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Drawing upon well established zero-temperature techniques, we present, for the first time in a
lattice calculation, insight into the fate of the 1−+ exotic charmonium state at finite temperature.
Specifically, using anisotropic Fastsum ensembles we employ distillation with a wide operator
basis which has been extensively used at zero-temperature by the Hadron Spectrum Collaboration
to study the charmonium spectrum. The constant contribution to some finite-temperature temporal
correlation functions requires particular care with the extended operator basis common to distilla-
tion setups and we discuss this effect. As an alternative to derivative based extended operators, we
also consider the use of optimal distillation profiles at finite temperature for the first time. Finally,
we remark on the temperature dependence of the 1−+ spectral function by consideration of the
reconstructed correlator method.
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1. Introduction

States with quantum numbers not allowed in the quark-constituent model are referred to as
exotic and have been the focus of many theoretical and experimental studies. The so-called XYZ-
states, some of which are in the charmonium energy region, were detected and confirmed by Belle,
BaBar and BESIII but their composition and dynamics are not yet fully understood [1, 2]. These
and other exotic states can be directly studied in lattice QCD, which is in principle systematically
improvable and also allows for the exploration of mass and temperature dependence. In particular,
the exotic charmonium state allowed by QCD with 𝐽𝑃𝐶 = 1−+ has been extensively studied in
lattice QCD at zero temperature by different collaborations [3, 4] to establish its mass and decay
dynamics. In Ref [3] a convincing case is made for the identification of this state as a hybrid
meson based on an analysis of operator overlaps. The study of these overlaps highlighted that in the
large operator basis used, those subduced from continuum spin-1 operators with non-trivial gluonic
content overlapped significantly on to the ground state of the 𝑇−+

1 channel.
In this work we turn our attention to the finite-temperature setting and investigate how zero-

temperature spectroscopy techniques can be used (with some caveats) to study the fate of the hybrid
meson as temperature increases. The pattern of melting and suppression of states in medium may
offer an additional insight to the nature and structure of strong matter and the first steps in this
direction for hybrid states is explored here.

2. Methods and ensembles

In lattice spectroscopy, states are classified according to the symmetries of the cubic group 𝑂ℎ

and its irreducible representations (irreps) 𝐴1, 𝑇1, 𝐴2, 𝑇2, 𝐸 . By subduction and using the operator
overlaps, as discussed above, these states can be related to states with continuum spin. Our goal
is to use well-established zero-temperature spectroscopy techniques at finite temperatures to better
understand the 1−+ charmonium state. A particularly robust approach is presented in [3], where
a wide basis of derivative-based meson operators [5] is used together with distillation [6]. The
operators with lattice angular momentum quantum numbers, 𝑇−+

1 , for the state of interest here,
are built from operators with fixed 𝐽𝑃𝐶 in the continuum, in this case the relevant ones being
1−+, 3−+ and 4−+. While we expect that the ground state 𝑇−+

1 can be identified as a continuum
1−+, nonetheless it is a good idea to use as many sensible operators as possible so that a GEVP
calculation [7, 8] can properly resolve all the relevant radial excitations in the one-particle case.
Following this approach, we have 18 different operators using up to three spatial derivatives for the
𝑇−+

1 hybrid charmonium. While these operators have the correct lattice angular momentum as well
as parity and charge conjugation quantum numbers, there are two additional symmetry constraints
to be considered.

First, we have to work with periodic boundary conditions in time for the gauge fields. Given
a two-point temporal correlation function between two meson operators 𝐶 (𝜏) =

〈
O𝑖 (𝜏)O 𝑗 (0)

〉
over a total temporal extent 𝑁𝜏 , then 𝐶 (𝑁𝜏 − 𝜏) = 𝐶 (𝜏) if both operators O𝑖 and O 𝑗 have the
same behaviour under time reversal or 𝐶 (𝑁𝜏 − 𝜏) = −𝐶 (𝜏) if they have opposite behaviour. As
explained in [9], this makes the extraction of energies from the GEVP eigenvalues more complicated
if we consider a correlation matrix containing operators with different time-reversal symmetries.
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For this reason we take all operators for a given lattice irrep 𝑅𝑃𝐶 , 𝑅 = 𝐴1, 𝐴2, 𝐸, 𝑇1, 𝑇2, and
further classify them according to their time reversal symmetry. While this reduces the size of the
correlation matrices available it allows us to extract energies from the periodic eigenvalues of the
GEVP in the usual way.

Second, the use of finite temperature can introduce a constant contribution to two-point temporal
correlation functions of any quantum numbers based on the meson operator used. In particular,
for a meson operator of the form 𝑞 Γ 𝑞, the corresponding correlation function will have a constant
contribution if {𝛾4, Γ} ≠ 0 [10–12]. We could attempt to get rid of this constant contribution by
applying a derivative in time or defining a midpoint-subtracted correlation 𝐶̃ (𝜏) = 𝐶 (𝜏) − 𝐶

(
𝑁𝜏

2

)
as proposed in [10]. However, for small enough values of 𝑁𝜏 the correlation has not decreased
enough and there are large numerical cancellations when doing the midpoint subtraction. To avoid
dealing with numerical precision problems, we choose to further classify the operators into two
groups: those which anti-commute with 𝛾4 and those which do not. This last sub-classification of
operators yields a list of operators for each choice of 𝑅𝑃𝐶 , time-reversal and 𝛾4-anti-commutation.
By starting with a large list of operators for all 𝑅𝑃𝐶 , the reduction in basis size is not too dramatic
for most irreps and still allows for a variational approach to spectroscopy calculations.

2.1 Ensembles

This study uses the Fastsum collaboration Generation 2 ensemble configurations [13–15]
which have a Symanzik-improved anisotropic gauge action with tree-level tadpole-improved coeffi-
cients with 𝑁 𝑓 = 2+1 flavours of anisotropic clover-improved Wilson fermions with stout-smeared
links [16]. The tuned anisotropy is 𝜉 = 𝑎𝑠

𝑎𝜏
≈ 3.5, with 𝑎𝑠 ≈ 0.12 fm and 𝑎−1

𝜏 ≈ 5.7 GeV. The spatial
volume is 243 for all temperatures, with temporal extents 𝑁𝜏 = 16, 20, 24, 28, 32, 36, 40, 128. In
Table 1 we show the different temperatures in MeV and their ratio to the (pseudo)critical temperature
𝑇𝑐 set by the renormalised chiral condensate [14]. The zero-temperature ensemble (𝑁𝜏 = 128) is
the Hadron Spectrum (HadSpec) collaboration ensemble used for their charmonium calculations in
[3], where the pion mass is ≈ 385 MeV.

𝑁𝜏 128 40 36 32 28 24 20 16
𝑇 (MeV) 44 141 156 176 201 235 281 352

𝑇/𝑇𝑐 0.243 0.777 0.864 0.972 1.11 1.30 1.56 1.94

Table 1: Different temporal extents and corresponding temperatures in the Generation 2 ensemble.

3. Spectrum calculation and reconstructed correlators

The focus in this study is the 𝑇−+
1 channel, for which we originally had the 18 operators

also used in [3]. Enforcing same time-reversal symmetry results in two groups of operators, each
with nine operators. We found that the individual operators of one group yield effective masses
almost identical to their corresponding partner in the opposite time-reversal channel. This is not
unexpected, as for the 𝐴−+

1 the operators 𝛾5 and 𝛾4𝛾5 have opposite time-reversal symmetry and are
often found to produce almost identical effective masses in the literature when using connected-only

3
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Figure 1: Effective masses of the ground state 𝑇−+
1 (1−+) charmonium at 𝑁𝜏 = 40 using different operators

labeled by the convention of [18]. The 8 and 1 mean the operator is either in the group of eight operators
with {Γ, 𝛾4} ≠ 0 or the single operator with {Γ, 𝛾4} = 0 as explained in Sec. 3.

correlations, e.g. [17]. We choose the time-reversal even operators and further divide these into
two groups: eight operators with {Γ, 𝛾4} ≠ 0 and one with {Γ, 𝛾4} = 0. At first glance this seems
problematic since only one operator has all the desired symmetries and therefore a GEVP approach
is not possible. One might think it is worth trying a GEVP with the eight operators of the other
group and deal with the numerical cancellations. However, this turns out not to be necessary. Fig. 1
shows the effective masses of the 𝑇−+

1 obtained in different ways for 𝑁𝜏 = 40, where the numerical
cancellations of the midpoint subtraction are not a problem. The hollow points correspond to using
each operator of the {Γ, 𝛾4} ≠ 0 group individually and the black dots are the effective mass from
a GEVP combining these operators together. The different operators are labelled following the
convention of [18]. As expected, the GEVP converges faster than any of the eight single operators
towards a plateau. The ×-shaped points are the effective masses calculated from the single operator
satisfying {Γ, 𝛾4} = 0. Clearly the latter has a significantly faster convergence to a plateau than
any of the results using the other eight operators, thanks to a much better overlap with the ground
state. This operator includes the chromo-magnetic component B𝑖 = 𝜖𝑖 𝑗𝑘∇ 𝑗∇𝑘 via gauge-covariant
derivatives ∇𝑖 and it therefore vanishes in the absence of a gluon background. The explicit gluonic
dependence makes it well-suited for sampling a hybrid state. It is clear that, for resolving the ground
state, we are not losing any significant information by using the single operator with all the desired
symmetries. This is particularly useful when going to very small 𝑁𝜏 (high temperature), where the
midpoint subtraction is much more problematic.

We use this single “best” operator to extract the ground state effective masses across all
temperatures shown in Table 1 and the results are presented in Fig. 2. At zero temperature [3]
the ground state 𝑇−+

1 has a mass ≈ 0.75 in lattice units, which is consistent with the results at
𝑇 = 141 MeV (the lowest temperature considered here). As the temperature increases, we expect
a change in the spectral density function and therefore the effective mass extraction based on the
zero-temperature one fails to determine a reliable plateau. This becomes particularly clear going
above 𝑇 = 176 MeV, which is the highest temperature we have in this ensemble below 𝑇𝑐 ≈ 181
MeV.
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While these results allow us to follow the hybrid charmonium across different temperatures
with robust spectroscopy techniques, the time-reversal and 𝛾4-anti-commutation restrictions heavily
reduce our operator basis. This impedes using a GEVP based on different choices of Γ for the 𝑇−+

1
case and for the channels where there are more than one operator available the resulting correlation
matrices are not as complete as in the zero-temperature case. We tackle this issue by using the
optimal distillation profiles approach presented in [19].

3.1 Distillation Profiles

Optimal distillation profiles have been shown to provide a significant and computationally
cheap improvement over the standard distillation technique because the vectors involved are used
in an optimal way for each state of interest instead of defining an orthogonal projection in every
case [19]. They have been used in recent zero-temperature meson spectroscopy calculations [17]
and here we apply them for the first time to finite-temperature calculations. Since their inclusion
does not change the time-reversal or 𝛾4-anti-commutation symmetries of the operator, they are a
very simple yet powerful way of increasing the operator basis. We test this first in the 𝐴−+

1 channel,
where we have three operators with all the desired symmetries and can therefore solve a 3×3 GEVP
to use as a reference for any improvement the profiles can bring. Fig. 2 (right pane) shows the
ground state effective masses for the 𝐴−+

1 from two different GEVPs at 𝑁𝜏 = 40; the reference 3×3
one and a 7 × 7 using Γ = 𝛾5 with seven different profiles. The Γ = 𝛾5 operator is also included
in the 3 × 3 GEVP. For the 𝐴−+

1 ground state, it is clear the use of profiles reduces excited-state
contamination more than the inclusion of derivative-based operators together with Γ = 𝛾5 does.
To further reduce excited-state contamination as well as resolve more excitations we can combine
both approaches: use all available operators and combine them with distillation profiles, which in
this case yields a 21 × 21 correlation matrix. As explained in [19], the inclusion of profiles for a
fixed Γ is significantly cheaper than the inclusion of multiple choices of derivative-based Γ since in
distillation this requires the calculation of additional elementals to contract with the perambulators.
The inclusion of profiles simply requires multiplying the already available elementals from left
and right by diagonal matrices containing the distillation profiles. When multiple elementals are
already available, the inclusion of profiles comes at a negligible computational cost. This work is
underway for the 𝑇−+

1 .

3.2 Reconstructed Correlators

The reconstructed correlator method [20–22], can give insight into the change in the spec-
tral content of the state without explicit determination of its spectral function. This is done by
considering the Euclidean correlator in the following form

𝐺 (𝜏;𝑇) =
∫

𝑑𝜔 𝐾 (𝜏, 𝜔;𝑇) 𝜌(𝜔;𝑇),

where 𝜌(𝜔;𝑇) is the spectral function at a given temperature T and the known kernel function is
(for bosonic states)

𝐾 (𝜏, 𝜔;𝑇) = cosh (𝜔(𝜏 − 𝑁𝜏/2))
sinh (𝜔 𝑁𝜏/2) =

𝑚−1∑︁
𝑛=0

cosh [𝜔(𝜏 + 𝑛 𝑁𝜏 − 𝑚 𝑁𝜏/2)]
sinh (𝜔𝑚 𝑁𝜏/2) .
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Figure 2: Left: Effective masses of the ground state𝑇−+
1 (1−+) charmonium across all temperatures included

in Table 1. Right: Effective masses of the ground state 𝐴−+
1 (0−+) charmonium at 𝑁𝑡 = 40 from two GEVPs:

using 3 operators from the available basis and using 𝛾5 with 7 different distillation profiles as described in
[19].
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Figure 3: Ratio of reconstructed correlator (using 𝑁𝑡 = 40 as the zero temperature) to lattice correlator
described in Eq. 1 for the 𝐴−+

1 ground state (left) and the 𝑇−+
1 ground state (right). Note that the temperature

dependence as indicated by the deviation from unity is much greater for the 𝑇−+
1 than for the 𝐴−+

1 .

Here 𝜏, 𝑛, 𝑚 are positive integers and 𝑁𝜏 = 1/(𝑎𝜏 𝑇). Hence we may relate the kernels at two
temperatures 𝑇0 and 𝑇 = 𝑚𝑇0 by

𝐾 (𝜏, 𝜔;𝑇) =
𝑚−1∑︁
𝑛=0

𝐾 (𝜏 + 𝑎𝜏 𝑛 𝑁𝜏 , 𝜔;𝑇0).

We can then construct the reconstructed correlator at a higher temperature using a summation of
the zero-temperature correlator

𝐺𝑅 (𝜏;𝑇,𝑇0) =
𝑚−1∑︁
𝑛=0

𝐺 (𝜏 + 𝑛/𝑇 ;𝑇0).

This requires that 𝑇/𝑇0 is an integer; as this is not usually the case the zero-temperature correlator is
“padded” with extra data points until an integer ratio is obtained. For truly zero-temperature heavy

6
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meson correlators this has negligible effect if padding is done with zeroes or the minimum value of
the correlator.

The reconstruction allows an examination of the change to the spectral function 𝜌(𝜔,𝑇) without
requiring a spectral reconstruction but offers no insight into what the changes are. To examine the
change we consider a ratio of the reconstructed to lattice correlators

𝑅(𝜏, 𝑇) = 𝐺𝑅 (𝜏, 𝑇 ;𝑇0)
𝐺 (𝜏, 𝑇) , (1)

such that small shifts from one indicate only small changes in the spectral function.
We present this ratio in Fig. 3 where the 𝐴−+

1 ground state (left) is compared to the 𝑇−+
1

ground state (right). It is immediately clear that the 𝑇−+
1 ground state is much more affected by the

temperature than the 𝐴−+
1 ground state as the correlator ratio is significantly further from one at all

temperatures above 𝑇 ≈ 176 MeV. The rising upwards at the centre of the 𝑇 = 156 MeV ratio for the
𝐴−+

1 is attributed to the use of the 𝑁𝜏 = 40 ensemble as the zero-temperature correlator in the ratio
rather than the actual zero-temperature (𝑁𝑡 = 128) ensemble. This has a two-fold effect: firstly
the 𝑁𝜏 = 40 𝐴−+

1 correlator is not very exponentially suppressed in the middle of the lattice yet
(indeed, it is two orders of magnitude larger than the corresponding 𝑇−+

1 correlator) and secondly
the 𝑁𝜏 = 36 requires the most “padding” to form an integer ratio. Both of these problems may be
resolved through use of the 𝑁𝜏 = 128 ensemble and work in this direction is in progress.

4. Conclusions and Outlook

In this work we successfully applied, for the first time, the distillation technique together with a
HadSpec’s wide basis of meson operators for spectroscopy at finite temperature. While most of the
process involved in this approach remains the same as in the zero-temperature case, e.g. calculation
of perambulators and elementals, the finite-temperature setting includes two additional symmetries
which must be carefully dealt with at the meson operator level before effective masses can be reliably
extracted from a GEVP; time-reversal and 𝛾4-anti-commutation. While the most straightforward
way of doing this is further grouping the available operators based on these two symmetries, this
effectively reduces the number of operators available for each GEVP. For the 𝑇−+

1 this results in just
one operator with all the desired symmetries, impeding the use of a GEVP involving more than one
operator. Other channels such as the 𝐴−+

1 suffer a reduction from 12 to 3. We tackled this issue
by using the recently proposed approach of optimal distillation profiles. The introduction of the
profiles does not break either of the two additional symmetries and therefore allows an increase the
basis size. For the case of 𝐴−+

1 we observed that one choice of Γ with different profiles resulted
in ground state effective masses with less excited state contamination than the use of multiple Γ.
We plan on combining both approaches to fully exploit a more complete basis of operators to get
physically useful information at earlier time separations of the correlation functions, which is vital
when going to high enough temperatures where the temporal extent is very short. Nonetheless,
with the standard approach used here we could map the effective masses of the hybrid charmonium
across different temperatures. As a next step, we plan to repeat and extend these calculations
on Fastsum’s Generation 3 ensembles [23]. Their physical characteristics are very similar to
Generation 2 however they have twice as many temporal points at each temperature.

7
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The reconstructed correlator ratio reveals that the 𝑇−+
1 ground state is more strongly affected by

temperature than the corresponding 𝐴−+
1 ground state. This is an important check as it distinguishes

temperature effects from known temporal length effects which are present in e.g. the effective mass.
The use of 𝑁𝜏 = 40 as the zero-temperature ensemble is seen to not be a good substitute for zero
temperature and this will be corrected using the 𝑁𝜏 = 128 ensemble. It would be interesting to
apply a spectral function reconstruction method such as the Maximum Entropy [24, 25] or Bayesian
reconstruction [26, 27] methods to directly investigate the spectral content of the 𝑇−+

1 at finite
temperature.

Software & Data

The error analysis is done using the Γ-method [28–30] with automatic differentiation [31] via
the pyerrors library [32]. We thank the Hadron Spectrum Collaboration for the use of its code
framework, particularly the Chroma [33] software suite and the Redstar [34] package. The gauge
field ensembles are publicly available [15] and we anticipate making other data available after a
future publication.
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