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Novel theoretical and computational strategies have opened the possibility of exploring thermal
QCD at the non-perturbative level at unprecedented temperatures, reaching from the GeV scale up
to the electroweak scale. A number of observable quantities are now being investigated in this
regime. Key ones are the hadronic screening masses, which encode the correlation length of the
medium and thus the extent to which strong interactions are screened in a thermal environment.
In these proceedings we present recent lattice results for hadronic screening masses, including
baryonic modes and preliminary non-static mesonic modes. These results can be compared with
predictions from the perturbative expansion in the three-dimensional effective theory valid at
asymptotically large temperatures. The comparison reveals persistent higher-order effects including
those of non-perturbative origin, up to the electroweak scale, shedding new light on the microscopic
structure of QCD at extreme temperatures.
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1. Introduction

QCD at finite temperature is crucial for many areas of physics, including relativistic heavy ion
collision experiments and early universe cosmology [1–3]. While perturbation theory is available
at high temperatures, Linde’s problem implies that perturbative expansions in thermal QCD are
computable only up to a finite order in the QCD coupling. Consequently, a non-perturbative approach
is required for a full understanding of the system [4–6].

In these proceedings, we outline two specific aspects of mesonic screening masses at very high
temperatures 𝑇 , namely the hyperfine splitting [3] and screening masses in the non-zero Matsubara
sectors [7]. We study these both using effective field theory methods and lattice simulations of
𝑁f = 3 QCD.

1.1 Effective field theory description of QCD at high 𝑇

At asymptotically high temperatures, QCD exhibits a hierarchy of three thermal scales: the hard
scale (π𝑇), the soft scale (𝑚E ∝ 𝑔𝑇), and the ultra-soft scale (𝑔2

E ∝ 𝑔2𝑇) [4, 8–10], see ref. [1] for a
review. Indeed, thanks to the asymptotic freedom of the theory, 𝑇 ≫ ΛQCD implies 𝑔(𝑇)/π ≪ 1
and in turn

𝑔2
E
π

≪ 𝑚E ≪ π𝑇. (1)

Integrating out high-energy modes leads to a dimensionally-reduced effective field theory description,
which assumes different names based on the degrees of freedom left in the theory. Integrating
out all fermionic and bosonic modes, which have energies of at least π𝑇 , and all bosonic modes
except for the lowest one, we are left with chromomagnetic 𝐴𝑖 and chromoelectric 𝐴0 gluonic 𝑛 = 0
modes and no dependence on the imaginary time coordinate. This is electrostatic QCD (EQCD), a
three-dimensional non-Abelian SU(3) gauge theory with a dimensionful gauge coupling 𝑔E and a
mass 𝑚E acquired by the adjoint scalar field 𝐴0. Tree-level matching to QCD results in [11, 12]

𝑔2
E = 𝑔2𝑇 +𝑂

(
𝑔4𝑇2

)
, 𝑚2

E = 𝑔2𝑇2
(
𝑁c

3
+ 𝑁f

6

)
+𝑂

(
𝑔4𝑇2

)
. (2)

At this level in the matching, for 𝑔/π ≪ 1 the mass 𝑚E is parametrically larger than the 𝑂 (𝑔2
E)

ultra-soft physics, and the 𝐴0 field can be further integrated out to study distance scales longer than
1/𝑚E. This leaves us with a theory of only the chromomagnetic fields 𝐴𝑖 , referred to as magnetostatic
QCD (MQCD). MQCD is actually a three-dimensional Yang-Mills theory, and quantities in MQCD
have to be computed with non-perturbative methods such as 3d lattice simulations [4, 6, 11].

1.2 Lattice methodology

Although QCD at any temperature can be studied with standard lattice methods and four-
dimensional simulations, the usual approach of setting the scale with a hadronic scheme may not be
feasible. In fact, at finite 𝑇 one has to satisfy

𝐿−1 ≪ 𝑀hadron ≪ 𝑇 < 𝑎−1, (3)

leading to a window problem if the temperature is much higher than the hadronic scale 𝑀hadron,
since the system size becomes exceedingly large in lattice units 𝐿/𝑎. To overcome this, we set the
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scale using the non-perturbatively renormalized Schrödinger-functional (SF) or gradient-flow (GF)
coupling at 𝜇 ≈ 𝑇 [13, 14]. This allowed for simulations of massless 𝑁f = 3 QCD spanning from
𝑇 ≈ 1 GeV up to 160 GeV, see ref. [15] for all details.

We also employ shifted boundary conditions [16, 17], with shift vector always chosen as
𝝃 = (1, 0, 0). While shifted boundary conditions are crucial for the calculation of the equation of
state studied in refs. [18, 19], they are not necessary for computing screening masses. Here, we
employ them because those other studies and this project use the very same gauge field configurations
in order to share the computational cost of generating them. As a by-product, in the study of
screening masses we observe reduced cut-off effects [15].

For the 𝑛th Matsubara sector, the screening masses are the exponential rate of decay of the
two-point correlator 𝐶 (𝑛)

O (𝑥3) at asymptotic spatial distances

𝑚
(𝑛)
O = − lim

𝑥3→∞
d

d𝑥3
𝐶

(𝑛)
O (𝑥3) (4)

𝐶
(𝑛)
O (𝑥3 − 𝑦3) =

∫ 1/𝑇

0
d𝑥0

∫
d𝑥1 d𝑥2 ei𝜔𝑛𝑥0

〈
O(𝑥)O†(𝑦)

〉
≃ 𝑐 (𝑛)O exp

{
−𝑚 (𝑛)

O |𝑥3 − 𝑦3 |
}
, (5)

where the Matsubara frequency 𝜔𝑛 is 2𝑛π𝑇 for bosons and (2𝑛 + 1)π𝑇 for fermions.
At variance with previous work where we employed point sources, in this computation we use

stochastic wall sources with U(1) noise and fixed source 𝑦3 coordinate. We found that wall sources
are very effective at reducing the statistical error on the correlator through volume averaging, without
the noisy estimator significantly contributing to the error. This is a consequence of the 𝐿0 × (288𝑎)2

volume of our wall sources, very large in units of the correlation lengths ∝ 1/𝑇 = 𝐿0 ∈ {4, 6, 8, 10}𝑎.
Interestingly, at high temperatures we observe equally reduced errors for all the mesonic channels
including the vector one. This is significant because at 𝑇 = 0 the vector channel with wall sources
empirically shows a much higher level of noise than, for instance, the pseudoscalar one. Instead, at
temperatures much higher than the chiral crossover the physics of screening correlators is dominated
by the same ∼ π𝑇 modes, and in particular the four-point contribution to the variance of stochastic
estimator of two-point functions is very similar. In the results presented here, we employed four wall
sources with different noise and different source 𝑦3 for each gauge field configuration.

2. The hyperfine splitting

At high 𝑇 , the pseudoscalar (𝑃 = 𝑢̄𝛾5𝑑) and transverse vector (𝑉𝑇 = 𝑢̄𝛾2𝑑) channels at 𝑛 = 0
have the lowest screening masses. At asymptotically high temperatures these masses are calculable
in the dimensionally-reduced theory, with quarks described by heavy fields. This is referred to
as three-dimensional non-relativistic QCD (3d NRQCD) [20]. Computing the screening masses
involves obtaining the mesonic correlators, performing a perturbative expansion in the coupling of
the effective theory 𝑔2

E = 𝑔2𝑇 + . . . , and solving a (2+1)𝑑 Schrödinger equation with the appropriate
potential. At 𝑂 (𝑔2) the potential is spin-independent and does not distinguish those two channels,

𝑈0(r) = 𝑔2
E
𝐶F

2π

[
ln
𝑚E𝑟

2
+ 𝛾E − 𝐾0(𝑚E𝑟)

]
, 𝑟 = |r| (6)
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Figure 1: Radial probability density of wave function. The vertical line indicates the radial coordinate at
which non-perturbative contributions start to be relevant, 𝑟np = 1/𝑔2

E ≃ 1/𝜎, for three different values of the
QCD coupling 𝑔̂2 = 0.17, 0.36 and 1.00, and corresponding temperatures 𝑇 = 6 × 1020 GeV, 4 × 108 GeV
and 100 GeV.

where 𝐶F = (𝑁2
c − 1)/(2𝑁c). Thus, at this order in perturbation theory, 𝑃 and 𝑉𝑇 screening masses

are degenerate [20, 21],

𝑚
(0)
𝑉𝑇

= 𝑚
(0)
𝑃

= 2π𝑇
(
1 + 0.032 739 961 𝑔2

)
+𝑂

(
𝑔3
)
. (7)

The leading spin-dependent contribution to the potential is temperature suppressed and the hyperfine
splitting Δ𝑚𝑉𝑃 = 𝑚

(0)
𝑉𝑇

−𝑚 (0)
𝑃

starts at 𝑂 (𝑔4) [3, 22] We report here the results of our calculation in
ref. [3], see also ref. [22] for an independent calculation of the same contribution. The mesonic
correlators in 3d NRQCD are expanded to next-to-leading order, keeping track of the temperature-
suppressed contributions. Among these, we are interested in the spin-dependent contribution to the
potential since it contributes to the spin splitting,

𝑈±(r) = ∓𝑔2
E

𝐶F

(2π𝑇)2 𝛿
(2) (r), with ± for the 𝑃 and 𝑉𝑇 channel respectively. (8)

We treat this as a perturbation of the 𝑂 (𝑔2) spin-independent potential 𝑈0 in eq. (6). Since both
potentials are symmetric under 2d rotations, we can solve the radial Schrödinger equation. The
perturbed energies are

𝐸± = 𝐸0 +
∫

r
𝑈±(r) |𝜓0(r) |2 d2𝑟 = 𝐸0 ∓

𝐶F

(2π𝑇)2 |𝜓0(0) |2 = 𝐸0 ∓
𝑔2

E𝑚
2
E

2
𝐶F

(2π𝑇)2

��𝜓̂0(0)
��2, (9)

where 𝜓̂0(𝑟) = 𝜓0(r)
√

2π/𝑚E, with 𝑟 = 𝑚E |r| , is the rescaled radial wave function of the lowest
eigenmode of the Schrödinger equation. Applying the leading-order matching to QCD, the
spin-splitting is

𝑚𝑉𝑃

2π𝑇
=
𝑔2

E𝑚
2
E

π

𝐶F

(2π𝑇)3

��𝜓̂0(0)
��2 =

𝑔4

4π4

��𝜓̂0(0)
��2 +𝑂 (

𝑔5
)
= 0.002 376 𝑔4 +𝑂

(
𝑔5
)
. (10)

This result requires a few considerations [3]. The full potential is expected to include a string
contribution which is dominant for large distances and non-perturbative in nature. This contribution
appears at𝑂 (𝑔3) which in turn is𝑂 (𝑔5) in the splitting of eq. (10). Thus, while the first spin-splitting
contribution is calculable in perturbation theory, a non-perturbative approach is required to go beyond
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this result. However, although the splitting results from an ultralocal interaction, a non-vanishing
value of the wave function at the origin, eq. (10) introduces a dependence on the normalization of the
wave function over all radial distances including large ones at which the string tensions dominates
the full potential. Denoting with 𝑟np = 1/𝑔2

E ≃ 1/𝜎 the threshold to these distances, it is instructive
to assess to what extent the wave function probes radial distances at which the full non-perturbative
potential is expected to be very different from the perturbative potential considered here. The
probability 𝑃(𝑟 > 𝑟np) is of course a function of the temperature, and it is represented graphically in
figure 1. We observe that 𝑃(𝑟 > 𝑟np) > 50 % for any 𝑇 < 100 GeV, and the probability falls below
10 % only for asymptotically large temperatures larger than 1020 GeV. This leads us to conclude that
the perturbative 𝑔4 contribution computed here is likely to account for most of the spin-splitting only
at asymptotically-high temperatures, while ultra-soft non-perturbative contributions originating from
the string tension and starting at 𝑂 (𝑔5) are likely to be relevant even up to the electroweak scale.

As discussed in ref. [3], this is supported by non-perturbative results for the 𝑛 = 0 screening
masses published in ref. [15]. As a byproduct of the 𝑛 > 0 computation discussed in the next section,
we have now available more precise results for the 𝑃 and 𝑉𝑇 screening masses at 𝑛 = 0, and thus for
the spin splitting, that we can compare to the perturbative prediction. These preliminary new results
are shown in figure 2, together with a preliminary fit as a function of 𝑔̂ and the old data in a lighter
shade. In this plot, 𝑔̂ is the two-loop ms coupling at 𝜇 = 2π𝑇

1
𝑔̂2(𝑇)

≡ 9
8π2 ln

2π𝑇
Λms

+ 4
9π2 ln

(
2 ln

2π𝑇
Λms

)
, (11)

with Λms = 341 MeV from ref. [14]. We choose 𝑔̂(𝑇) because it is a convenient proxy for the
temperature, suggested by the effective theory analysis, with the crucial point being the leading
logarithmic dependence on 𝑇 . A few corresponding temperature values are indicated in the plots by
dashed vertical grey lines.

With wall-sources data, the error on the continuum-extrapolated results at each temperature is
reduced by up to one order of magnitude with respect the data from ref. [15]. At first glance, the
spin splitting in figure 2 appears to grow roughly linearly with 𝑔̂4, but with an effective coefficient
that is about three times the leading-order result in the dimensionally-reduced theory. However,
the updated data points are not compatible with a simple linear fit in 𝑔̂4, and higher order terms
are required to describe the data. A preliminary fit with Δ𝑚𝑉𝑃/2π𝑇 = 0.002 376 𝑔̂4 + 𝑠5𝑔̂

5 + 𝑠6𝑔̂
6

correctly describe the data, with preliminary values for the fit parameters 𝑠5 = 0.004 68(28) and
𝑠6 = −0.000 65(23) and a strong autocorrelation between the two. This parametrization can be used
to obtain the hyperfine splitting at any temperature above 1 GeV. At all the temperatures simulated
on the lattice up to the highest of about 160 GeV, the sum of the higher-order contributions 𝑠5𝑔̂

5

and 𝑠6𝑔̂
6 is effectively larger than the leading-order 𝑂 (𝑔4) contribution computed in refs. [3, 22].

This supports the picture in which the leading 𝑔4 behaviour is recovered only at asymptotically high
temperature, while higher-order contributions (which include those of non-perturbative origin that
starts at 𝑂 (𝑔5)) are dominant even at the electroweak scale.

3. Mesonic screening masses for 𝑛 > 0

Thanks to the reduced statistical errors resulting from the stochastic estimator with volume
sources and𝑈 (1) noise, we are able to investigate also the non-static Matsubara sector, 𝑛 > 0. Here

5
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Figure 2: Hyperfine splitting in the 𝑛 = 0 sector as a function of 𝑔̂4, with point-sources data published
in ref. [15] and preliminary wall-sources data presented here, compared to the leading-order perturbative
spin-splitting result published in ref. [3] and discussed in section 2.

we focus on mesonic screening masses with 𝑛 = 1. At leading order in 3d NRQCD we expect [23]

𝑚
(1)
𝑉0

|PT = 2π𝑇
(
1 + 0.053 347 7 𝑔2

)
+𝑂

(
𝑔3
)
, (12a)

𝑚
(0)
𝑉0

|PT = 2π𝑇
(
1 + 0.071 877 8 𝑔2

)
+𝑂

(
𝑔3
)
, (12b)

𝑚
(1)
𝑃

|PT = 𝑚
(1)
𝑉𝑇

|PT = 2π𝑇
(
1 + 0.074 840 4 𝑔2

)
+𝑂

(
𝑔3
)
, (12c)

where 𝑉0 = 𝑢̄𝛾0𝑑 is the vector current in the temporal direction. We observe that in the free
theory both 𝑛 = 0 and 𝑛 = 1 screening masses are proportional to 2π𝑇 , but at leading order in 𝑔2

pseudoscalar (𝑃) and transverse vector (𝑉𝑇 ) 𝑛 = 1 masses are heavier than their 𝑛 = 0 counterpart,
while still being degenerate. The screening masses in the 𝑉0 channel are intermediate and they have
the opposite ordering, with the 𝑛 = 1 mass being lighter than 𝑛 = 0.

In the right panel of figure 3 we compare as a function of 𝑔̂2(𝑇) these leading-order predictions
with the continuum-extrapolated results of our high-𝑇 lattice simulations for𝑚 (1)

𝑉0
, 𝑚 (0)

𝑉0
and𝑚 (1)

𝑃
. On

the one hand these data points confirm the hierarchy of the 𝑔2 contributions in eqs. (7) and (12). On
the other hand all masses are consistently larger than the one-loop perturbative prediction, indicating
non-negligible higher order contributions, which likely include non-perturbative effects. As shown
in the left panel of the same figure, the higher-order contributions have opposite sign with respect to
the static 𝑚 (0)

𝑃
and 𝑚 (0)

𝑉𝑇
case.

The data for the 𝑉0 channel confirms at the non-perturbative level the opposite ordering from
perturbation theory, with the 𝑛 = 1 mass being lighter than 𝑛 = 0.

6
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Figure 3: Left: screening masses results as a function of the QCD coupling (and in turn temperature) for
pseudoscalar and vector 𝑛 = 0 screening masses [15] and baryonic (nucleon) screening masses [2]. Right:
preliminary new results presented in these proceedings for additional 𝑛 = 0 and 𝑛 = 1 mesonic screening
masses.

Data points for 𝑚 (1)
𝑉𝑇

are not shown but they would overlap those for 𝑚 (1)
𝑃

: the difference
𝑚

(1)
𝑉𝑇

− 𝑚 (1)
𝑃

is statistically compatible with zero. A preliminary analysis in the effective theory
indicates that the spin splitting in the 𝑛 = 1 sector vanishes up to and including 𝑂 (𝑔4). Our
computation confirms that also higher-order contributions are small compared to the 𝑛 = 0 hyperfine
splitting of section 2. Finally, we observe that 𝑚 (1)

𝑉0
= 𝑚

(1)
𝑉3

, with 𝑉3 = 𝑢̄𝛾3𝑑, as expected from
Ward identities.1 While not shown here, we also measured masses in the scalar (𝑆) and axial vector
(𝐴) channels, and found them to be compatible with pseudoscalar and vector masses respectively,
consistently with restoration of chiral symmetry at high 𝑇 .

4. Conclusions and outlook

We have presented the non-perturbative computation of hadronic screening masses in thermal
QCD up to 𝑇 ≈ 160 GeV. The plots in figure 3 show the newly obtained results discussed in
section 3 (on the right) together with previously published results (on the left), including the static
Matsubara sector mesonic screening masses [15] and baryonic screening masses [2]. We also
computed at leading order the hyperfine splitting in the static sector in the dimensionally-reduced

1While 𝜕3𝐶
(0)
𝑉3

(𝑥3) = 0 thus 𝑚 (0)
𝑉3

is not defined.
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effective field theory descriptions of QCD at asymptotically high temperature [3]. As discussed in
section 2, this is compared to the hyperfine splitting measured in non-perturbative simulations of
thermal QCD. While the spectrum of both static and non-static screening masses is qualitatively
described by the perturbative expansion originating from the three-dimensional effective theory valid
at asymptotically high temperatures, our high-precision numerical computation reveals that even
at the highest temperature considered the leading-order perturbative calculation is not compatible
with the non-perturbative QCD result. In particular, the hyperfine splitting measured in QCD is
approximately three times larger than the leading 𝑔4 contribution. Terms that are higher order in
the QCD coupling are needed, and by including terms proportional to 𝑔5 and 𝑔6 we are able to
describe the hyperfine splitting to per-mille precision for all 𝑇 > 1 GeV. Coefficients of 𝑂 (𝑔5)
receive contributions from the non-perturbative ultra-soft chromomagnetic sector of high-𝑇 QCD
and are thus intrinsically not computable with perturbative methods. The fact that perturbation
theory is not enough to fully describe QCD data even at temperatures of the order of the electroweak
scale, and that non-perturbative contributions remain sizable, has been observed also in the study of
the QCD equation of state [18, 19].
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