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We study the static-quark entropy in QCD under external magnetic fields and use the temperature
at which it peaks — or equivalently, the inflection point of the renormalized static-quark free
energy — as a pseudocritical deconfinement indicator. Calculations employ HISQ fermions with
a tree-level improved Symanzik gauge action at physical quark masses, on lattices with N,=8,12
and fixed aspect ratio N,/N.=4. A two-dimensional (T, eB) analysis yields So (7, eB), from
which we extract TI,QC(eB) and obtain a continuum estimate. In the weak-field range explored,
TPQC (eB) remains almost constant within uncertainties. We compare this deconfinement indicator
with the peak of the total chiral susceptibility, finding compatible pseudocritical temperatures and
a similarly weak e B dependence within current uncertainties. These continuum estimated results
provide a controlled baseline for multi-observable studies of magnetic-field effects on the QCD
crossover at physical quark masses.
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1. Introduction

Understanding how strongly interacting matter responds to external magnetic fields is essential
to describe QCD under extreme conditions. Strong magnetic fields may have influenced the
evolution of the early Universe [1] and are present in astrophysical objects like neutron stars[2].
They are also present in heavy-ion collisions at RHIC and the LHC[3]. These fields can reach
magnitudes comparable to intrinsic QCD scales, making it relevant to understand the response of
the magnetic field to the QCD dynamics.

Considerable theoretical and lattice effort has clarified how magnetic fields affect chiral sym-
metry breaking and restoration [4—6]. Magnetic catalysis at low temperature and inverse magnetic
catalysis near the crossover are now well established phenomena [7-13]. It is crucial to also explore
the magnetic field response of the deconfinement aspect of the transition.

In QCD with physical quark masses at vanishing chemical potential, the transition is an ana-
Iytic crossover. Different observables - chiral condensates, susceptibilities, Polyakov loop related
quantities, and conserved charge fluctuations - need not yield identical pseudocritical tempera-
tures. Recent studies indicate that the chiral crossover temperature shows minimal variation for
eB < 0.3GeV? [8, 14], while conserved charge fluctuation XﬁQ, corresponding to the cross fluctu-
ation between net baryon number and electric charge was singled out as a magnetometer, displaying
significant magnetic sensitivity [14, 15]. This raises the question of whether deconfinement ob-
servables exhibit a different magnetic response from purely chiral ones. Thus, we address this
question by examining the entropy of a static quark. The entropy peak provides an indicator of
screening associated with deconfinement, corresponding to the inflection point of the renormalized
static-quark free energy [16]. Using continuum estimated lattice results, we determine the magnetic
field dependence of the associated pseudocritical temperature, while also providing the continuum
estimated numerical values for thermodynamic observables such as entropy and free energy of a
static quark in the medium.

2. Static-Quark Free Energy and Entropy

The Polyakov loop on the lattice is defined as

N--1

1
P(x) = 3Tr | | Uo(x.x0). (1)

x0=0

where Uy (x,xg) are the temporal link variables and N, is the number of points in the temporal
direction on the lattice. The expectation value of the spatial average over volume V of P(x) yields
an estimate of the bare Polyakov loop

LY(B,T) = <% Z P(x)> . 2)

The bare static-quark free energy is obtained from

Fgare(B’ T) — _T ln LbaIe(B, T) = ngare(B’ T), (3)
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where B is the external magnetic field strength, 7 is the temperature and the fg‘re(B, T) is the
dimensionless scaled bare static-quark free energy.

The bare Polyakov loop requires multiplicative renormalization to perform a continuum
limit [17]. This multiplicative renormalization for the Polyakov loop results in an additive renor-
malization for the free energy. This renormalization constant can be fixed at B = 0 by exploiting the
relation between the single static-quark free energy and the static quark-antiquark free energy [18],

rli_)rglo Foo(r,B=0,T) =2Fo(B=0,T), “
and matching Fg5(r,T) at short distances to the zero temperature static quark—antiquark poten-
tial [18].

In this work we employ the renormalization constant ¢ () determined for the HISQ action
in Ref. [16], where B8 = 10/ g(z) denotes the bare lattice gauge coupling for HISQ action. The
renormalized dimensionless free energy is then given by

f5"(B,T(B, N¢),N7) = f§"(B. B, Nx) + N co(B), )

while the renormalized free energy reads
F5"(B,T(B,N:),N:) =T f3"(B, B, N:) + Co(P), (6)

where Co (B) = co(f)/a contains a divergence proportional to 1/a in the continuum limit canceling
the divergence from the bare free energy. The renormalization constants are independent of the
external magnetic field [19], since the ultraviolet self-energy of a static quark is insensitive to the
external field.

The entropy of a static quark is defined thermodynamically as

OFS"(B,T)

So(B,T) = - T (7
bare
6ﬁ an 8,3 8CQ
_ gbare st =
= fo T6T 95 + N: CQ+T§T 5 ) ®)

Near the crossover region, the renormalized static-quark free energy exhibits an inflection point
as a function of temperature. This inflection corresponds to a maximum in S (B, T') [20], reflecting
the change in color screening properties of the medium. The position of this entropy peak therefore
provides a crossover temperature TpQC estimate for the deconfinement-like observable.

3. Lattice Setup

Simulations are performed in Ny = 2 + 1 QCD using the Highly Improved Staggered Quark
(HISQ) action [21] and a tree-level Symanzik improved gauge action. The strange quark mass
is tuned to its physical value by adjusting the mass of the fictitious strange quark pseudoscalar
meson 7785 to MU?; = ,/2M12< — M2 ~ 684 MeV [22], and light quarks are set by m; = my/27,
yielding M, ~ 135 MeV. The gauge configurations were generated using a modified version of the
SIMULATeQCD codebase [23]. The lattice scale is set using the kaon decay constant fx [24].
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We use lattices with N, = 8 and 12 and fixed aspect ratio N, /N, = 4. Eight different 8 values
span temperatures approximately 7 ~ 140 —175 MeV. A constant magnetic field in the z direction is
introduced via U(1) phases in the gauge links. The periodic boundary condition on a finite-volume
lattice imposes flux quantization of the magnetic field [8]

67N N2
eB =220 _ gaN, 22X 9)
NZa? N2z

The quantized magnetic flux quanta used here correspond to N, € {0, 1,2, 3,4, 6, 12}, yielding the
magnetic fields in the range ¢B ~ 0 — 0.14 GeV>.

4. Numerical Calculation

The Polyakov loop is computed on-the-fly during the generation of gauge configurations. The
error was obtained using block bootstrapping with block size larger than autocorrelation length.
The central value for the bare Polyakov loop expectation value is reported as the median of the
corresponding bootstrap distribution, while its statistical error is defined using the 68.27% central
quantiles.

4.1 Surface Interpolation and Statistical Uncertainties

Surfaces for the static quark free energy Fo(T,eB) and the entropy S(T,eB) = —0Fg /0T
were obtained using a two-dimensional B-spline interpolation over the (8, e B) plane for the bare
observable fg“re(ﬁ, eB). The bisplrep function of the scipy.interpolate package was used
for the two-dimensional B-spline interpolation. The interpolation is performed independently for
each available N,. The spline algorithm automatically determines the number and placement of
knots based on the data error, subject to a tunable smoothing parameter s. The smoothing parameter
is chosen such that it minimizes the variance of the residuals to prevent underfitting or overfitting.
This corresponds to s = 131 and 65 for N, = 8 and 12, respectively.

To estimate the statistical uncertainty, oy, Of the fitting procedure, we use the bootstrap
resampling method. The statistical error is defined as the 68.27% central quantile of the bootstrap
distribution. The systematic uncertainty from the fit ansatz is evaluated by varying the polynomial
orders of the spline interpolation. The central result is obtained using polynomial orders (8, ¢B) =
(3,3). To assess the stability of the fit, we consider neighboring choices (3,4) and (4,3). The
systematic uncertainty, owys, is estimated as the maximum absolute deviation of these neighboring
fits from the central value. The total uncertainty is then computed by adding the statistical and
systematic contributions in quadrature:

— [52 2
Ototal = A/ Ogtat + Osys- (10)

4.2 Crossover Temperature TPQC and Continuum Estimate

The pseudocritical temperature TPQC(eB) at a given magnetic field eB is identified from the
peak position of the static quark entropy S(7', e B) obtained using Equation 8. For each bootstrap
sample of the entropy surface, the peak temperature is identified. The final reported estimate of
Tch (eB) is designated as the median of this distribution, with the 68.27% central quantile as error.
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Figure 1: The continuum estimates of Fg: (left) constant-temperature curves as a function of e B and (right)
constant-e¢ B curves as a function of 7.

Since the lattice action possesses leading discretization effects of O(a?), continuum estimates
of the observables are obtained using the standard scaling ansatz:

O(eB,T,N;) = O(eB,T) + % (11)

T

5. Results

In Figure 1, we show the continuum estimated results for the renormalized static-quark free
energy Fo(T,eB). The left panel shows Fp as a function of the magnetic field eB for several
fixed temperatures. Each curve corresponds to a constant temperature slice of the continuum
surface Fo (7T, eB). For all temperatures, the free energy exhibits a mild dependence on e B within
the explored weak field range. A slight downward trend with increasing eB is visible for all
temperatures, indicating that the free energy associated with inserting a static quark in the system
is modestly reduced in the presence of an external magnetic field. The curves are vertically
separated according to temperature, suggesting that temperature effects are stronger as compared
to eB in affecting a change in Fp. The smaller temperatures correspond to larger values of Fgp,
reflecting reduced color screening characteristic of the confined phase. As temperature increases,
Fo decreases, consistent with enhanced screening at high temperatures.

This effect of weaker screening at lower temperature and low sensitivity to eB is also visible in
the right panel of Figure 1 which displays F as a function of temperature for several fixed values
of the magnetic field. Each curve represents a constant eB slice of the continuum-interpolated
surface. The free energy decreases monotonically with increasing temperature, suggesting enhanced
screening of the static color charge in the thermal medium. The inflection point associated with
a crossover is difficult to identify by eye, given the limited temperature range analyzed. The
separation between curves corresponding to different magnetic fields remains small over the entire
temperature range, demonstrating that the magnetic field dependence of F is weak. At fixed
temperature, increasing e B mildly lowers the free energy.
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Figure 2: The continuum estimates of Sg: (left) constant-temperature curves as a function of e B and (right)
constant-e¢ B curves as a function of 7.

Figure 2 shows the continuum estimates of the static-quark entropy S (7', eB). The left panel
shows Sp as a function of eB for several fixed temperatures. At lower temperatures, Sp takes
smaller values, consistent with a confined medium where the system’s response to temperature
variations is limited. The slope at these lower temperatures appears mildly positive suggesting a
possible decrease in Tch as eB increases. As temperature approaches the crossover region, Sg is at
its maximum. Only a mild variation with eB is observed, indicating mild sensitivity of TpQC in the
weak-field regime. At higher temperatures, S¢ takes smaller values with negative slope as expected
in a deconfined phase.

The right panel of Figure 2 shows S¢ as a function of temperature for several fixed values of
eB. For each magnetic field, the entropy exhibits a clear peak structure in the crossover region
around 7 ~ 153 MeV. This peak corresponds to the crossover temperature Tch(eB). The peak
position shifts only slightly with increasing eB, indicating that the crossover temperature TPQC has
weak dependence on the magnetic field in the weak-field regime.

Figure 3 (left) shows TPQC (eB) as a function of the external magnetic field for lattice temporal
extents N = 8 and N, = 12, along with their continuum estimate obtained using to Equation 11.
Lattice estimates at both lattice spacings as well as continuum hold a steady value within error
across the eB range explored with a mild downward trend becoming visible in each dataset as eB
increases. The continuum estimate is nearly constant at TPQC ~ 153 MeV. This suggests that the
deconfinement indicator defined via the static-quark entropy peak exhibits low sensitivity in the
weak field limit.

Figure 3 (right) compares the continuum estimates of Tch(eB) with the corresponding chiral
pseudocritical temperature T;,‘C (eB) (data obtained from [14]). The two observables coincide within
uncertainties for the entire range of e B considered. T;,‘C holds a steady value TZ,‘C ~ 155 MeV. While
T pQC shows a slight decrease with increasing eB, the chiral pseudocritical temperature remains
essentially constant throughout the same interval. The TI),(C curve appears nearly horizontal within
errors, indicating that chiral symmetry restoration is largely insensitive to magnetic fields up to
eB ~0.14 GeV?.
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Figure 3: (Left) Continuum estimates of the TPQC together with lattice estimates at N, = 8 and 12 as functions

of the magnetic field eB. (Right) Continuum estimates of TI% and T; ;?{c’ where T;fc is taken from [14], as
functions of eB.

6. Conclusion

We presented a continuum estimate of the static-quark free energy and entropy in the presence
of external magnetic fields at physical quark masses. The entropy peak, corresponding to the
inflection point of the renormalized static-quark free energy, was used as an indicator of the
deconfinement-like crossover.

Within the weak field regime explored, eB < 0.14 GeV?, the static-quark entropy peak remains
clearly identifiable and exhibits only a mild magnetic field dependence. The associated pseudocrit-
ical temperature TEC shows a mild downward trend with increasing e B, but remains approximately
constant within current uncertainties, with a continuum estimate around 153 MeV. A direct compar-
ison with the chiral pseudocritical temperature ijc indicates that both observables coincide within
errors over the entire magnetic field range considered. This suggests that, in the weak field regime,
chiral restoration and deconfinement remain closely correlated phenomena.

This limited magnetic-field sensitivity of TI,QC contrasts with the enhanced sensitivity to the
magnetic field observed in the baryon-electric charge correlator XﬁQ, reflecting changes in the
effective degrees of freedom as reported in [14, 15]. It signals that conserved charge fluctuations
may probe different aspects of the medium that are more sensitive to magnetic field effects than
bulk thermodynamic indicators of screening aspects of the deconfinement phenomenon.
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