PROCEEDINGS

OF SCIENCE

Spatial String Tension at High Temperatures and
Quantitative Tests of Dimensionally Reduced Effective
Theories

Vishal Rao,** Peter Petreczky” and Prasad Hegde*
“Center for High Energy Physics, Indian Institute of Science,
Bangalore 560012, India
b Physics Department, Brookhaven National Laboratory,
Upton, NY 11973, USA

E-mail: Vishalr@iisc.ac.in, petreczk@bnl.gov, prasadhegde@iisc.ac.in

We calculate the spatial string tension in 2+1 flavour QCD in (3+1) dimensions within a tem-
perature range of [ 166 MeV, 1000 MeV] using spatial Wilson loops with HYP smearing. We use
the Highly Improved Staggered Quark action for fermions and the tree-level Symanzik improved
gauge action for gluons at two lattice spacings corresponding to temporal extents N, = 8 and 10.
We then compare our results with dimensionally reduced effective theories at high temperatures
(EQCD and MQCD) to test the onset of dimensional reduction in QCD.

The 42™ International Symposium on Lattice Field Theory, Lattice 2025,
20d_gth November 2025 @ TIFR Mumbai, India.

*Speaker

© Copyright owned by the author(s) under the terms of the Creative Commons Attribution-NonCommercial-NoDerivatives
4.0 International License (CC BY-NC-ND 4.0) All rights for text and data mining, Al training, and similar technologies for

commercial purposes, are reserved. ISSN 1824-8039 . Published by SISSA Medialab. https://pos.sissa.it/


mailto:Vishalr@iisc.ac.in
mailto:petreczk@bnl.gov
mailto:prasadhegde@iisc.ac.in
https://pos.sissa.it/

Spatial String Tension at High Temperatures and Quantitative Tests of Dimensionally Reduced Effective
Theories Vishal Rao

1. Introduction

Above the pseudo-critical temperature 7, ~ 156 MeV [1], QCD undergoes a crossover to
the quark-gluon plasma (QGP) phase. An accurate picture of the QGP is far from the free gas
of quarks and gluons even at temperatures much higher than 7,.. At finite temperature, the
Euclidean time direction is compactified to a circle of circumference 8 = 1/T, giving the partition
function Z = Tr(e #H). The periodic boundary conditions for bosons, anti-periodic for fermions
generate Matsubara frequencies 27nT and (2n+1)nT respectively. These modes can be sequentially
integrated out to get effective field theories like EQCD and MQCD. The Linde problem [2] tells us
that the magnetic sector is non-perturbative for » > 1/(g?T), which is also evident from expansion
parameter of MQCD (g2T/p ~ 1) for modes of momenta p ~ gT. A direct physical consequence
is that even inside the QGP, magnetic gluons remain confined. Spatial Wilson loops (loops lying
entirely in the three spatial directions) continue to obey an area law above 7)., with the coeflicient
defining the spatial string tension 0. Unlike the ordinary zero-temperature string tension, which
vanishes above T),., o actually grows with temperature, tracking the magnetic mass scale g°T.
The question is: at what temperature does the full (3+1)-dimensional QCD reduce to the simpler
effective theories that govern its magnetic sector? The spatial string tension is an ideal observable
to answer this, because it exists in all three theories (full 4D QCD, EQCD, and MQCD). Earlier
work [3] found qualitative agreement with the EQCD prediction down to about 1.57),., while a
recent HISQ study with a continuum extrapolation [4] found that dimensional reduction sets in
quantitatively only at T 2 57, = 780 MeV. Our work provides complementary HISQ results at
two lattice spacings over the full range 166MeV-1000 MeV.

2. Dimensional Reduction: EQCD and MQCD

The strategy is to exploit the scale hierarchy - (works for g < 1) - nT > gT > g°T by
integrating out degrees of freedom at each scale in sequence, producing a chain of two effective
theories (EQCD, MQCD) valid at progressively longer distances. But for our temperature regions,
the value of g’ is still greater than one, and still we would like to probe the dominance of EQCD
and MQCD at these scales.

EQCD. Integrating out all non-static (n # 0) bosonic and fermionic Matsubara modes, which
have masses ~ 27T, gives a three-dimensional effective theory valid for r > 1/(xT) [5, 6]:

SE = / dx |§FyFip + oDy, Aol + m Te[ 4] + A4 (Tr[A3])°) (1)

where :A, = 0, so Aj is no longer a gauge field component but a static adjoint scalar with
thermally generated Debye mass mpg ~ gT. The matching coeflicients at two-loop accuracy [7] are:
g =T

2 84 6 2 2| 2 84
8 +m6¥3+0(8)}, mE=T[gC¥1+mC¥2], ()

where g = g(j1) is the MS coupling at 7 = (0.5 — 2)9.1T, where /i is scale of minimum sensitivity
[3] and the a; depend on N, and ny.



Spatial String Tension at High Temperatures and Quantitative Tests of Dimensionally Reduced Effective
Theories Vishal Rao

MQCD. Ateven higher temperatures Ag is also heavy and can be integrated out, leaving 3D pure
SU(3) Yang-Mills theory valid for r > 1/(g?T):

S§4:/d3x %FijFije (3)

with the magnetic coupling matched at two-loop order [7]:

“)
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Since g%,, has dimensions of mass and is the only dimensionful scale in MQCD, it determines the
spatial string tension:

Vo5 = c gy (T), (5)

where ¢ = 0.5530(10) is determined from 3D pure-gauge lattice simulations [8]. Further studies
found the value of c to be 0.54(1) [3] and 0.566(15) [4]. This is the central prediction we test.

3. Lattice Setup

We use gauge ensembles with the HISQ fermion action at physical 2+1 quark masses with
(mj/mg = 1/20) and the tree-level Symanzik improved gauge action, generated with STMULATeQCD [9]
using the RHMC algorithm. The temperature is 7 = 1/(N.a), with the lattice spacing set via
B =06/ g(z) and the Sommer parameter from the FLAG Review [10]. We have N = 8 and N, = 10
covering T € [166, 1000] MeV with spatial volumes Ng/N, > 4.

Spatial Wilson loops W(R, Z) are constructed in fixed time-slices for rectangular loops of
transverse extent R and longitudinal extent Z, here Z plays role of fictitious time. For off-axis paths
we use the Bresenham algorithm [11], which provides a lattice approximation to -line paths. The

spatial pseudo-potential is:

im In w (6)

Vo(R) = — 1
aVs(R) = = lim W (R, Z)

4. Modified HYP Smearing

The signal-to-noise ratio of spatial Wilson loops degrades with R and Z due to short-distance
gauge-field fluctuations. We suppress these using HYP (Hypercubic Blocking) smearing [ 12], which
replaces each gauge link with a locally averaged fat link while preserving the lattice symmetries.

In this work we along with 3-level HYP smearing also make use the 2-level HYP scheme, which
modifies the original 3-level scheme of Hasenfratz and Knechtli[12] by ignoring the smearing of the
fictitious time-like links (U; ,— bare link at location i in direction p). The construction proceeds
in two steps. At the final level, the blocked link (black) V; ,., is constructed via SU(3) projected
modified APE smearing :

. as _ - -
Vivip = Projgy 3y (1= @2) Ui yzp + 4 Z Vipv.p View,vipp ViJ:-v,/z;v,p ’ )
TUFV,P
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Here, the p is fictitious time direction (any one of spatial direction) and v is direction of original
link to be smeared. The v, p in V; ., , implies that the fat link at site i in the direction y is not
decorated with staples extending in direction v, p. This construction ensures that we only include
the links within the hypercube attached to original link U; ,,. Where, the decorated fat link V;, wv.p
(grey) is built from the bare links U; ,(green):

~ . a3
I ESN TN

with @, = 0.6 and a3 = 0.3. U; ;,, implies the bare link at location 7 in direction u # p. Here
in our construction, euclidean time links are treated like other spatial links. Figure 1 shows this
construction schematically. We apply 3 and 5 smearing steps with both 2-level and 3-level HYP,
giving four smearing schemes in total, and use their mutual agreement as a diagnostic for systematic
uncertainty.

c<aL

Figure 1: 3D spatial lattice showing the 2-level HYP smearing construction. The black link V; , is the final
smeared link which is made from modified APE smearing of fat links V, where further these fat links V;, wv.p
are made from modified APE blocking of green bare links U; 5+ (y p)-

5. Extracting the Spatial String Tension

Effective mass fits and the pseudo-potential

The pseudo-potential Vi (R) cannot be read directly from W (R, Z) at finite Z because excited
states contaminate the signal at small Z. We therefore fit the effective mass to the one-excited-state

ansatz:
W(R,Z)

W(R,Z + 1)

and extract the ground-state value V,(R) from the plateau. Figure 2 shows representative effective

m(Z,R) =1In =Vy(R) +be V1%, 9)

mass fits for § = 8.570 (T = 924 MeV, N, = 10) for all four smearing schemes. More smearing
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steps bring the plateau in at smaller Z, as expected, since they suppress the short-distance excited-
state contributions. Gauge configurations are separated by 10 RHMC steps; autocorrelation times
were below one for all ensembles. Since these fits were obtained from minimising correlated y?2,

the statistical errors quoted here are fit errors; a full jackknife analysis over configurations is part of
the ongoing work.
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Figure 2: Effective mass log[W(r,z)/W(r,z + 1)] vs Z for B = 8.570, N, = 10, at r/a = 7.2111,
T ~ 924 MeV, for all four smearing schemes. The red curve is the fit Vs(R) + b e~"1%. The ground-state
value Vi (R) and y?/dof are in the legend.

Renormalisation and Cornell fit

The pseudo-potential carries an additive ultraviolet divergence from the self-energy of the
static colour sources. We remove it by fixing the renormalisation constant Co () through the
zero-temperature quark—antiquark potential [13]:

V(ro) = 0.954 < 6.488,
Co setby {0 fro P (10)
V(1) = 0.2065/r1 f > 6.488,

giving V™ = Vb€ 4+ 2C,. We then fit V™ (r) to the Cornell form:
Vs(r):(rsr—%+c, (11)
with « fixed to the Luscher-term value:
n/12 T <5Tp.,

@ = (12)
7j24 T > 5Tp,.
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This gives a two-parameter fit in oy and c¢. We set r,,,;,, > 1/(gT) and three-parameter fits with free
a are used as a systematic check.

6. Results

Spatial potential

Figure ?? shows the renormalised spatial potential V(r) for all ensembles using 2-level HYP
smearing with 3 smearing steps at N; = 8 and N = 10. There is a clear linearly rising signal
across all temperatures, and the Cornell fits have sze 4 close to unity in most cases. The slope grows
with temperature, consistent with o5 oc g2(T) T as expected from Eq. (5).

V vs R fits for 2 parameter fits for 2 level HYP with 3 steps V vs R fits for 2 parameter fits for 2 level HYP with 3 steps
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Figure 3: Renormalized spatial potential V() vs r [fm] for all ensembles using 2-level HYP smearing with
3 smearing steps, at N = 8 (left) and N, = 10 (right). Solid lines are Cornell fits (Eq. (11)); the legend
gives temperature in MeV.

Comparison with MQCD

Figure 4 shows the main result: ro+/o as a function of temperature for all four smearing
schemes at both N, values, compared with the EQCD and MQCD predictions using 5-loop running
coupling g(f) at @ = (0.5—2) %9.1 = T. The data rise monotonically with temperature, as expected
from /oy o gfw(T). At high temperatures (T 2 600 MeV) the points approach the MQCD band,
consistent with dimensional reduction setting in around 7 ~ 5T),.

However, the results from the different smearing schemes do not agree with each other within
statistical error bars for some of the temperatures, revealing an uncontrolled systematic in the current
analysis. A naive continuum extrapolation using N, = 8 and 10 was attempted but could not be
completed, since the two sets of data disagree at several temperatures beyond statistical errors. The
root cause — whether it lies in the treatment of excited-state contamination or fit stability tests —
is being investigated, and the analysis is being revisited.
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rovos vs T for Ny =8, 10
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Figure 4: rg+/os vs temperature for N; = 8 and N; = 10, with g evaluated at 5-loop [14] order at
i =(0.5-2)9.1T. Where j is minimum sensitive energy scale [3]. Results for all four smearing schemes:
2-level and 3-level HYP, each with 3 and 5 steps with (red,orange) and (green,black) symbols respectively.
Grey band: EQCD prediction from Ref. [4]; green band: MQCD prediction from Ref. [7]; yellow band:
EQCD prediction from Ref. [3]. Cyan/purple: N, = 8, 10 results from Ref. [4]. The four schemes do not
agree within error bars, indicating an uncontrolled systematic that needs to be resolved.

7. Conclusion

Since this is work in progress, strong conclusions cannot be drawn at this stage. We have
calculated the spatial string tension in 2+1 flavour QCD over 166-1000 MeV at N, = 8 and 10, and
compared with the MQCD prediction.

The extracted ro+/o rises monotonically with temperature and approaches the MQCD band
at high 7. The values of o, were obtained using the maximum fit range rather than a plateau,
though the plateau was not observed to be far from the maximum-range result. The results from
the four smearing schemes do not agree within error bars, and a continuum extrapolation was not
achievable. A precise determination of @ and a full continuum extrapolation remain to be done.
The calculations are being revisited and will be published in the coming months.
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