8, 10, 12 as shown in the right panel of Fig. 4.

 146

 148

 150

 152

 154

 156

 158

 160

 0  50  100  150  200  250  300

T
 [
M

eV
]

µB [MeV]

µS/µB, 163x8

µS/µB, 24
3
x8

χ2
S, 163x8

χ2
S, 243x8

 135

 140

 145

 150

 155

 160

 0  50  100  150  200  250  300  350  400

T
 [
M

eV
]

µB [MeV]

chiral crossover [2002.02821]

µS/µB, 163x8

µS/µB, 203x10

µS/µB, 24
3
x12

χ2
S
, 16

3
x8

χ2
S, 203x10

χ2
S, 243x12

Figure 4: Left: Contours of constant 𝜇𝑆/𝜇𝐵 and 𝜒𝑆
2 at NNLO for 𝐿𝑇 = 2, 3. Right: Contours of constant

𝜇𝑆/𝜇𝐵 and 𝜒𝑆
2 at NNLO for 𝑁𝜏 = 8, 10, 12 with 𝐿𝑇 = 2 compared with the chiral crossover results.

We observe that the two proxies differ slightly towards larger chemical potential although both
are in agreement with the current continuum extrapolated result for the QCD crossover [3] with
their spread smaller than the error on such result. The constant 𝜒𝑆

2 contours exhibit a systematic
ordering with respect to 𝑁𝜏 which suggests a cutoff dependence. In contrast, for the constant
𝜇𝑆/𝜇𝐵 contours, no such ordering is observed for different 𝑁𝜏 and they are consistent with each
other within the error indicating a very weak cutoff effect.

Finally, we perform the continuum extrapolation of the N2LO Taylor expansion results up to
𝜇𝐵 = 400 MeV. In Fig. 5 we show this for the strangeness susceptibility (left) and 𝜇𝑆/𝜇𝐵 (right).
We first observe, as noticed earlier, that cut-off effects are smaller for the latter, for which the results
are almost 𝑁𝜏-independent. In both panels, the two sets of points and fit bands indicate the results
obtained with the two scale settings we employ. We consider the difference between the two scale
settings as a source of systematic errors, and combine the two results in the following.

 0  0.005  0.01  0.015  0.02

µS/µB=const.

1/Nt
2

µB = 200 MeV
µB = 250 MeV
µB = 300 MeV
µB = 350 MeV

145

150

155

160

 0 0.005 0.01 0.015 0.02

χ2
S=const.

T
 [
M

eV
]

1/Nt
2

µB = 200 MeV
µB = 250 MeV
µB = 300 MeV
µB = 350 MeV

Figure 5: The continuum limit of the contours of constant 𝜒𝑆
2 and 𝜇𝑆/𝜇𝐵 for different values of the

baryochemical potential. Here, lighter and darker colors correspond to the two scale settings employed in
the analysis, namely, the 𝑓𝜋 scale and the 𝑤1 scale respectively.
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4. Summary and Discussion

In this work we have shown how observables related to strangeness fluctuations can serve as
proxies for the QCD transition and shed light on the phase structure of QCD at finite baryon chemical
potential. Along the strangeness neutral line, the remarkable collapse of chiral susceptibility when
plotted against 𝜒𝑆

2 and 𝜇𝑆/𝜇𝐵 as the 𝜇𝐼
𝐵

is varied enables us to characterize the crossover with
𝜒𝑆

2 ≈ 0.3 and 𝜇𝑆/𝜇𝐵 ≈ 0.25. We argued that the strangeness neutral condition suppresses the
coupling of these proxies to the critical fluctuations in the vicinity of a critical point. We also
observed that the finite volume corrections are under control even for 𝐿𝑇 = 2. We extrapolated
the proxies to finite density using a two-dimensional Taylor series in (𝜇𝐵, 𝜇𝑆), and demonstrated
convergence of the series at N2LO (O(𝜇6

𝐵
)) up to 𝜇𝐵 ≈ 400 MeV. Finally, we continuum extrapolated

these proxies as shown in the left panel of Fig. 6, being in perfect agreement with the chiral crossover
line reported in [3]. The tension between the two proxies in the continuum is quite mild. In fact,
the results coming from the two proxies can be taken together as the prediction for the crossover line
interpreting their spread as the additional source of systematic error. Even then, the uncertainty is
much smaller than what is known today as the chiral crossover line [3]. Additionally, we show the
corresponding contours obtained from the Hadron Resonance Gas (HRG) model (using PDG16+
resonances), which agree strikingly well with our continuum extrapolations.
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Figure 6: Left: Contours of constant 𝜇𝑆/𝜇𝐵 or 𝜒𝑆
2 from a N2LO Taylor expansion (constant values taken

at 𝑇0 = 158 MeV), extrapolated to the continuum, compared to the chiral crossover and to the HRG results.
Right: Contours of constant 𝜇𝑆/𝜇𝐵 extended upto 𝜇𝐵 ≈ 550 MeV on 163 × 8 lattice.

The analysis of cut-off effects (Fig. 4 (right)) indicated that for 𝜇𝑆/𝜇𝐵 contours, our coarsest
lattice, 163 × 8 is already close to the continuum limit. We thus extended the 𝜇𝑆/𝜇𝐵 contours
for this lattice to N4LO i.e. including up to 10th order fluctuations to stretch the transition line
beyond 𝜇𝐵 ≈ 500 MeV as shown in the right panel of Fig. 6. We also include the freeze-out data
from various publications [12–16] along with their parametrization by [17] and a critical end point
estimate from functional renormalization methods [18]. We stress that we have not demonstrated
the validity of our proxies for the entire 𝜇𝐵 range. However, if we assume that they work, and that
finite volume and discretization effects on 163 × 8 lattice data are under control, we may be guided
by the HRG prediction and predict that the two curves start deviating between 400 and 500 MeV.
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