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The U(1)4 symmetry of the massless QCD Lagrangian is explicitly broken in the quantised
theory by the anomaly. It may be effectively restored at some finite temperature, which would
have important consequences for the order of the chiral transition and the QCD phase diagram.
It has been argued in the literature that one way to probe the effective restoration of U(1)4 is to
check for the degeneracy of pseudoscalar and flavour non-singlet scalar correlators. In this work,
we consider a new method of examining this degeneracy based upon hadron correlation functions
on the anisotropic FASTSUM ensembles. The anisotropic nature and our newest Generation 3
ensembles aid in a determination of the effective restoration of the U(1)4 symmetry which we
find to be Ty (1), ~ 320 MeV, well above the chiral transition temperature, which is 7, ~ 180
MeV for our choice of Wilson-Clover fermions.
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1. Introduction

While the massless QCD Lagrangian is invariant under the symmetry SU(ns);, X SU(ny)g X
U(l)y x U(1)a (for ny flavours), the SU(ny)p X SU(nys)g chiral symmetry is spontaneously
broken at zero temperature and the U (1) 4 symmetry is explicitly broken by quantisation [1, 2]. The
chiral symmetry is restored at some finite temperature, while the U (1) 4 symmetry is thought to be
effectively restored — it remains explicitly broken but the breaking effects are suppressed [3]. The
pseudo-critical temperature for chiral symmetry restoration is well known to be about 7}, ~ 154
MeV [4-6] for physical quark masses. In contrast, the effective restoration of the U(1) 4 symmetry is
still not settled [7, 8]. It is becoming evident that U(1) 4 symmetry is likely not (effectively) restored
at the chiral transition temperature, but where and if the restoration occurs is yet unclear [9-12].

The restoration of U(1)4 symmetry should be manifest [13—15] at the level of mesonic cor-
relation functions, specifically through the degeneracy of the pseudoscalar (xr) and the flavour
non-singlet scalar meson (§) channels. This can be examined through the spectral density of the
Dirac operator [16, 17]. Due to our choice of Wilson-Clover [18] fermions, which makes direct
spectral density studies difficult, we instead consider the correlation functions themselves.

The most common approach using mesonic correlators is to consider the susceptibilities

Xr=),GaF7) and  xs=) Gs(E) (1)

where G|, s)(x) are the pseudoscalar and flavour non-singlet scalar two-point correlation function
respectively. The difference in susceptibilities y . — ys is used to study the restoration. These
susceptibilities are used in an attempt to remove ultraviolet divergences [19, 20], which even good
chiral actions such as Domain Wall Fermions suffer from [21]. In order to further reduce the effect of
these ultraviolet — or short distance — artefacts we introduce two additional methods. In combination
with the high-temperature anisotropic FAsTsum ensembles, these enable an examination of where
U(1)4 symmetry is effectively restored at high temperature.

2. Ensembles

In this work we use the latest Fastsum “Generation 3” ensembles [22, 23]. These are anisotropic
ensembles with the temporal lattice spacing a, a factor of £ = ag/a,; ~ 7 times smaller than the
spatial lattice spacing. This allows a fine spread of temperatures using the fixed-scale approach,
wherein the temperature is changed by changing the temporal extent of the lattice, T = 1/(arN.).
Following the HadSpec Collaboration [24, 25] we use an O (a2) improved gauge action and an
O (a) improved Wilson-Clover fermion action.

The light quark mass is tuned to closely reproduce the pion mass of our previous “Generation
2” ensembles [26-28] giving m, = 378(1) MeV with a near physical strange quark mass. The
spatial lattice spacing is ag = 0.10796(57) fm with anisotropy & = ag/a, = 7.0161(94). The

N [256 128 112 9 80 76 72 68 64 56 48 40 36 32 24
T(MeV) | 50 100 114 133 160 169 178 188 200 229 267 320 356 400 534

Table 1: Generation 3 ensembles showing the temporal extent N, and the corresponding temperature.
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pseudocritical temperature, measured via the chiral condensate, is T,c ~ 180 MeV. The Generation
3 ensembles span a broad range of temperatures with 7 € [50, 534] MeV as shown in Table 1.
The zero-temperature ensemble, N, = 256, has spatial extent Ny = 24, while for the others it is
Ng =32.

3. Results using local correlation functions

Here we discuss the three methods used to examine the degeneracy of the pseudoscalar and
flavour non-singlet scalar mesons using “local-local” (point source and sink) correlators.

3.1 Standard Definition
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Figure 1: Left: Subtracted susceptibilities y . — xs, see Eq. (1). Right: Subtracted normalised suscepti-
bilities y7™ — ¥5°™, see Eq. (2). The correlator has been normalised at the mid-point first and summed
starting at Tmin 7 = 0.2.

The results using the standard definition (1) are shown in Fig. 1 (left). Although there is a clear
decrease in the difference of susceptibilities as the temperature increases, the difference remains far
from zero, suggesting that there is no degeneracy. The susceptibilities here are unrenormalised. This
is because the operators used do not (necessarily) have the same overlap with the pseudoscalar/scalar
states and hence subtraction will not show degeneracy. Furthermore, any short-distance effects due
to excited states and the Wilson term are unmitigated here.

3.2 Normalise and cutoff

The second definition introduces a short-distance cutoff: each (temporal) correlator is nor-
malised at its mid-point and only summed after a few time steps to reduce short-distance artefacts.
We first define, for the remainder of this manuscript, G, 5](7) = X3 G[x,s](X,7) and then
construct the susceptibility

N /2
_ Gir,51(7)
norm _ > ) o)
X[ﬂ,&] T;ﬂn G[ﬂ,(s](NT/Z) ( )

We then take the difference Y ;™ — y 5°™ as before. The improvement here is twofold — first
the dependence on the overlap of the energy states in the operators is removed by normalising
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with respect to the mid-point of the correlator, where the ground state dominates, and second,
short-distance effects are removed by introducing a short-distance temporal cut-off 7y, Hence we
have enhanced the sensitivity of Y™™ to infrared effects relevant to the (effective) restoration of
U(1)4 symmetry. The difference in the resulting susceptibilities is shown in Fig. 1 (right). Here
the sum starts from 7yin 77 = 0.2. This difference now approaches (and crosses) zero showing
(effective) U(1)4 symmetry restoration. Remnant artefacts due to the Wilson term may still be
present on ensembles with short temporal extent. This contributes to the rise of the susceptibility
difference above zero. While care must be taken when choosing 7y, we find that in this setup
U(1)4 symmetry is effectively restored at T > 225 MeV.

3.3 Normalised Ratio
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Figure 2: Left: Ratio of normalised correlators R(7), see Eq. (3). Note that the data corresponds to the
legend in the figure on the right, with the temperature increasing vertically along the left-hand side of the
plot. Right: Ratio R(7) for free Wilson correlators on lattices of the same dimensions as Generation 3.

The final method we consider is to construct a ratio of the difference of normalised correla-
tors [27, 29, 30]

_Gx(0)-Gs()

Gal(1) +Gs(r)
where G () is the mid-point normalised correlator G(t) = G(1) /G(N/2). This ratio is con-
structed such that it is close to =1 when the correlators are non-degenerate and the ground state

R(7) 3)

masses differ substantially, and zero when they are exactly degenerate. The ratio vanishes at
T = N/2 by construction. Since m, < mgs, non-degeneracy is indicated by values close to
—1. The mid-point normalisation handles any relative difference in the operator overlap. With
different mesonic channels, this ratio has previously been used to examine the chiral transition
temperature [27, 30]

This ratio is presented in Fig. 2 (left). The ratio is, of course, symmetric for mesonic correlators.
It is clear that as the temperature increases, in the intermediate region of 77 ~ [0.2, 0.4] it gets
closer to zero. At the edge of the lattice there is an upwards curvature. This behaviour can be
understood through consideration of free Wilson correlators (for details, see Ref. [30]) as in Fig. 2
(right). Here the influence of artefacts due to the Wilson term is manifest at the edges of the lattice.



U(1) 4 symmetry restoration at finite temperature with mesonic correlators Ryan Bignell

4. Smeared Ratio
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Figure 3: Ratio R(7), see Eq. (3), for four different smearing radii (including none) at T ~ 160 MeV (left)
and T ~ 356 MeV (right). Note that the vertical scales are different.

Up to now, we considered local-local correlators only. To reduce the impact of the artefacts
due to the Wilson term, we consider now standard Gaussian smeared correlators [31, 32]. Source
and sink smearing is a common technique used to reduce overlap with heavy excited states, some
of which are due to the nature of the Wilson-Clover action.

To tune the amount of smearing used we compare the resulting ratio (3) for four different levels
of smearing (including none) in Fig. 3 at two different temperatures. The amount of smearing
is described by the root-mean-square radius of the Gaussian profile on a free point source. The
rrvs = 6.79 profile was chosen to match the one previously optimised for nucleon and charm
baryon spectroscopy in Refs. [27, 32]; the other values were chosen to be smaller in radii.

From Fig. 3 it is evident that at very high temperatures (T ~ 356 MeV) that there is little
difference between the smeared correlators, but that at lower temperatures (7' ~ 160 MeV) larger
differences remain (note the vertical scale in the left and right plots is different). Close to the
mid-point of the correlator, the ground state should be dominant and the smeared correlators should
resemble the “local” or unsmeared correlator and this is observed for all but the rrpms = 6.79
correlators. Hence we discard these. Of the remaining correlators, we select the rrys = 2.45
correlator corresponding to k = 1.96,n = 6 in our smearing algorithm [31, 32], as it most
effectively eliminates the upwards curve at short temporal separation.

4.1 Integrated Ratio

The ratio constructed in Eq. (3) is useful as it allows an examination of the influence of Wilson
artefacts and the desired degeneracy (or lack thereof), but it is difficult to use it to determine
at what temperature degeneracy occurs. Hence in the spirit of the original definition (1) of the
susceptibilities, we construct the integrated (summed) ratio
Nz /2 2
R(t. Noj2: T) = 2270 N7j§T,T)2/0':R(T,T)

o 1/ogx(T,T)

Tmin

4

where R(7,T) is the ratio of Eq. (3) and og(7,T) the corresponding uncertainty. As in the
definition of Eq. (2), there is some freedom in the choice of 7p;, but we find that the use of smeared
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Figure 4: Left: Ratio R(7), see Eq. (3), using smeared correlators. Right: Corresponding integrated ratio
R, see Eq. (4). The orange curve is a spline interpolation used to find the intercept of the curve with zero.

correlators greatly reduces this effect. This integrated ratio inherits the properties of the underlying
ratio, namely that degeneracy is evident by a zero value and non-degeneracy by a value close to —1.

In Fig. 4 (left) we show the ratio of Eq. (3) using smeared correlators. Note how the introduction
of smearing has greatly reduced the upwards inflection at the edges of the lattice in comparison to
the unsmeared correlators and that the ratio now remains close to zero once degeneracy has been
reached. It is important to note that all the ratio plots are plotted as a function of 77 and hence an
ensemble at a higher temperature has fewer points.

The integrated ratio of Eq. (4), using the smeared correlator data, is shown in Fig. 4 (right).
Here the sum is taken from Ty, 7 = 0.05; hence Ty, is different for each temperature. The
correlators are clearly not degenerate at the chiral transition temperature 7, ~ 180 MeV, but instead
become degenerate at a much higher temperature. To determine the temperature at which this
occurs, a cubic spline interpolation is performed and the intersection with O is found. For this data,
this temperature is Ty (1), = 317(4) MeV, significantly above T,.. The uncertainty of 4 MeV is
purely statistical; a fuller determination of systematic uncertainties is planned.

Although the integrated ratio becomes slightly non-zero and crosses zero after Ty (1), this
is not too concerning. Even though the smearing has mitigated artefacts due to the Wilson term,
the fermion action still explicitly breaks chiral symmetry — the impact of this seems slight in the
vector/axial-vector integrated ratio as we recently examined [30]. Our set-up is at a moderate quark
mass (m, ~ 380 MeV) and here we clearly see the effective restoration of U(1)4 symmetry.

5. Conclusions and Future Work

We studied the effective restoration of U(1) 4 symmetry on Generation 3 FAstsum ensembles
with Wilson-Clover fermions, with a pion mass of m, ~ 380 MeV and an anisotropy of & ~ 7,
by analysing an integrated ratio of smeared 7 and ¢ correlators. We found that this symmetry is
effectively restored at 7 = 317(4) MeV, well above the chiral transition temperature T, ~ 180 MeV.

An advantage of the anisotropic FAsTsum ensembles is that they span a broad range of tem-
peratures, both below and above Tj,.. This, combined with the anisotropic nature which enables
temporal correlation functions with many points, allows a novel investigation of the susceptibilities
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before they are summed. In particular, the use of the (integrated) ratio has allowed for a detailed un-
derstanding of systematic effects associated with the Wilson term and the choice of 7y,;,. This work
confirms the lack of U(1)4 restoration at T, and provides a new way to determine the transition
temperature.

In the future we will include the other Fastsum ensembles, Generation 2 [26—28] and 2L [27,
33, 34], to give an estimate of systematic effects associated with the pion mass and the anisotropy.
It is interesting that for our ensembles the effective restoration temperature for U(1)4 is close to
the transition temperature found in Ref. [35] via centre vortices, indicating the possible existence
of a third high-temperature phase of QCD matter [35-37]. We also look forward to applying these
methods to the puzzle of chiral spin symmetry [38—41].

Software and Data

The Generation 3 ensembles were generated using OPENQCD-Fastsum [42]. They will be
made available at some point in the future in accordance with Fastsum’s sharing policy. The
correlators and analysis workflow will be made available along with a future publication. This
analysis makes extensive use of the pyTHON packages GVAR [43], MAaTPLOTLIB and NumMPY as well
as a jackknife analysis implemented in FORTRAN using the FORTRAN-PACKAGE-MANAGER [44, 45].
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