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1. Motivation

The QCD phase diagram remains, to a large extent, unexplored [1]. A major obstacle in
this respect is the presence of the sign problem, which prevents the direct application of lattice
QCD techniques at nonvanishing chemical potential. While lattice discretization provides the
most reliable framework for non-perturbative calculations through Monte Carlo simulations, its
effectiveness crucially relies on the probabilistic interpretation of the path integral measure. When
a finite chemical potential is introduced, the Dirac operator acquires a non-trivial phase and the
exponential weight entering the partition function ceases to be real and positive, thereby invalidating
standard importance-sampling algorithms [2].

A widely adopted strategy to circumvent this difficulty consists in performing simulations at
purely imaginary values of the baryon chemical potential. In this regime, the Dirac determinant
remains real and Monte Carlo simulations can be carried out without encountering the sign prob-
lem [3, 4]. Physical results at real chemical potential must then be obtained by analytic continuation
from imaginary to real values in the up —T plane. This step, however, is intrinsically delicate, since
the available numerical data is restricted to a finite number of points and is affected by statistical
uncertainties, which can be significantly amplified by the analytic continuation procedure.

The purpose of this work is to discuss recent progress achieved by our collaboration in ad-
dressing these issues, via a new numerical method based on the Cauchy integral formula, which
will briefly be explained in the following section. For more information and details we refer the
readers to the Conference contribution by F. Di Renzo et al. [5].

2. The Cauchy integral formula as an inverse problem

It is known from complex analysis, e.g. see [6], that, if a given function f : Q € C — Cis
analytic inside a certain region £ of the complex plane, Cauchy’s integral formula is valid Vzg € Q:

feo) = = ¢ L&

2mi c<—20

dz, ey

where C = 90Q is the oriented contour of region €.

The boundary C can be naturally deformed to a circle. In the case that this is centered at the
origin of the complex plane with radius R, without crossing any singularity of the function, Eq. (1)
can be rewritten as:

1 Re'? f(Re'?)
= — ———=dé, 2
f(z0) 2n ‘/[zn] Relf -z @
where we have set z = Re'? and the expression {... }dO means that the integration is performed
[27]

over any interval of amplitude 27, such as 6 € [—x, ) or 8 € [0, 27).
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Figure 1: Schematic representation of the Cauchy integral formula, where the analyticity region Q is taken
to be a circle centered at the origin. The blue dots represent known values on the imaginary axis, the red dots
represent the Gauss-Legendre quadrature points.

We now consider the case of the n-th cumulant of the net baryon density, which is defined by
the following formula:
"InZ(T,V,up)
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where Z(T,V, up) is the grand canonical partition function. Here, we focus on the first cumulant,
i.e., n = 1. Lattice simulations can provide estimates for y; at imaginary values of the chemical
potential, u; = upg; hence, by applying Eq. (2), we get:

do . “4)

1 Re'?y1(Re'?)
xi(ur) = —e
[2x]

27 Re'? —

The integral above can be approximated by Gauss-Legendre quadrature [7], for which we can write:

Re't%
N - 5
x1(ur) Z Wk Rt iy K 5)

where 6, are the roots of the Legendre polynomials, wy, are their associated weights, and y; denote
the (unknown) values of y;(Re'?) evaluated at 6 = 6. In principle, N can be any natural number,
but for the time being, we will take it to be equal to the total number of conditions we want to
impose. A schematic representation of this quadrature is provided in Figure 1.

Furthermore, one could also make use of the Cauchy integral formula applied to function
derivatives and the relative approximation given by the Gauss-Legendre quadrature. For the case
of the derivatives of y; (following the n-th cumulant definition (3), the m-th derivative of y will
be the (m + 1)-th cumulant and will be denoted as y; ,,,) we write:

(6)
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m! Xi,m(p) m! Re'%
Xtm(pr) = %Ld ~
C

~ — w - Vi .
2mi Jo (u—prym it T 2w LK (Reioe =gy M



Developments on analytic continuation from imaginary chemical potential Marco Aliberti

3. System of equations and Tikhonov regularization

As seen in the previous section, we need to solve a system of N equations in N unknowns,
represented by the possible yx, k = 1,..., N. Each of the equations can be either in the form of
Eq. (5) or in the form of Eq. (6).

In other words, we can represent the system of equations as a matrix equation AX = B, where:

1 Re'f% (1))
— Wk - , Xk = Xk » Bj = x1,m(u;),
21" (ReiOk — pujym+1 s 7

Jk=1,...,N, m=0,1,2,....

Aji =

However, this system of equations is ill-posed, mainly for two reasons: the first is that the values
x1(ur) obtained by lattice simulations are affected by statistical errors; the second is that Eqs (5)
and (6) are approximations of the “true” equations valid in the complex plane, which would require
an infinite number of points to be applied. Therefore, they represent numerical approximations
rather than exact equalities.

For these reasons, it is not advisable to solve this linear system with usual methods, such as
finding the vector X for which the square norm ||AX — B| |? is minimized, unless one wants to deal
with high instabilities in the output under slight changes in the input. One possible workaround
to this problem is provided by the Tikhonov regularization [8]: a regulator a, called Tikhonov
parameter, is introduced, and instead of minimizing ||[AX — B||?>, we minimize the expression
[|AX - B||*> + ||aX]||* for given a (more details on how to choose this parameter are given below).

Once the values yx have been evaluated for k = 1,..., N, they can be used to perform the
analytic continuation either by directly applying Eq. (5) to points on the real axis, or by applying
Eq. (6) to a particular point (usually the origin), computing a certain number of derivatives, and
using them to build an expansion (Taylor or Padé€) that is then evaluated on the real axis.

4. Analytic continuation

As previously stated, there are two main methods to perform the analytic continuation: the
direct evaluation on the real axis and the computation of a certain number of derivatives in order
to build a truncated expansion. The former method has been explained in [9, 10]; in this work, we
will focus on the latter.

Let us suppose that we know the values of the baryon number density y;(u;) on a certain
number of points on the imaginary axis (each one with its own statistical uncertainty). From these
points, let us select a subset and write equations of the type of Eq. (5). Moreover, we might use the
fact that out of the even derivatives of y;, Np of them are zero at y; = 0; so, we can write down an
extra set of Np equations of the form of Eq. (6):

@mish, ke 1N ®
b Wk(Rein)zn”l =V, m=1,...,INp.
k=1
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By doing this, we are effectively imposing the charge conjugation symmetry to hold up to a certain
order!. Furthermore, if desired, one could also impose the Cauchy condition:

N

0= y{ ndn~ S Re%wy gy, ©)
c k=1

that is equivalent to imposing that y(u) is analytic inside the region bounded by C.

The total number N of unknowns y is chosen to be equal to the total number of equations. We
can then solve the linear system to evaluate a certain number of derivatives at a particular point, the
origin, and build a truncated Taylor expansion around that point, which we can use to approximate
the true baryon number density. In addition, we could also build a single-point Padé approximant
in order to have two different approximations of y1(u).

4.1 Single-point Padé approximant

The single-point Padé approximant of a function f(u) around y = pg is a rational function
obtained as the ratio of two polynomials, P,,(u) and Q,,(u), of degree m and n, respectively:

i pr(p = po)*

P (1) k=0
R (n) = n = — . (10)
Qn(ﬂ) j
1+ > q;(p = o)
j=1
The m+n+1 coeflicients pg, ..., Pm» 41, - - - » gn are fixed such that the first m +n+ 1 derivatives

of R7"(u) evaluated at u = o are equal to the first m + n + 1 derivatives of the function f(u)
evaluated at the same point p.

The advantage of performing a Padé approximant over a Taylor series expansion is that the
former can also interpolate the singularities of the underlying function as poles. The Padé approx-
imant can also codify other types of singularities; for example, branch-cuts are represented as an
interlacing series of zeros and poles originating from the two singularities (not necessarily poles)
that delimit the cut [11]. This is relevant in order to look for the critical endpoint of the QCD phase
diagram.

4.2 Selecting the optimal Tikhonov parameter

The Tikhonov parameter is tuned as follows. For each value of « in the range 1073 to 1072
(sampling ~ 10°-10° values), the system of equations is solved to determine the coefficients py.
For each of these values of «, a Taylor expansion and a Padé approximant are constructed. The
corresponding y? is then computed with respect to the input data that has not been used in setting
up the equations.

The optimal Tikhonov parameter is then chosen to be the one corresponding to the least value
of the y?, separately for the Taylor expansion and the Padé approximant.

IThe charge conjugation symmetry would require the function y;(u) to be odd, thus all its even derivatives should
be 0 when evaluated at the origin, i. e., 1,2, (0) =0Vm € N.
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5. Systematics

5.1 Near-contour imprecisions and angle dependence

The first source of systematic errors is due to numerical approximations that become important
when the evaluated points are near the contour of integration, likely due to the denominator
approaching zero. Furthermore, these imprecisions change their location on the complex plane
based on the chosen 27 interval of integration for the variable §. This has been tested on known
analytic functions, of which, the function f(z) = sin(z) is reported in Figure 2.

f(z)=sin(z); 6¢€ [0, 2n) f(z)=sin(z); 6€ [-n, +n)
1.00 1.00
0.75 0.75
0.50 0.50
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-0.75 -0.75
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Figure 2: Near-contour imprecisions and 6 parameter dependence obtained by directly applying the Cauchy
formula on the function sin(z). Different colors represent different numbers of integration points.
For all the plots, a radius of R = 7 + 0.001 has been used to perform the integration.

As it can be seen, there are some artifacts that appear for negative values of the real axis, for
the real part of the function (Figure 2, left), when the interval 6 € [0, 277) is used, while for positive
values of the real axis these artifacts are not observed. This situation is flipped if the interval chosen
is § € [—m, ), as in Figure 2, right.

These artifacts have been observed for different analytic functions and for other choices of the
60 interval, although they are not reported here for brevity.

5.2 Different contours and contour-parameter dependence

Regarding formula (1), choosing the integration contour C to be a circumference is not manda-
tory. In fact, one is free to choose C as long as the function f(z) is analytic Vz € Q, the region
bounded by C. In other words, the integration contour C can be continuously deformed into a
different one, C’, provided that the deformation never crosses any of the function’s singularities.

For this reason, a different type of contour has also been tried: a rectangle of width 2L; and
height 2L,, centered at the origin and with its sides parallel to the real and imaginary axes, as can
be seen in Figure 3b. The input points have been computed by performing a preliminary analytic
continuation of the data presented in the following section via a Taylor expansion, and then using
the output points of the first analytic continuation to extend further along the real axis.
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Analytic continuation
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(a) Analytic continuation of y| (u) on the real axis. Error bars are obtained via a jackknife analysis.
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(b) Integration contours on the quadrant Siey > 0, Jmu > 0. The dots represent the quadrature points for the two
integration contours.

Figure 3: Analytic continuation performed using two different contours: a circle (red) and a rectangle
(blue). The function’s symmetries (y;(—u) = —x1 () and y1(u*) = x1(u)*) have been used to perform the
computation on only one quadrant of the complex u plane.

The results of the different integrations for the two contours are reported in Figure 3a; there
is no clear evidence that choosing the rectangle over the circle leads to better accuracy, as the
analytically continued values are compatible with one another after propagating the errors from the
input points using a jackknife analysis.

6. Lattice data and numerical results

The previously described procedure, in Section 4, has been applied to the data obtained from
the Bielefeld-Parma collaboration through simulations with Highly Improved Staggered Quarks
(HISQ), 2 + 1 flavors, at T = 157.5 MeV and N, = 6, with physical pion masses. These data are
plotted in Figure 4 as black dots (notice the very small error bars).

Three different expansions have been produced: a Taylor expansion up to order x° and two
different Padé expansions RZ (w); the “Padé odd” is a Padé expansion built to be an odd function of
the u variable®. As it is clear from the plot, Padé odd is completely superimposed on the standard
Padé; therefore, manually imposing the function symmetry RZ(— u) = —Ri( ) is superfluous. Note
that the symbols for imaginary and real parts in Figures 3 a,d 4 & 5 do not look the same.

21t is built such that the numerator Ps(y) consists only of odd powers of u and the denominator Q4(u) consists only
of even powers of u.
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Baryon density y1(u)
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Figure 4: Implementation of the different procedures for analytic continuation. Lattice data for Imy
computed at imaginary values of the chemical potential, Imyu are shown with black dots. Of these data shown
as circled in red are the ones used as input in the procedure.

The resulting mean values for the analytic continuation on the real axis, obtained with each
method, are plotted in Figure 5, along with a preliminary error analysis for the Taylor method.

0.7 7’

Taylor O(up) + 1o
_— Padé [5,4]

0.1 — ——- Padé odd [5,4]
e Cauchy

0.0 0.5 1.0 1.5 2.0 2.5 3.0
Rel

Figure 5: Estimates are shown for the mean values of the net baryon density from analytic continuation onto
real values for the chemical potential. Both Taylor and Padé expansions are presented. The error estimate
concerning the Taylor expansion has been obtained via a statistical bootstrap. For comparison, the result
from the direct application of the Cauchy formula is also shown. Notice that the value R = x for the contour
radius has been used in this analysis.

The statistical bootstrap has been performed by extracting 1000 random samples from the input
data distribution and then selecting only the samples that lead to Taylor expansions that fit the whole
set of data with reasonable values of y2. This is still a preliminary analysis; a full error budget
analysis will be thoroughly addressed in a forthcoming publication.

6.1 Comparison of our results to the existing literature

With the use of Taylor and Padé expansions, we are also able to obtain estimates for y(u)
and its derivatives evaluated at 4 = 0. In Table 1, we present the comparison of our estimates with
values reported by the HotQCD collaboration [12].
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Taylor Padé HotQCD [12]

R=n, N:=6 X24—>N:=6, xes8— N:=38

12(0) | 1.096(4) x 10~1 1.098 x 10! | 1.087(4) x 107!
T = 157.17 MeV

va(0) | 8.62(17) x 1072 8.74x 1072 8.4(4) x 1072

ve(0) | 1.8(3.7) x 1073 7.3x1073 —4(3) x 1072
. T=156.91 MeV

vs(0) | -1.9(8) x107"  —2.0x 107! -7(9) x 107!

x10(0) | =1.5(5)x107"  —1.3x 107!

Table 1: Estimates for the first five odd derivatives of y;(u), evaluated at 4 = 0, owing to Taylor and Padé
expansions. The value R = 7 has been imposed for the radius contour in the Cauchy formula. Results from
the Taylor expansion are accompanied by the corresponding statistical errors in parentheses; also see [5] for
preliminary estimates of systematic uncertainties. In the last column, results from HotQCD collaboration
are reported [12], from simulations at similar values of temperature (7") and temporal lattice size (N ).

Our results from both Taylor and Padé expansions are nicely compared to the HotQCD ones;
as for the Taylor case, for which a preliminary error analysis has been performed, we notice
that the results agree within 1-2 ¢. Furthermore, our value for y9(0) is among the first two
estimates appearing in the bibliography for this quantity; see the new preprint [ 13], where the value
x10(0) = =0.016 + 0.288 from lattice simulations at 7 = 158.5 Mev and N, = 8 is reported.

Finally, we mention two interesting self-consistency checks. First, we report that our estimate
for x2(0) in Table 1 is well compared with a direct lattice computation giving x»(0) = 1.110 x
107! + 1.6 x 1073. We should add here that we opted not to use the above value as an input in
our analysis due to its higher uncertainty when compared to the y lattice data. The second check
consists of the following observation: values at the quadrature points come in complex conjugate
pairs, as should be expected, although this condition has never been explicitly imposed; this is true
for both the Taylor and the Padé expansions.

7. Conclusion and outlook

In conclusion, the method we developed provides results for the analytic continuation and the
Taylor coefficients of the baryon number density that show remarkable stability with respect to the
different methods (Taylor or Padé) and the integration parameters, namely the radius R and the
angular variable 6: slight changes in the radius and the choice of the integration interval for the
angle 6 did not result in sensitive changes in the computed derivatives.

Based on a preliminary analysis, we can provide fairly accurate estimates for higher order
derivatives of y; that are in good agreement with the bibliography.

We would like to stress that, thanks to the analytic continuation method we have proposed,
the computational cost of obtaining accurate results is far less than the cost required for a direct
lattice evaluation of the same quantities. A full study of statistical and systematic uncertainties is
underway, and it will be presented in a forthcoming publication.

*Obtained with a different regularization scheme.
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