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1. The EFT

Chiral symmetry controls many aspects of QCD, including its phase structure. In hadron
physics an EFT based on it, namely chiral perturbation theory (yPT) has been immensely successful
[1, 2]. Finite size scaling based on it is used to extract a variety of physical quantities [3, 4]. At
finite temperature, the NJL model has been used in the past as a toy model of the phase diagram.
In [5] we promoted this to a thermal EFT for Ny = 2 by including all terms up to D = 6 allowed by
the symmetries. Like all EFTs, this is valid only below some (fairly arbitrary) UV cutoff A. In a
thermal EFT, Lorentz symmetry is broken to spatial rotations and C, P and T. In addition, the global
chiral Ug(1)xSUL(2)xSUg(2) symmetry was utilized.

This thermal NJL-like EFT (NJL-TEFT) was dealt with in the Hartree-Fock (HF) approximation
to obtain the phase structure. It was further reduced to a thermal yPT (a T yPT), by integrating
out all Fermion fluctuations other than the pseudo-Goldstone Bosons (pGBs). This was matched to
lattice measurements of low-energy pion properties such as its screening mass, m2, and “velocity”
uy, and the LECs of the NJL-TEFT were extracted from this matching. The EFT then provides a
method for Wick-rotating lattice measurements to Minkowski [6]. Note that a computation of u, in
xPT using NLO terms to two-loop order [7] is not compatible with the lattice. This would indicate
that any attempt to derive T yPT from yPT requires higher orders.

Here we extend this to Ny = 3. The generators of SU(3) are denoted by 7¢ with 1 < a < 8, and
we choose to use the representation by Gell-Mann matrices. We also use the notation 79 = (M)}I
for the generator of the remaining U(1) part of U(3). The number of components of the spinors
is N = 4N¢N,, since we carry along the colour components for the purposes of N. counting.
However, there is no global colour symmetry, so only trivial colour transformations are allowed on
the spinors, and hence on all composite operators made out of them. There are two issues one has
to deal with in extending the EFT to three flavours. The first is that the corresponding EFT with
global chiral flavour symmetry up to D = 6 has an accidental U 4(1) symmetry. This is famously
broken only by D = 9 terms. As a result, the theory must include all terms with D < 9, leading
to an apparent proliferation of terms. The second issue is that the flavour symmetry is broken in
QCD to Ny = 2 + 1. Since this symmetry breaking is already visible in the deep UV, in the IR the
breaking of the symmetry cascades to all operators. It may not be sufficient to break the symmetry
only by the mass term. In order to allow for this, we introduce the flavour projection operators, I1,
and I, which project fields on to the light and strange quark sectors—
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Since flavour SU(3) is broken to the flavour SU(2) generated by 7% with 1 < a < 3, the other
characteristic classes of the original generators will be denoted by 7% and 77 with 4 < m < 7.
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We decompose the EFT Lagrangian into a sum of terms at different D, so L = L3 + L4 +
Lg + Lg + Lg + L§ + Lél + Lo, where Lg denotes terms of dimension D with N derivatives. The
difference between L§ and Lél will be explained later. Terms with D = 5 and D = 7 break either
rotational invariance or CPT. L3 and L4 are the mass and Kinetic terms as usual,

Ly = diAyepe + d5AYsys,  and Ly = Yedae + Ys@aps + dir Ve + di AU Vs, (2)
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These decompositions are obtained since flavour singlet operators can be written in the form
I' = I I'Tl, + I, I'T;, since the projectors are on to orthogonal subspaces. Similarly one can write

d¢ ds
Ly = 5 0V Ve + =5 0.V Vs, 3)

In a vacuum theory, the equation of motion (EoM) up to D = 4 can be used to eliminate any term
cubic in derivatives. For EFTs in matter, @4 and Y are independent operators, so the EoM can only
be used to eliminate one of them. We have chosen to eliminate d..

The decomposition of non-singlet operators uses the fact that 7" are the only operators which
connect the strange and light sectors along with projections of the remaining T"s on the light and
strange subspaces. The result is
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At D = 8 one finds
d’ dg
Ly = ASZO VY. + % U VY. )

Other terms with D = 8 contain four fermion fields (two fermion currents) and two derivative
operators. The two derivatives can both appear inside one of the currents or one one each of the
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two currents. The former we designate as Lg and the latter as Lél. An example of the former is
Yy V2, and of the latter is ¥ 0,y 0,1y, We do not write these out in detail here, since they are
too long.

There are only two possible D = 9 terms. These are
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where P g are the projection operators on left and right handed quarks respectively. The first
term was obtained by 't Hooft [8] and the second by Schiefer [9]. No other terms of this order are
allowed (see the supplementary material of [10]).

2. The Gap Equation and fluctuations

The large number of LECs reduce to a much smaller number of combinations in the HF
treatment. In order to set it up we introduce two condensates, X, = Aoy and Xy = A3oy. Only
two independent linear combinations of LECs arise for D = 6. These are

¢_2

1
dg = 3 .

Ndgy—dgh+3dgy +dgs=3dge,  and  dg =3

Ndg'| —dg+3dgy +dg’s=3dg. (7)
In the Hartree approximation only the terms in AV appear. The remaining terms are subleading in
1/N, and are Fock corrections. The proof that the cross terms between light and strange quarks do
not appear in the HF approximation is given in [10]. The terms from Lé and Lél do not contribute in
the HF approximation as long as the vacuum is kept translation invariant. Then the HF Lagrangian
is
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The two effective masses in Ly are
me = (d§’ +2dloy + dgo'gO's) A and  my = (d; +2di o + dgag) A. )

Note that the terms in the dg 115 and dg s are the only ones which differ from the form of the
mean-field Lagrangian for the NJL model.

Since Ly is quadratic, a one-loop computation of the free energy, F, is exact. Typical
momenta are of order 7', so the corrections due to the last four terms in eq. (8) go as dg:f (T/ A)? and
dg:g (T/A)*. We treat these terms in a series expansion, since they are small. Once F is written, the
as-yet-unknown condensates are determined by the self consistency equations, X,y = dF /dmg.

The second derivative of F' gives the positions of the extrema, and putting the solutions of the gap
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equations into them, one can find the phase diagram. In the chiral limit we find that the equation
for the critical point, 7¢, is given by a polynomial equation [10]. As a result, the critical line can be
obtained analytically, and the curvature coefficients «, and x4 can also be computed. When dg 11 and
ds,o vanish the phase boundary is an ellipse, whose shape is completely defined by k, = 3/(27*N?)
[5]. If the EFT is to describe QCD, which has a single chiral phase transition, the equation for 7,
must have at most one solution. This puts bounds on dg 11 and dg o.

With the solution of the gap equation, one can turn from a HF treatment of the action to
investigating the fluctuations around it. The most important mode of fluctuations are those with
the lowest action, namely the pGBs. There are 9 of these, corresponding to the generators of the
unbroken U(3) flavour group. Introducing the pGB fluctuations and integrating over the Fermions
gives the T yPT Lagrangian L,;5 [11]. Taken up to the D = 4 terms, this contains all the decay
constants, the masses, and their mutual couplings.
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Figure 1: Particle masses and UV cutoffs for chiral EFTs. The cutoff for Ny = 2 EFTs should exclude the K
meson, so A, must lie between m, and Mg. The cutoff for Ny = 2 + 1 has to exclude the proton, so A
must lie between m,; and m,,.

Before proceeding further it is useful to consider the UV cutoff of the EFT in more detail. The
UV cutoff in a chiral EFT for Ny = 2, namely A;, should be such that it is able to describe the pions
but exclude all strange particles. So one has m, < A, < mg. The cutoff of the corresponding EFT
with Ny = 2 + 1, namely A1, should be able to describe the pseudoscalar meson octet but has to
exclude the proton. So one has m;; < Azy; < mp. This is summarized in Figure 1. It has been
shown that vector mesons are generated in chiral EFTs when the S-matrix is unitarized [12], so the
p meson places no restriction on Aa41. Since my, > mp, chiral EFTs will be unable to treat the n’
meson when the quark masses are tuned to realistic values.

As we expect, in L,sp the n” mass is split from the remaining pGBs by dy. As a result, by
tuning this we can push m,, beyond A, and obtain a theory with only the flavour SU(3) octet of
pseudoscalar mesons. In L, g, if we integrate over all the modes between A, and A, we will be
left with only the pions. This action, L., has the form

1 L, 1 1
Ly = SA3085 + 505 + 5ca(Va) + geardy + - (10)

where we show only the terms up to D = 4. The pion mass is m2 = czAg, u2 = c4, and there is
an overall normalization of the pion field operator which gives a scale factor f2. Of course, we
expect chiral power counting to work, and the term in the pion self-coupling c4; should be NLO in

this counting. We verified that it is, and that it vanishes in the chiral limit as ¢;. We note that the

D

Debye screening mass of the pion is m;;

= my/u, and the pion decay constant f; = fu,. When
these LECs are matched to lattice measurements for Ny = 2 + 1, then eq. (10) contains the effects
of strange mesons even though there are no explicit fields for them.

In [5] we had shown how to start from a NJL-TEFT for Ny = 2 and obtain eq. (10) from it.

In other words, we could write the LECs ¢, ¢4 and c4; in terms of the quark LECs. By sufficient
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Figure 2: Bootstrap histogram (blue for d3 = 0.12, green for d3 = 0.125) for the crossover temperature,
T.o, predicted by the EFT when it is matched only to pion properties. The vertical lines enclose the 68%
CL of T,,, and the vertical gray band is the 68% CL from the direct lattice measurement [15]. Due to the
different statistical errors in the measurement of m,l,) on N; = 12 and 16 lattices, the predicted errors on T,
are different.

number of lattice measurements in Ny = 2 + 1 QCD, one can determine all the quark LECs. This
gives an effective Ny = 2 NJL-TEFT in which there are no explicit strange quarks, but their effects
are included in the light quark LECs. Then these LECs can be used in any computation one wishes
for momenta less than A».

3. Matching to lattice

The Ny = 2 NJL-TEFT in the HF approximation can be easily written down from an examina-
tion of eq. (8). One first drops all terms which come from strange quarks. Then one notes that there
is no accidental axial U(1) symmetry for D = 6. Indeed one sees that this accidental symmetry is
broken by terms which have D = 3Ny. For Ny = 2 a simple Fierz rearrangement of the determinant
terms can be used to absorb them into Lg. Retaining only terms up to D = 6, one can simply drop
the dg o term. Then the number of LECs to be determined is 4, namely d3, d4, ds and dg 11.

Matching to lattice measurements of the curvature of the critical line, k2, one finds that dg 1 is
vanishing. Of the remaining three LECs, d3 is seen not to change significantly with temperature, so
it is found by matching to pion mass at 7 = 0. The two remaining LECs are obtained by matching
mP at two different temperatures below the crossover T,,. Errors on the LECs are induced by the
errors in the lattice measurements that we match, and these are propagated to the predictions of
the EFT. We used a bootstrap to find the uncertainties in the EFT predictions which result from
matching to quantities with errors. This was implemented by sampling input lattice measurements
from Gaussian distributions with the reported means and standard errors. For each sample various
EFT predictions were constructed.

We note that Ny = 2 measurements of thermal pion two-point functions were used in [13] to
measure both m2 and u,, giving two independent measurements at each temperature. Unfortunately,
the Ny = 2 + 1 measurements of [14] only quote screening masses. We hope that the success of this
approach (reported in the next section) prompts future lattice measurements of the screening masses,
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the velocity parameters, and the thermal decay constants of each member of the pseudoscalar octet.
This would allow a full determination of all the LECs which enter eq. (8), with enough left over for
testing the EFT.
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Figure 3: Predictions from the EFT with A, = 300 MeV (blue for ¢3 = 0.12 and green for ¢z = 0.125,
darkest shade for 68% CL, progressively lighter for 90% and 95%). Vertical bands show the 66% CL for
T., (dark brown for the lattice determination and lighter for the EFT prediction). From top left (moving
clockwise) the figures show the temperature dependence of the pion Debye screening mass m?2, the thermal
pion decay constant f;, the pion four-point self coupling c4; and the pion velocity u,. The symbols for mZ2
are the continuum extrapolated lattice determinations of [14].

For both values of A, we matched the LECs to the lattice measurements of [14] for both
N; = 12 and 16. The lattice cutoffs, 1/a (where a is the lattice spacing), for both are larger than A,.
So, for the EFT should not be able to resolve the differences between them. This is indeed so, and
the EFT gives the same predictions from both sets of inputs (for example see Figure 2).

Since the UV cutoff is a pseudo-parameter, we performed two matches, one with A, = 300
MeV and another with A, = 450 MeV. With the same input data the values of the LECs are different
of course, however the EFT predictions of 7, and the critical temperature in the chiral limit, 7,
are equal within errors, and in agreement with lattice determinations.

4. Results

We explained in the previous section that apart from dg 11, the other LECs are all matched
to pion properties. This is a deliberate choice, since the prediction of the EFT for 7,, and the
critical temperature in the chiral limit, 7,, are then a test of the universality argument underlying
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this approach. Figure 2 shows the bootstrap histogram for the prediction of 7., and a comparison
with its lattice determination. There is a good match. The errors in the EFT prediction would
decrease if the accuracy of pion measurements were to be improved.

0.55 0.60 0.65

Figure 4: Predicted pion pole mass m, (left) and pion kinetic mass m% (right) from the EFT with A, = 300
MeV (blue for ¢3 = 0.12 and green for ¢3 = 0.125, darkest shade for 68% CL, progressively lighter for 90%
and 95%). Vertical bands show the 66% CL for T, (dark brown for the lattice determination and lighter for
the EFT prediction).

In Figure 3 we show the predictions of the EFT for various pion properties. As discussed
earlier, two values of m,? for N, = 16 [14] were used for matching. The continuum results were
not inputs. Note that m,’.[), ur and f; can all be obtained from 2-point functions of pions and the
axial current. The self-coupling c4; can be obtained from measurements of 4-point functions of
pions. As aresult, these predictions can easily be checked on the lattice. Note the continuity of the
results across T, and the agreement of m,’.r) above T, with the predictions of the EFT. Since this
is a crossover, it is not surprising that a hadron description remains viable, at least in the vicinity of
Teo.

When L, is written in the Lorentz metric, then the dispersion relations are [6]

1 2
E(p) = \Jm% + u2p? ~ my + = P +O(p4), an
2 mk

where the mass parameter in the kinetic energy term (for small momenta, p) contains the kinetic
k _
k=

also been called the pole mass in the lattice literature. In Figure 4 we show m, and mX predicted

mass m My /uZ. In the limit of vanishing p, the particle energy is its rest mass, m,. This has
in the EFT. Note that when T /T, = 0.77 then the pion rest mass is predicted to drop to the range
105-120 MeV. At T, we find m, ~ 90 MeV.

The increase of mX shown here indicates that the kinetic energy rises slower with p than might
be expected from a consideration of the rest mass. Also this becomes even slower as the temperature
increases. This indicates that reaction channels which were available at 7 = 0 quickly switch off
as the temperature increases. Also, since mX is of the order of A; at T,,, real time physics can not
be done with L, at this point, and NJL-TEFT must be used. It is interesting that this EFT shows a
continuity of the hadron description above 7, in imaginary time Euclidean and its breakdown in
Minkowski real time.
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Figure 5: The bands show the EFT (with A = 300 MeV) predictions for the pressure P of QCD with
Ny = 2+ 1 at finite temperature T (darkest for 68% CL, lighter for 90% and lightest for 95%, in blue for
dz = 0.12 and green for d;3 = 0.125). Symbols and error bars show the lattice measurements. Vertical bands
(blue and green) show the EFT predictions for 7, and the brown band of the lattice.

When the UV cutoff, A, of the EFT is sufficiently higher than the temperature 7', then it may be
possible to understand the equation of state (EoS) of matter. We investigated the pressure, P, with
the results shown in Figure 5. It is surprising that the predictions of the EFT are anywhere close
to the lattice measurements, given the neglect of gluon modes. Whether the remaining mismatch
is due to the neglect of NLO terms in the EFT or to the missing gluons remains a matter for future
investigation.
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