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1. Introduction

Fermionic determinant and fermionic Green’s functions play a central role in numerical simu-
lations of strongly interacting fermions. In lattice QCD, these objects are usually calculated in terms
of some discretization of the four-dimensional Euclidean Dirac operator D = 1y, (6 [0x, —iA ,u) +m,

where y, = yj, are Euclidean gamma-matrices, A, = {Ao, A } are gauge fields, and m is the quark
mass. In some applications, such as simulations of canonical partition functions at finite fermion
density [1, 2], spectral reconstruction problems [3], or numerical studies of anomalous transport
phenomena within the Wigner-Weyl formalism [4-6] it is advantageous to work with dimensionally
reduced operators in three spatial dimensions. In particular, three-dimensional representation of
fermionic observables and path integral weight can be related to the Hamiltonian formulation of
gauge theories [7], where many questions related to real-time dynamics, quantum entanglement,
and finite fermion density can be asked in a more natural way. Hamiltonian formulation is also
attracting considerable attention in the context of simulating gauge theories on quantum computers.

The fermionic part of the Hamiltonian of a lattice gauge theory has a general form Hp =

~ T e ~ . . . . - - .
) %Z ¢i,ah£"l;§’ 8 [A] ¥5.5, Where summation goes over spatial lattice sites x and y and any inter-
X,y,a,B8
nal indices @, 8 such as spin, colour, or flavour. w; , and Y5 g are the fermionic creation/annihilation

operators, and i3 o5 g [;1)] is a single-particle fermionic Hamiltonian that depends on spatial com-
ponents of the gage field A. It is convenient to use the short-hand index-free bilinear form notation
Hr =y hy.

The partition function of lattice gauge theory can be directly represented as a path integral

over Euclidean-space gauge fields {AO (1,%), A (T, )?)} with the weight that includes the fermionic
determinant with the single-particle Hamiltonian % [8, 9]:

. No—1
Z:/Z)Ao (1,%) DA (T,f)e‘SYM[A"’Ax] det(1+ [ T,), (1)

=0
where Sy [Ao,gx] is the bosonic action for gauge fields, 7, = e_ATh[A(T)] AT A7) gre the

.. . —Arhlg T l
fermionic transfer matrices, and e ()

are matrix exponentials of the single-particle Hamil-
tonian A with the gauge field A (r) = A (t,X%) that depends on Euclidean time 7. The latter is
discretized into N time slices separated by small steps A7. The factors e?2740(7) in (1) are holon-
omy operators that parallel transport fermionic wave functions between neighbouring time slices

and include only the time-like components Ag (7, x) of gauge fields.

Connected Euclidean correlators of fermionic bilinear operators 0= > rf/; 00 35,8 [Z ] 1/;95 B
y.ap
can be likewise represented in terms of 7-ordered products of 7+:

G(r)=Z'ur (Oe‘fﬂoe—(ﬁ—rm) _

T-AT Ne-1
:<tr oF || 1o HTTIT)>, 2
7'=0 T'=7
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where F = (1 + [] T~ is a generalization of the Fermi factor (1 + e‘ﬁh) , where g = T~!
7/=0
is an inverse temperature. In (2) we average over all gauge configurations with the weight dictated

by the path integral weight in the partition function (1).

The expression (2) becomes particularly instructive in the high-temperature, semi-classical
limit, where the gauge fields become effectively T-independent, the time-like gauge field components
Ap decouple, and (2) reduces to the expression that allows for direct reconstruction of real-time

spectral function in terms of eigenvalues of the single-particle Hamiltonian 7 = h [Z] in the

background of static gauge fields A (%) [3]:

_ L rhpp-g-—on__1
G (T) =1tr (Ome Oe m . (3)

In [1, 2] it was demonstrated that the determinant of a four-dimensional Wilson-Dirac operator
Dwp can also be reduced to the determinant of a three-dimensional operator with a structure

similar to (1): det(Dwp) ~ det (1 + 1 TXV D). While the properties of the fermionic transfer
T

matrices TP were analyzed in detail [1, 2, 10—13], their relation to the single-particle fermionic

Hamiltonian in the general expression (1) and their Hermiticity has not been demonstrated so far.

Explicit expressions for expectation values of fermionic bilinear operators (2) are also not available

in the literature.

In these Proceedings, we reformulate the dimensional reduction formulas of [1, 2] directly in
terms of Wilson-Dirac Hamiltonian, and extend them to the case of anisotropic fermionic action
with different lattice spacing for time and spatial directions [14, 15]. This allows us to directly
expose time discretization artifacts that affect numerical analytic continuation of Euclidean-time
fermionic correlators to real time, and hence the extraction of fermionic spectral functions from

lattice QCD simulations.

2. Dimensional reduction for anisotropic clover-improved Wilson-Dirac operator

Our starting point is the clover-improved Wilson-Dirac operator Dwp [14, 15], implemented
in the OpenQCD-FASTSUM code [16]:

(DWD)T,)_E;T’,SF
1

uz

—

P_ UT,)?,O St 6T+1,T’ + P+ U‘:,?,O St 67_1’7_,) 6~’~ _ (4)
3

1 1 -y T+ye), o+
_yf m ; (( 5 ) U-r,fc,k(S)'HEkj + ( > UT’,},kéf_Ek’j; Or,75

where my is the quark mass, u;, is the tadpole improvement factor, and U, 3 , are SU (3)-valued
link variables. The factor s, is equal to +1 forall 7 = 0... N, — 2, and is set to —1 for the last time
slice with 7 = N, — 1 to account for anti-periodic boundary conditions for fermions. y is the bare
fermionic anisotropy which can be interpreted as an unrenormalized ratio ay /At of spatial ay and
temporal At lattice spacings, hence the continuum-time limit corresponds to the limit yy — +o0.
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¢y are the basis vectors on the spatial lattice that correspond to shifts by one lattice spacing in
the direction k. We assume periodic boundary conditions for spatial and temporal directions. In
particular, index shifts in 0.1, assume that 7 is a cyclic variable defined modulo the temporal

lattice size. Py = ]i% are the spinor projection operators with the following properties:
yoPs=+P,, P2 =P,, P,P;=0, P,+P:=1. (5)

3.

1 cr i
Cl.=—= E = [0, F. s or 6
,% 214,;142 £ 2 [v0, vl 7,X,0k (6)

1 CR i
Ci=7373 > 5 i i Frzjio ©)

where cr and cg are the anisotropic temporal and spatial clover parameters, v is the ratio of bare

gluonic and fermionic anisotropies, uy is the spatial tadpole improvement factor, and Fy ; ,, =

F! = —F% 7, is the lattice field strength tensor that takes values in SU (3) Lie algebra
X,T,uv >t

(Hermitian, traceless matrices).

We now introduce the Wilson-Dirac single-particle Hamiltonian

(hXVD)}j = %Yo (mo Urys +3+ Ci)_c.) 5553 - (8)

3
-k 1+ vk
~Y0 Z (( 5 ) Ur 2 k03485 + ( 5 Ui,&kéz-ak,y
k=1

k- WD

that depends on the Euclidean time 7 via the link variables U, 3 is a Hermitian operator.

In the continuous spacetime, the four-dimensional Dirac operator can be related to the 7-dependent
single-particle Dirac Hamiltonian k. as D = o (d; + h;), or, equivalently, yo D = 0; + hy.
Motivated by this relation, we rewrite the product u; yo Dwp as

Uz (YODWD)T,};T’j =70 (1 + C;’}) Ox,y07,77 +

+P—UT,5€,O555,§ St 071,77 — P+Ui/’§’055f,§ S 0r—1,77 + 7}1 (h-;‘/-VD))? 3 07,7 )
Following [1, 2], we now define an auxiliary four-dimensional operator
(P)T,X;T’j = P_CST’T/(S;C'J; + P+UT,},O St 5T+1,T/555’5; (10)

with det® = 1.

The product of u; yo Dwp and P can be represented as a block matrix with blocks indexed
by Euclidean time labels 7, 7/, where the blocks are only non-zero on the main diagonal and for
7" =7+ 1 (up to periodic boundary conditions):

ur (YoODwpP)z 3005 = —(@r)z5 0r.00 + (Br)z5 Ur 505t 074100 (11)
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where we introduced the three-dimensional operators

(@r)z5 =035 - ChL . P-Sz5 -7y (h‘TVD))_C. . P,

(B)z5 = 05,5 = C o Prozs vy (W) P (12)

The time-like clover terms were simplified using the identities yOC; 3 P, =-C! _ygP. =
FC : 3 P, that follow from the algebra of Euclidean gamma-matrices.

Using the identities det (yo) = 1 and det (P) = 1, we canwritedet Dwp = u; N det (u; yo Dwp P),
where N is the overall dimension of the linear operator Dy p. Using the special “periodic upper-
diagonal” structure of the block matrix u; yo Dwp %, its determinant can now be reduced to a

product of determinants of three-dimensional operators [1, 2]:

T

N N
1—[ det(u,_l aT)) det (1 + (a;lﬁTUT,o)

T=1

det (Dwp) = u; N det (u; yo Dwp P) = , (13)

7=1
where N is the total number of time slices, and U, o is a three-dimensional operator defined as
(Uz0) 5 = Uz 30035 Comparing this expression with the fermionic determinant in (1), we
conclude that the three-dimensional operator a7 '8, U- ¢ should approximate the three-dimensional

_ATh[A(T)] ¢ 4(7) " On the lattice, the gauge field variables A (t) and Ag (7) are

encoded in the link variables U, 3 x and U 3 o.

operator e

. wD . ..
Let us now demonstrate that the product a;' B, indeed converges to e27"" " in the limit

At — 0, or, equivalently, yy — +oo. By virtue of particle-anti-particle symmetry, this transfer
matrix is equivalent to e "7 s

It is now convenient to express all three-dimensional operators as block matrices in a “non-
relativistic” representation for Euclidean y-matrices, where yoy = diag (1,—1). The Hamiltonian
and the o and B matrices then have the following structure (for simplicity, we omit the 7 indices,

understanding that all operators depend on the time slice 7):

hWD:( m —i&-%) a:(l —y;lm) ﬂ:(lwfmo

—ig-V -m 0 1+7J:1m y]‘clp_ 1]’
A C - — C -
R R - S . T
m=m'= - —+ - B, +=p.=0-|-iVx &l, 14
mO”z'}’f 2 21/1,{%0- p— p_ (%8 ( l 2uzu§ ) ( )

where A is a covariant lattice Laplacian, ¢ is a vector of Pauli matrices, B=1 /2 > ei_,kFijEk
i,j.k

and & = yy Fox ¢y are the lattice chromo-magnetic and chromo-electric fields, and V is a covariant

lattice derivative based on a central finite-difference approximation. Using the general expression

for the inverse of block matrices, we find

-1
-1 -2 -1 -1 -1
Wl 1+yf m+y, p+(1+yf m) p_‘yf p+(1+yf m)

y}:l (1+7}1m)_1p_ ‘ (l+y}1m)_l (15)

To discuss the relation of the operators a~! B to fermionic transfer matrices of the form T, =

~Ath|A ; . . .
e " [ (T)] eA74(7) " we note that each transfer matrix 7 is a product of a Hermitian operator
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—ATh|A . ; .
e ' [ (T)] and a unitary operator ¢A7 40(7)  Operators a;' B can also be brought into a form

P L (A (16)

by using the matrix radial decomposition, whereby any matrix A can be represented as A = RU, with
R being Hermitian and positive-definite matrix, and U being unitary. The unitary factor U can be
interpreted as an additional renormalization of the time-like holonomy factors U g — U, 0U in
the time-ordered products of o '8, U+ o in (13). The effect of this factor is similar to introducing

AL FWD
Ath accounts

“fat” Polyakov loops [17]. Likewise, the Hermitian and positive-definite factor e
for additional renormalization of the Wilson-Dirac Hamiltonian in the presence of time-like clover
terms.

At very high temperatures, chromo-electric fields Eare Debye-screened. With high-temperature
dimensional reduction and spectral reconstruction as the main motivation for this work, let us there-
fore consider a simplified case in which the chromo-electric fields E are neglected and the operators
p+ and p_ become equal to each other: p, = p_ = p.

In this case, the representation (15) makes it clear that o ~! 8 is a Hermitian operator: diagonal
blocks are Hermitian operators, and off-diagonal blocks are Hermitian conjugate to each other.
Following [1, 2], one can also demonstrate that eigenvalues of @' come in pairs (4, A1 ). Given
that the spectrum of p and m operators has a finite support, it is also clear from (15) that eigenvalues
of a~! j3 are positive for sufficiently small y}:l.

Expanding (15) in powers of y;l, it is also easy to show that

p?  —-pm
—mp m?

1 hWD

01_1[3 =1 +y}1hWD +y]_c2 (

+0(r7) =™ 10 (37?). (17)

Given that yj;l ~ At /ag, this establishes the connection between the factors a; '8, in (13) and the
exponentials e 27" in (1).

Furthermore, since a~!# is a Hermitian and positive-definite operator (for sufficiently small
y_;l), we can introduce an effective single-particle Hamiltonian 27 that governs the Euclidean

time evolution at finite temporal lattice spacing. To this end, we identify a =!8 = €27 O Taking
the matrix log of both parts and expanding in powers of y}l, we obtain

TWD _ WD -1 (Pz_mz) /2 (pm-—mp)/2
h =ash tasyy —(pm—mp) /2 —(p2—m2)/2

+0 (y;z). (18)

We conclude that the effective Hamiltonian 22 indeed converges to the Wilson-Dirac Hamiltonian
hWP as defined in (18) in the continuum time limit y}l — 0.

TYP = a;!'B,U. is indeed the transfer matrix that describes the

To demonstrate that
propagation of physical fermion states, it is also useful to rewrite the fermion propagator D“,VlD in

terms of three-dimensional transfer matrices. To this end, we write

Dyp =P (u; o Dwp P)™" 0. (19)
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Due to its special “upper-diagonal” structure, the inverse of the operator (1; Yo Dwp )~ ' can be
explicitly calculated as:

-1

~Fr 11 TVP a7, >
T=T]
((Mt Yo Dwp P)_l) = {~Fraz, =T,
. No-1 -1
Fr I1 T:VD 11 TTWDQ/;ZI, ™ < T
T=T] =0
Ne-1 -1 -1
Fr, = (1+ [T 1] TZVD) . (20)
T=T] 7=0
Expressing D“VID in terms of (u; yo Dwp P)~" and inserting the result into the general ex-
pression
G (1) = <tr (yOO (D3). w0 (D3p) )> @1
0,7 7,0
for the connected part of the fermionic correlators, we obtain closed expressions of the form (2),
where TWP is used as the transfer matrix:
7-1 Ne—1
G (1) = <tr OF ]—[ VPO ]_[ T;‘,“D%)>, (22)
7/'=0 T'=T

where O is a modified single-particle observable operator, which differs from the original operator
0 in O = ¢ 0Oy by terms of order 7]21 and higher. This difference arises because of additional
boundary terms, like the last factor of a/;zl in (21), and the projection operators P. in ¥ in (19).

3. Dimensional reduction at high temperatures

TWD = A" and taking the high-temperature limit where the space-like

After identifying
link variables are independent of the Euclidean time 7 and time-like links are equal to unity, we can
map the expression (22) to the form (3), with & replaced by 2V?. In this limit, real-time spectral

functions

e Bem — 7B 0 (W - (En - Em))
(1+eBen)(1+eBem) €1 — €m

p(w) =" [(m| O n)? (23)

that correspond to Euclidean correlators (22) calculated with Wilson-Dirac fermions will therefore
contain eigenvalues and eigenvectors {e,, |n)} of the modified single-particle Hamiltonian 27,
rather than the “bare” Wilson-Dirac Hamiltonian 22 as defined in (8), as well as the modified

observable operator O.

4. Conclusions

The results derived in these Proceedings, in particular, the definition (18) and the explicit
expressions (21) for the fermionic propagator, could be used for direct analysis of lattice artifacts in
the numerical spectral reconstruction procedure.
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With the Green-Kubo relations

B ra w cosh (w (t — B/2))
G (1) = / dw M () 24)
0

being exponentially insensitive to low-frequency/late-time real-time spectral functions, very dif-
ferent spectral functions can result in very similar Euclidean correlators. Conversely, even small
artifacts in Euclidean correlators may correspond to large artifacts in the reconstructed spectral
functions. To the best of our knowledge, these artifacts are not well understood at the moment.
The framework developed in these Proceedings allows to quantify these artifacts. This will be the
subject of a future work.
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