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We study how the isospin asymmetry affects quarkonium states in QCD at near zero temperature.
Using lattice Non-Relativistic QCD formalism, we calculate bottom quark correlators in the gauge
field ensembles generated with 𝑁 𝑓 = 2+1 flavors of dynamical staggered quarks whose dynamics
include the isospin chemical potential effect and then construct 𝑆− and 𝑃− wave quarkonium state
correlators. From these quarkonium correlators, we consider the ratios of quarkonium correlators
at non-zero isospin chemical potential to that at 𝜇𝐼𝑎 = 0.000. Here, the gauge field ensemble
with 𝜇𝐼𝑎 = 0.000, 0.048, 0.053, 0.059, 0.066, 0.080, 0.092 and 0.106 on a 323 × 48 lattice with
non-zero isospin current strength 𝜆𝑎 = 0.0010, 0.0018, and 0.0036, where 𝑚𝜋 = 135 MeV and
𝑎 = 0.1535 fm from [1], are used. Preliminary results suggest that for 𝜇𝐼𝑎 = 0.106, the Upsilon
mass gets heavier than the Upsilon mass in the vacuum and that below 𝜇𝐼𝑎 = 0.106 the isospin
asymmetry effect on the Upsilon mass is not monotonic.
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1. Introduction

Quantitative understanding on the part of the QCD phase diagram at non-zero baryon density
is important for understanding many physical phenomena involving many-body system of hadrons:
upcoming experiment of Compressed Baryonic Matter (CBM) at FAIR will produce wealthy of
information on the highly compressed baryonic matter and thus theoretical understanding is needed
to disentangle various aspects of QCD in the experimental data. Also, since the Equation of State
(EoS) of QCD matter at high baryon densities plays a significant role for the neutron star structure
[2, 3] and for neutron star mergers [4], accurate astrophysical observations in the future will require
a better understanding of QCD at high baryon densities. QCD at non-zero baryon densities may
leave a gravitational wave "footprint" even in the QCD epoch of early universe [5].
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Figure 1: The change in the mass of 1𝑆0 and 3𝑆1 quarkonium states in the 𝑆𝑈 (2) gauge theory vs. the baryon
chemical potential (the left) [6]. For QCD with an isospin asymmetry, the change in the mass of Υ state vs.
the isospin charge density(the right) [7].

However, theoretical understanding of QCD at high baryon densities is hampered by the non-
perturbative nature of QCD at low energy and "complex action" problem. Lattice QCD simulations
which make a significant contribution to quantitative understanding of QCD matter at various
temperatures have met difficulties in simulating QCD with non-zero baryon chemical potential
other than the small region of QCD phase diagram near 𝜇𝐵 ∼ 0. Despite the numerous efforts,
this hardship seems to be difficult to overcome [8]. In contrast, QCD-like system such as 𝑆𝑈 (2)
gauge theory and 𝐺2 gauge theory at high "baryon" densities, and QCD with isospin chemical
potential do not have the complex-action problem and are amenable to Monte Carlo simulations.
Although these systems are different from QCD at high baryon densities, lessons learned from these
many-body systems may help us to understand QCD at non-zero baryon density [9]. This aspect is
noted early on [10–15], and prompted many studies on QCD with isospin asymmetry [1, 7, 16–19].
Interestingly, the EoS from the phase-quenched version of QCD can put a bound on the EoS of
QCD matter at high baryon densities [20–23]. For the case of zero strange quark chemical potential,
the phase-quenched version of QCD with quark chemical potential exactly coincides with QCD in
isospin chemical potential. On the other hand compared to the EoS of QCD, dynamics of QCD at
high baryon densities is more complicated and various hadronic correlators at high isospin chemical
potential may reveal such a complex nature of QCD dynamics at high baryon densities.

At non-zero temperature, among many hadronic states quarkonium is expected to serve as
a good "thermometer" for the Quark-Gluon Plasma (QGP) [24, 25] and in-medium behavior of
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Figure 2: (the left figure) Upsilon propagator with 𝑃̂ = 0 and 𝑃̂2 = 4 sin2 ( 2𝜋
𝐿
). (the right figure) 𝑎𝐸𝜂𝑏

(lower line and lower data points and 𝑎𝐸Υ (upper line and upper data points) vs. lattice momentum, 𝑃̂2 for
two different (𝑢, 𝑑) current sources, 𝜇𝐼𝑎 = 0.0 and 𝜇𝐼𝑎 = 0.048. The lines are with the fitted values from
the dispersion relation.

quarkonium states at non-zero temperature are actively being pursued (see e.g., [26–30]). Similarly,
one hopes that the behavior of quarkonium states at high isospin densities may play the role of
"densimeter" for QCD at high baryon densities. There are earlier studies on in-medium behavior of
the "quarkonium states" with baryon densities for QCD-like theories: quarkonium states at non-zero
baryon chemical potential in one of QCD-like theories such as 𝑆𝑈 (2) gauge theory is studied in [6]
and quarkonium in QCD with isospin charge densities is investigated in [7]. There are differences
in the behaviors of quarkonium states in these two theories: For 𝑆𝑈 (2) gauge theory, the mass
of quarkonium states at large baryon chemical potential are significantly smaller than those in the
vacuum. For QCD, the mass of quarkonium states at large isospin chemical potential are larger
than those in the vacuum but the change in the mass is small and is not monotonic with the isospin
charge density. But whether these differences in otherwise similar theories stem from the fact that
the baryon chemical potential in 𝑆𝑈 (2) is different from the isospin chemical potential in 𝑆𝑈 (3)
QCD or from the fact that the baryon in 𝑆𝑈 (2) is a di-quark state is not clear (see Fig. 1.). Further
studies are needed.

In this proceedings, we report preliminary results from our study on in-medium behavior of the
quarkonium states in isospin asymmetric QCD. The quarkonium correlators are constructed from
Non-Relativistic (NR) quark correlator calculated in the background gauge fields generated with
quarks whose dynamics include the isopspin chemical potential effect [1, 18]. Details of lattice
setup is given in Sec. 2 and preliminary results are described in Sec. 3. Then, discussion on the
results follows in Sec. 4.

2. Lattice Setup

In order to investigate the properties of bottomonium in a isospin chemical potential medium,
we compute the correlators of quarkonium using a discretized version of the O(𝑣4) NRQCD
Lagrangian [31–33] for bottom quarks,

L = L0 + 𝛿L, (1)

3
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with

L0 = 𝜓†
(
𝐷𝜏 −

D2

2𝑀𝑏

)
𝜓 + 𝜒†

(
𝐷𝜏 +

D2

2𝑀𝑏

)
𝜒, (2)

and

𝛿L = − 𝑐1

8𝑀3
𝑏

[
𝜓†(D2)2𝜓 − 𝜒†(D2)2𝜒

]
+𝑐2

𝑖𝑔

8𝑀2
𝑏

[
𝜓† (D · E − E · D) 𝜓 + 𝜒† (D · E − E · D) 𝜒

]
−𝑐3

𝑔

8𝑀2
𝑏

[
𝜓†𝜎 · (D × E − E × D) 𝜓 + 𝜒†𝜎 · (D × E − E × D) 𝜒

]
−𝑐4

𝑔

2𝑀𝑏

[
𝜓†𝜎 · B𝜓 − 𝜒†𝜎 · B𝜒

]
, (3)

where 𝐷𝜏 and D are the gauge covariant temporal and the spatial derivatives, 𝜓 is the heavy quark
and 𝜒 the heavy anti-quark. With the tadpole improvment, 𝑐𝑖 = 1 are usually chosen [34].

The isospin chemical potential influences dynamics of the light (𝑢, 𝑑) quarks and the ensemble
of the lattice gauge fields from [1] which include such effects is used in the computation of the
lattice covariant derivatives. These ensembles are on 323 × 48 lattices with 𝑎 ≃ 0.15fm where the
pion mass is 𝑚𝜋 ≃ 135 MeV (or 1

2𝑚𝜋𝑎 = 0.053). The 𝑇 ≃ 0 lattice gauge field ensemble used in
this preliminary work is listed in Table 1. Note that simulations of these isospin chemical potential
ensembles are done with non-zero (𝑢, 𝑑) current sources, 𝜆 (see [1]) to limit the small eigenvalues
associated with the massless Goldstone mode of the pion condensation and 𝜆 → 0 limit of lattice
observables needs to be taken from the simulation results to remove this symmetry breaking effect.

From the discretized version of Eq. (1), the lattice NRQCD propagator for the bottom quark is
formulated as an initial value problem

𝐺 (x, 𝜏 = 0) = 𝑆(x),

𝐺 (x, 𝜏 = 𝑎) =
(
1 − 𝐻0

2𝑛

)𝑛
𝑈

†
4 (x, 0)

(
1 − 𝐻0

2𝑛

)𝑛
𝐺 (x, 0),

𝐺 (x, 𝜏 + 𝑎) =
(
1 − 𝐻0

2𝑛

)𝑛
𝑈

†
4 (x, 𝜏)

(
1 − 𝐻0

2𝑛

)𝑛
(1 − 𝛿𝐻)𝐺 (x, 𝜏). (4)

𝑆(x) denotes an appropriate complex valued random point source, diagonal in spin and color. This
improves the signal to noise ratio by averaging. In the continuum formulation the initial condition
for 𝐺 (x, 𝜏) corresponds to a delta function, which we approximate on the lattice through averaging
multiple correlators, started from random sources on different slices 𝜏start along Euclidean time:

𝑆Υ,𝜂𝑏 (x, 𝜏start) = 𝜂(x, 𝜏start), ⟨𝜂†(x)𝜂(x′)⟩𝜏start = 𝛿xx′ (5)

Here, the lowest-order Hamiltonian is

𝐻0 = −Δ(2)

2𝑀𝑏

, (6)
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while

𝛿𝐻 = − (Δ(2) )2

8𝑀3
𝑏

+ 𝑖𝑔

8𝑀2
𝑏

(𝚫± · E − E · 𝚫±) − 𝑔

8𝑀2
𝑏

𝜎 · (𝚫± × E − E × 𝚫±)

− 𝑔

2𝑀𝑏

𝜎 · B + 𝑎2Δ(4)

24𝑀𝑏

− 𝑎(Δ(2) )2

16𝑛𝑀2
𝑏

. (7)

𝑛 is the Lepage parameter, which controls effectively the temporal step size in Euclidean time and
is essential to the stability of the high momentum behavior of the propagator 𝐺. We use 𝑛 = 2, in
anticipation of the characteristic values of 𝑀𝑏𝑎, which will arise from the tuning of 𝑀𝑏𝑎 on the
lattices used in this study, is larger than 1.

The lattice covariant derivative Δ is defined as

𝑎Δ+
𝑖 𝜓(x, 𝜏) = 𝑈𝑖 (x, 𝜏)𝜓(x + 𝑖𝑎, 𝜏) − 𝜓(x, 𝜏)

𝑎Δ−
𝑖 𝜓(x, 𝜏) = 𝜓(x, 𝜏) −𝑈

†
𝑖
(x − 𝑖𝑎, 𝜏)𝜓(x − 𝑖𝑎, 𝜏)

Δ(2) =

3∑︁
𝑖=1

Δ+
𝑖 Δ

−
𝑖 , Δ(4) =

3∑︁
𝑖=1

(Δ+
𝑖 Δ

−
𝑖 )2, (8)

and the chromo-electric (E) and the magnetic field (B) are defined from clover-leaf plaquettes. The
last two terms of Eq. (7) correct for finite lattice spacing errors. Tad pole improvement of the gauge
link variable using the fourth root of a single link plaquette [34] for the gauge fields in Table( 1) is
adopted and thus 𝑐𝑖 in Eq. (3) is set to the tree-level value (𝑐𝑖 = 1) after dividing the link variables
by < 𝑈plaq >1/4≃ 0.8510449.
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Figure 3: The ratio of the Υ correlators with 𝜆𝑎 = 0.0036 for 𝜇𝐼𝑎 =

(0.000, 0.043, 0.053, 0.059, 0.066, 0.080, 0.092) and 0.106 to the Υ correlator with 𝜇𝐼𝑎 = 0.

3. Preliminary Result

To tune the bottom quark mass, we use the dispersion relation, 𝑎𝐸 (𝑃̂2) = 𝑎𝑀1 + 𝑎 𝑃̂2

2𝑀2
+ · · ·

(𝑃̂2 = 4
∑

𝑖 sin2( 𝜋𝑛𝑖
𝑁𝑠

)), using the quarkonium correlators which are computed with finite lattice
momenta and compare with the experimental value of the spin-averaged 1𝑆 upsilon mass, 𝑀2(1𝑆) =
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(𝑀2(𝜂𝑏) + 3𝑀2(Υ))/4 [27, 35]. With the lattice spacing of 𝑎 ≃ 0.15 fm, 𝑎𝑀2(1𝑆)exp = 7.3480.
Fig. 2 shows an example of the Upsilon correlator (i.e., 1𝑆, spin triplet, 3𝑆1) behavior (the left
figure) and an example of the 1𝑆-state energy obtained from a exponential fits to the 1𝑆-state (spin
singlet (𝜂𝑏) and spin triplet (Υ)) correlator data for small 𝑃̂2’s. Here 𝑀𝑏𝑎 = 3.3177 is used. The
fit to the 1𝑆-state energies of 𝜂𝑏 and Υ obtained from the lattice quarkonium correlators gives
𝑎𝑀2

lattice
= 7.386(32), which is slightly heavier than the experimental value, 𝑎𝑀2(1𝑆)exp within

the error-bar.
To see the isospin chemical potential effect on the quarkonium correlators, the ratios of the

correlators with finite 𝜇𝐼𝑎 to that with 𝜇𝐼𝑎 = 0 are studied. Fig. 3 shows an example of such ratios
of the upsilon correlators calculated with 𝜆𝑎 = 0.0036 for 7 different 𝜇𝐼𝑎 to the upsilon correlator
calculated with 𝜆𝑎 = 0.0010. Despite the large statistical errors, one can see the isospin chemical
potential effect is small (≪ 3% at 𝜏/𝑎 = 48). The effect can be seen as non-monotonic as a
function of 𝜇𝐼𝑎 from this figure. Below the pion condensation chemical potential (≃ 𝜇𝐼𝑎 = 0.053),
the ratios are smaller than 1 but are similar to each other. At 𝜇𝐼𝑎 = 0.066 (which is above the
condensation chemical potential), the ratio is larger than that from 𝜇𝐼𝑎 = 0.043. Then the ratios
from 𝜇𝐼𝑎 = 0.080 onward are smaller than that from 𝜇𝐼𝑎 = 0.043.

Fig. 4, 5 and 6 show the ratio of quarkonium correlators with three difference magnitudes
𝜆𝑎 = (0.0010, 0.0018, 0.0036) of the (𝑢, 𝑑) current source. And Fig. 6 compare the ratios with
the smallest 𝜇𝐼𝑎(= 0.043) in the ensemble with the largest 𝜇𝐼𝑎(= 0.106). On the other hand,
larger 𝜆 encourages the pion condensation. These comparison shows that quarkonium correlators
are quite sensitive to the strength of the (𝑢, 𝑑) current source and to the isospin chemical potential.
The correlator ratio of the 𝜇𝐼𝑎 = 0.106 case suggests a non-zero (but small) effect of the isospin
chemical potential even after the 𝜆 → 0 extrapolation. The fact that the ratio is smaller than 1
suggest that the mass of Υ (3𝑆1) with the isospin chemical potential medium is heavier than that in
the vaccum.

4. Discussion

In these proceedings, we report preliminary results from our study on quarkonium at non-
zero isospin chemical potential where heavy quark correlators are calculated with lattice NRQCD
formulation. The 𝑆𝑈 (3) gauge field ensembles [1] which include 𝑁 𝑓 = 2+ 1 light quark dynamics
with an isospin asymmetry effect below and above 𝜇𝐼 ∼ 𝑚𝜋

2 are used.
In the isospin asymmetric medium, the mass of Upsilon state (3𝑆1) appears to be slightly lighter

at 𝜇𝐼𝑎 ≤ 0.053 and becomes heavier for 𝜇𝐼𝑎 ≥ 0.106 than that in the vacuum but the effects is

𝜇𝐼𝑎 0.000 0.048 0.053 0.059 0.066 0.080 0.092 0.106
0.0010 0.0010 0.0010 0.0010 0.0010 0.0010 0.0010 0.0010

𝜆𝑎 0.0018 0.0018 0.0018 0.0018 0.0018 0.0018 0.0018 0.0018
0.0036 0.0036 0.0036 0.0036 0.0036 0.0036 0.0036 0.0036

No. of configs. 102 198 200 196 196 196 197 196

Table 1: The number of configurations, the magnitude of the isospin chemical potential, and the magnitude
of the (𝑢, 𝑑) current sources in the ensemble used for the preliminary analysis.
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Figure 4: The ratio of the Υ correlators with 𝜇𝐼𝑎 = 0.048 (the left), with 𝜇𝐼𝑎 = 0.053 (the center), with
𝜇𝐼𝑎 = 0.059 (the right) for three 𝜆𝑎 = (0.0010, 0.0018, 0.0036) (𝑢, 𝑑) current sources.
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Figure 5: The ratio of the Υ correlators with 𝜇𝐼𝑎 = 0.066 (the left), with 𝜇𝐼𝑎 = 0.080 (the center), with
𝜇𝐼𝑎 = 0.092 (the right) for three 𝜆𝑎 = (0.0010, 0.0018, 0.0036) (𝑢, 𝑑) current sources.
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Figure 6: The ratio of the Υ correlators with 𝜇𝐼𝑎 = 0.048 (the left), with 𝜇𝐼𝑎 = 0.106 (the right) for
three 𝜆𝑎 = (0.0010, 0.0018, 0.0036) (𝑢, 𝑑) current sources. These two figures contrast the behavior of the
correlator ratio below 𝜇𝑐

𝐼
𝑎 = 1

2𝑚𝜋𝑎 ≃ 0.053 obtained from EoS to that far above 𝜇𝑐
𝐼
𝑎.

quite small and non-monotonic with regard to increasing 𝜇𝐼𝑎 since the ratio of Upsilon correlators
appears to be slighter larger than 1 for 𝜇𝐼𝑎 < 0.053 within the statistical error and becomes smaller
than 1 for 𝜇𝐼𝑎 ≥ 0.106. The ratios depend on the strength of the (𝑢, 𝑑) current source 𝜆 sensitively
for small 𝜇𝐼𝑎. For 𝜇𝐼𝑎 = 0.048, the ratio may become larger than 1 (the mass becomes lighter)
for 𝜆𝑎 = 0.0010 (albeit with larger error) although the ratio is smaller than 1 for 𝜆𝑎 = 0.0018 and
𝜆𝑎 = 0.0036. For 𝜇𝐼𝑎 = 0.053, 0.059 and 0.066, the ratios for 𝜆𝑎 = 0.0010 are consistent with 1
within the error-bar (recall that the pion condensation occurs at 𝜇𝐼𝑎 ≃ 0.053 [18]).

From this preliminary result, we conclude that the bottom quark mass tuning needs to be
improved and that larger number of Monte Carlo samples of lattice gauge field ensembles are
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necessary to quantitatively study the effect of the pion condensation on the heavy quarkonium
below 𝜇𝐼𝑎 ≤ 0.106. For 𝜇𝐼𝑎 ≥ 0.106, we observe that there is a clear effect on the Upsilon state
mass from the isospin chemical potential medium above the statistical uncertainty. This is in line
with an earlier observation by other group which used the background of the isospin charge density
to study the in-medium behavior of quarkonium [7] (the right panel in Fig. 1).

On the other hands the qualitative behavior of the quarkonium states in isospin chemical
potential is different from the heavy quarkonium states of 𝑆𝑈 (2) gauge theory at non-zero "baryon"
densities where the baryonic state in 𝑆𝑈 (2) gauge theory is a quark-quark bound state [6] (see the
left panel in Fig. 1). The masses of 𝑆𝑈 (2) theory quarkonium states at high "baryon" densities
become lighter than those in the vacuum. This suggests that heavy quark bound states in QCD-like
theories at high "baryon densities" may serve as a probe for the in-medium dynamics of QCD
since quarkonium states discern underlying theories. We are currently increasing Monte Carlo
samples of the gauge field ensembles to reduce statistical errors and are performing simulations
with 𝜇𝐼𝑎 > 0.106 to more clearly understand isospin asymmetry effect.
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