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We study the application of sample-based Krylov quantum diagonalization (SKQD) to a two-
dimensional pure Z2 lattice gauge theory. SKQD samples configurations from states obtained
via time-evolution quantum circuits, projects the Hamiltonian into the subspace spanned by the
sampled configurations, and solves an eigenvalue problem to estimate the ground-state energy.
We consider a model defined on a triangular lattice, which allows for an efficient construction of
time-evolution circuits on the IBM Quantum Heron processor. We also propose a configuration
recovery method based on Gauss’s law and a conditional restricted Boltzmann machine (CRBM),
to mitigate the effects of noise. We simulate a lattice of 108 links using the superconducting
quantum processor ibm_kawasaki, which allows us to obtain the ground-state energy within a
few percent of tensor network results. We also compare configuration recovery with and without
the CRBM, and observe that the CRBM improves the accuracy at each iteration.
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1. Introduction

In recent years, there has been increasing interest in Hamiltonian simulation of lattice gauge
theories (LGTs). In particular, the application of quantum computing in this context has been
intensively studied (see, e.g. [1, 2] for review papers). The Hamiltonian simulation is free from the
infamous sign problem in contrast to the conventional Monte-Carlo-based approach in Lagrangian
formalism, and quantum computing enables it while keeping resource requirements polynomial in
certain settings. Important problems include ground- and excited-state preparation, thermal-state
preparation, and real-time dynamics.

Several algorithms for ground-state preparation on near-term hardware have been proposed,
such as the variational quantum eigensolver [3], quantum imaginary-time evolution [4–6], and
quantum subspace diagonalization (QSD) (see, e.g. [7, 8] for early work). In QSD algorithms,
one projects the Hamiltonian into a subspace and solves a (generalized) eigenvalue problem to
obtain an estimated eigenvalue. Among several subspace options, a construction based on the
real-time evolution operator was proposed, which is called the Krylov quantum diagonalization
(KQD) [9, 10]. The KQD uses the real-time evolution operator, which can be realized at relatively
low cost. While KQD was implemented for a large system even on current hardware [11], estimating
matrix elements incurs significant measurement costs. To circumvent this problem, Refs. [12–14]
combined the sample-based approach (quantum-selected configuration interaction [15, 16]) with
the KQD method, proposing the so-called sample-based Krylov quantum diagonalization (SKQD).
In this approach, the Hamiltonian is projected onto a set of sampled bitstrings (i.e., configurations
in the computational basis), which does not require additional quantum resources. However,
accuracy is guaranteed only when the coefficients of the target ground state have an exactly or
approximately sparse distribution. In this sense, the applicability of the algorithm strongly depends
on the Hamiltonian, and case studies or a more general understanding are therefore important.

In the context of LGTs, KQD [17] and SKQD [18] were investigated (and implemented on
hardware in the latter paper) for one-dimensional quantum electrodynamics, known as the Schwinger
model. In this paper, we consider the ground state of a two-dimensional pure Z2 LGT using SKQD.

Configuration recovery (CR) methods are also proposed to mitigate the effects of hardware
noise. These methods are based on Gauss’s law constraints and a conditional restricted Boltzmann
machine (CRBM) [19]. We implement these methods on IBM hardware (ibm_kawasaki) with
156 qubits to study a model with 108 links and compare the results with those obtained using
tensor-network methods (density matrix renormalization group; DMRG [20]). We observe that
SKQD results are consistent within a few percent error, at least for small coupling values, and that
CR methods improve the accuracy at each iteration step.

In this study, we have not observed a clear advantage over other methods (e.g., tensor networks)
or obtained reasonably accurate results for larger coupling values. Nevertheless, the large-scale
demonstration reported here motivates us to explore this method for more complicated LGTs.

The remainder of this paper is organized as follows. We first define the model Hamiltonian in
Section 2. The algorithms will then be explained in Section 3, which includes SKQD, a quantum
circuit for the LGT model, and our proposal for CR. The hardware results will be shown in Section 4.
Finally, we summarize our study in Section 5.
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Figure 1: A triangular lattice and its dual lattice. (Left) Primary triangular lattice. Black circles are vertices,
and white circles are links corresponding to gauge variables. The Blue triangular face is a plaquette, and
links at its boundary are shown as open circles with blue outlines. (Right) The dual lattice is a honeycomb
lattice represented by orange lines. Gauss’s law 𝐺𝑣 involves six links marked green.

2. Model

In this paper, we consider a two-dimensional Z2 gauge theory on a triangular lattice. The
Z2-valued gauge fields are represented by qubits on each link, denoted by ℓ. We also call a single
unit of the lattice plaquette △𝑝, and define 𝜕△𝑝 as the set of links that form the boundary of the
plaquette △𝑝. See Fig. 1 for a lattice geometry. With these notations, the Hamiltonian is given by

𝐻 = −
𝑁ℓ∑︁
ℓ=1

𝑍ℓ − 𝜆

𝑁𝑝∑︁
𝑝=1

𝑊𝑝 , (1)

𝑊𝑝 =
∏

ℓ∈𝜕△𝑝

𝑋ℓ , (2)

where we defined the number of links 𝑁ℓ and plaquettes 𝑁𝑝. We focus on a subspace of the entire
Hilbert space, which is spanned by the states satisfying the following Gauss’s law constraints

𝐺𝑣 |𝜓⟩ = (−1)𝑞𝑣 |𝜓⟩ , for all 𝑣 ∈ 𝑉 (3)

𝐺𝑣 =
∏
ℓ∈𝜕𝑣∗

𝑍ℓ , (4)

where 𝜕𝑣∗ is the set of links that are connected to the vertex 𝑣 (i.e., the boundary of a dual face) and
𝑉 is the set of all vertices. See the right panel of Fig 1. We also defined a charge at each vertex 𝑞𝑣 ,
which takes 0 (1) for the absence (presence) of a charge. In this work, we focus on the 𝑞𝑣 = 0 (for
all 𝑣 ∈ 𝑉) sector.

This model arises from the lowest truncation of a 𝑈 (1) LGT, and is thus one of the simplest
models in two dimensions. The first term in the Hamiltonian (1) is an electric term, and the second
is a magnetic term. In the limit 𝜆 → 0, we obtain the ground state |Ω(𝜆 = 0)⟩ := |0⟩⊗𝑁ℓ . On the
other hand, in the limit 𝜆 → ∞, the ground state is equivalent to that of the toric code Hamiltonian,
which cannot be expressed as a simple tensor product state.
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3. Methods

3.1 Quantum Krylov subspace diagonalization

QSD is a family of algorithms that approximately obtain eigenvalues and eigenstates of a given
Hamiltonian by diagonalizing projected matrix elements in a subspace. Suppose that the subspace
is spanned by the following set of states,

K = {|𝜓𝑘⟩}𝑑−1
𝑘=0 . (5)

Then, the approximated eigenvalues 𝐸̃ and eigenstates 𝑣 can be obtained by solving the following
generalized eigenvalue problem,

𝑯̃𝑣 = 𝐸̃ 𝑺̃𝑣 , (6)

where

𝑯̃ 𝑗𝑘 =
〈
𝜓 𝑗

��𝐻 ��𝜓𝑘

〉
, 𝑺̃ 𝑗𝑘 =

〈
𝜓 𝑗

��𝜓𝑘

〉
, |𝜓 𝑗⟩ , |𝜓𝑘⟩ ∈ K . (7)

The accuracy of the approximation depends on the construction of the subspace K and its dimen-
sion 𝑑. In particular, the quantum Krylov subspace has been studied broadly, where the subspace is
constructed by applying time-evolution under the Hamiltonian 𝐻 to an initial wavefunction |𝜓0⟩,

K = {|𝜓𝑘⟩ = 𝑒−𝑖𝐻𝑘Δ𝑡 |𝜓0⟩}𝑑−1
𝑘=0 . (8)

We call the QSD using the subspace in Eq. (8) as Krylov quantum diagonalization (KQD). The
approximation error of KQD vanishes exponentially with increasing subspace dimension 𝑑 for a
suitable choice of Δ𝑡 [21]. Furthermore, the time-evolution operator can be implemented even
on current hardware for a broad class of Hamiltonians, e.g., using the standard Suzuki-Trotter
decomposition. This feature makes KQD near-term friendly. However, a drawback of KQD is
the expensive gate and measurement cost stemming from the Hadamard test to evaluate matrix
elements.

To overcome this issue, a variant of KQD based on sampling bitstrings, which we call sample-
based KQD (SKQD), was proposed in Refs [12–14] based on a previously proposed sample-based
method [15]. In this approach, instead of directly measuring the matrix elements, we sample
bitstrings from the time-evolved states and then construct projected matrix elements from the
sampled bitstrings. Let us denote the bitstrings sampled from |𝜓𝑘⟩ ∈ K as 𝒃𝑘 = {𝑏 (1)

𝑘
, · · · , 𝑏 (𝑀 )

𝑘
}

where 𝑀 is the number of samples. We collect bitstrings in a similar manner for all states in K to
have

B =

𝑑−1⋃
𝑘=0

𝒃𝑘 . (9)

Then, the subspace-projected matrices are defined as

𝑯̂𝑏𝑏′ = ⟨𝑏 | 𝐻 | 𝑏′⟩ , (10)

for 𝑏, 𝑏′ ∈ B. Then, the ground-state energy in the sampled subspace is computed by simply
diagonalizing the matrix Eq. (10).
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Figure 2: Qubit mapping and circuit for time-evolution. (Left) Qubit assignment for our simulation. Blue
circles represent gauge qubits and orange squares represent ancilla qubits. (Right) Circuit for time evolution
operator 𝑒−𝑖𝛼𝑊𝑝/2.

This method is accurate when the target ground state is approximately sparse in the following
sense: suppose that the ground state is a linear combination of computational basis states, |Ω⟩ =∑

𝑛 𝑐𝑛 |𝑏𝑛⟩, with 𝑐𝑛 = ⟨𝑏𝑛 |Ω⟩ and |𝑐1 |2 ≥ |𝑐2 |2 ≥ · · · . Then, introducing the following cumulative
distribution,

𝑓 (𝑖) =
∑︁
𝑛≤𝑖

|𝑐𝑛 |2 , (11)

we can define the approximate sparsity property as 𝑓 (𝑖) ≥ 𝛼: the closer 𝛼 can be brought to 1 for
small 𝑖, the sparser the state. For a given pair 𝑖, 𝛼, the algorithmic error of the SKQD is upper
bounded by O((1 −

√
𝛼)1/2), while 𝑖 characterizes the number of computational basis states that

must be found to achieve that error, as shown in [14]. We observe that sparsity holds for the Z2 LGT
in the small-coupling regime, using tensor-network simulation. However, this observation is also
explained by the perturbation theory: for example, the most significant bitstring is |Ω(𝜆 = 0)⟩, the
second most significant ones are single plaquette excitations 𝑊𝑝 |Ω(𝜆 = 0)⟩, and so on. Whether
SKQD goes beyond the perturbation theory depends on the charge profile (i.e. the values of 𝑞𝑣),
which we leave for future work.

3.2 Qubit mapping and Suzuki-Trotter decomposition

The triangular lattice Hamiltonian we consider has a natural qubit mapping, shown in the left
panel of Fig. 2, which makes time-evolution circuits efficient. First, the link variables are mapped to
qubits. We also put ancilla qubits at the center of each plaquette, which are connected to three links
on the boundary of the plaquette. This is exactly the heavy-hex topology used in IBM Quantum
hardware.

The time-evolution operator is constructed by the standard second-order Suzuki-Trotter de-
composition,

𝑆(Δ𝑡) := 𝑒−𝑖𝐻𝑍Δ𝑡/2𝑒−𝑖𝜆𝐻𝑋𝑋𝑋Δ𝑡𝑒−𝑖𝐻𝑍Δ𝑡/2 , (12)

where we defined
𝐻𝑍 = −

∑︁
ℓ

𝑍ℓ , 𝐻𝑋𝑋𝑋 = −
∑︁
𝑝

𝑊𝑝 . (13)

The operator 𝑒−𝑖𝐻𝑋𝑋𝑋𝛼/2 is implemented as the right panel of Fig. 2, and the operator 𝑒−𝑖𝐻𝑍 𝛼/2 is
implemented straightforwardly. We assumed the native 𝑅𝑍𝑍 (𝛼) = 𝑒−𝑖𝛼𝑍𝑍/2 gate, which is available
on IBM Heron r2 processor.
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3.3 Configuration recovery using Gauss’s law

One of the benefits of using the sample-based methods is that probabilistic error (bit-flip) only
expands the subspace we explore, and phase-flip error does not affect the histogram of bitstrings.
These methods are thus expected to have noise-resilience to some extent. However, as the number
of qubits 𝑁𝑞 and/or the number of time steps 𝑑 increase, the circuit size grows as O(𝑁𝑞𝑑). As
a result, the effect of noise becomes more significant, and we may miss the important bitstrings,
which results in lower accuracy. To mitigate this problem, a configuration recovery (CR) method
was proposed in previous work that enabled experimental scaling to large system sizes for the
electronic structure problem in chemistry [16].

We propose a new configuration recovery method that is suitable for LGTs. In LGTs, errors
can not only affect accuracy, but also make the resulting state nonphysical, i.e., not satisfying
Gauss’s law Eq. (4). We use Gauss’s law constraints, which are local symmetries and have not been
considered in the context of CR for sample-based quantum algorithms. Our CR process comprises
two steps, which will be further elaborated later. First, sampled bitstrings are flipped to enforce
Gauss’s law. This can be done by a minimal weight perfect matching (MWPM) algorithm [22], but
it may act as an unwanted Wilson loop operator (see Eq. (15)). In the second step, we try to cancel
these Wilson loops with a generative model, called a conditional restricted Boltzmann machine
(CRBM).

Assume that we have bit-flips on a set of links 𝑒true = {ℓ1, · · · , ℓ𝑡 } that collectively define a
chain (which may be disconnected). Bitstrings affected by errors can be written as

𝑏raw = 𝑏ideal ⊕ 𝑒true , (14)

where 𝑏ideal is a bitstring in the absence of errors. We can infer the location of errors 𝑒true with a
procedure similar to the surface code decoder (e.g. [23]): (i) since Gauss’s law constraints are also
written in 𝑍-basis, one can construct their eigenvalues using 𝑏raw; (ii) those eigenvalues should be
preserved under the ideal time evolution, and they change if and only if an odd number of links in
𝜕𝑣∗ are flipped. These facts allow us to identify the boundaries of the error chain 𝜕𝑒true. Thus,
identification of error locations boils down to solving 𝜕𝑒pred = 𝜕𝑒true, which can be done using,
e.g., the MWPM algorithm. The recovered bitstring 𝑏̃ can be written as

𝑏̃ = 𝑏raw ⊕ 𝑒pred = 𝑏ideal ⊕ (𝑒true ⊕ 𝑒pred) . (15)

If the predicted error is correct, i.e. 𝑒true = 𝑒pred, one reproduces 𝑏ideal exactly. However, if the
identification fails, 𝑒true ≠ 𝑒pred, the "correction" applies the unwanted Wilson loop𝑊𝛾 :=

∏
ℓ∈𝛾 𝑋ℓ

where 𝛾 = 𝑒true ⊕ 𝑒pred.
In a specific setting (hardware and circuit structure), it is possible that the location of faulty

Wilson loops 𝑊𝛾 correlates with a set of Gauss’s law operators {𝐺𝑣}𝑣 . This motivates us to use
a generative model, which generates 𝑊𝛾 from a given set {𝐺𝑣}𝑣 . We use the CRBM to learn this
correlation and use it to cancel the Wilson loop insertions. Training data for CRBM is obtained by
a reference circuit, which has the same circuit structure (but with different Pauli rotation angles),
and is run on the same hardware. The reference circuit for a time-evolved state 𝑆(𝛿𝑡)2𝑛 |𝜓0⟩, which
we call the forward-backward circuit, is constructed as 𝑆(−𝛿𝑡)𝑛𝑆(𝛿𝑡)𝑛 |𝜓0⟩. This gives |𝜓0⟩ in
the absence of noise. Using this, we obtain the training set ({𝐺𝑣},𝑊𝛾) which encapsulates the

6
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information about the noise profile. Once the CRBM is trained, it generates 𝑊𝛾 for an obtained set
of Gauss’s law operators {𝐺𝑣}, and we expect that they cancel some of 𝑊𝛾 coming from errors.

4. Results

We implement the proposed workflow on a quantum computer to construct the subspaceK, and
the post-processing (diagonalization, MWPM, and CRBM) is performed in classical computing.
Specifically, we use the IBM Heron r2 quantum processor ibm_kawasaki for time evolution and
sampling, and GPU resources (Miyabi cluster at the University of Tokyo) for diagonalization, CRBM
training, and Wilson loop generation. We further iterate the diagonalization process as follows.
First, we obtain a set of bitstrings 𝒃𝑘 = {𝑏 (1)

𝑘
, · · · , 𝑏 (𝑀 )

𝑘
} at each time step from measurements, and

the expectation values of Gauss’s law operators,

𝑮𝑘 := {⟨𝑏𝑘 |𝐺𝑣 |𝑏𝑘⟩ |𝑏𝑘 ∈ 𝒃𝑘 , 𝑣 ∈ 𝑉} . (16)

We identify the flipped values in 𝑮𝑘 and correct them to enforce Gauss’s law using MWPM; we
denote the resulting sets of bitstrings as 𝒃̃𝑘 .

In the first iteration 𝑟 = 0, we diagonalize the projected Hamiltonian for B̃ :=
⋃𝑑−1

𝑘=0 𝒃̃𝑘 to have
|Ψ (𝑟=0)

0 ⟩ = ∑𝑑−1
𝑘=0 𝑣𝑘 |𝜓𝑘⟩. A set of important samples is defined as

R (𝑟=0) = {𝑏̃ ∈ B̃ | | ⟨𝑏 |Ψ (0)
0 ⟩ |

2
> 𝜖} . (17)

In the following iterations 𝑟 ∈ {1, · · · , 𝑅}, the CRBM generates a set of Wilson loops 𝑾𝑘 =

{𝑊𝑘,𝛾𝑖 }𝑤𝑖=1 from 𝑮𝑘 , which are applied to the bitstrings as W =
⋃

𝑘{𝑏̃𝑘 ⊕𝑊𝑘,𝛾 | 𝑏̃𝑘 ∈ 𝒃̃𝑘 ,𝑊𝑘,𝛾 ∈
𝑾𝑘}. We then construct the projected Hamiltonian using R (𝑟−1) ∪W, and diagonalize it to have
|Ψ (𝑟 )

0 ⟩. Finally, the set of important samples is updated as

R (𝑟 ) = {𝑏̃ ∈ B̃ | | ⟨𝑏 |Ψ (𝑟 )
0 ⟩ |

2
> 𝜖} . (18)

We take 𝜆 = 1.0 for the Hamiltonian coupling, and the lattice size is 𝑁ℓ = 108, 𝑁𝑝 = 64. A
quantum circuit for the single Suzuki-Trotter step uses 156 qubits, and a two-qubit gate depth is 10
(224 𝐶𝑍 gates and 64 𝑅𝑍𝑍 gates in total). The parameters for the time-evolution circuit are given
as 𝛿𝑡 = 0.25 and 𝑑 = 9. The iterations of diagonalization and CRBM generations are performed
with 𝑅 = 6, 𝑤 = 3, and 𝜖 = 10−20. The relative error is evaluated, which is defined by

(relative error) =
���� 𝐸̃0 − 𝐸DMRG

𝐸DMRG

���� , (19)

where 𝐸DMRG is the ground state energy obtained from the tensor network simulation (density
matrix renormalization group, DMRG). The results are summarized in Tab. 1. We compare the
following three CR methods; (1) only MWPM is employed, (2) MWPM and randomly flipped
samples (3 samples for each bitstring), (3) both MWPM and CRBM (𝑤 = 3 Wilson loops for
each bitstring). We see that the full CR (MWPM + CRBM) outperforms the other methods. The
improvement at each iteration is shown in Fig 3. We see that the subspace dimension (blue circles)
increases, and the energy difference decreases with increasing iteration steps, as we would hope.
We also note that the maximal subspace used in this experiment has dimension O(106). This is
significantly smaller than the physical Hilbert space (spanned by states satisfying Gauss’s law),
which has dimension 2𝑁𝑝 = 264 = O(1019).
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method 𝐸̃0 rel. err.
MWPM only -115.92 0.024

MWPM + random flips -116.02 0.023
MWPM + CRBM -117.10 0.014

Table 1: Ground state energy 𝐸̃0 obtained from SKQD with several CR methods. The MWPM enforces
Gauss’s law constraint on each of the bitstrings. The CRBM generates 𝑤 = 3 Wilson loops for each bitstring.
The random flip means that three randomly flipped samples are added. All energy values are compared with
the energy obtained from DMRG, 𝐸DMRG = −118.76.

7
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dim(⟩phys) = 2Np = −(1019)

Figure 3: Hardware results obtained from ibm_kawasaki with CR methods. The horizontal axis shows the
iteration steps, and the vertical axis for the red (blue) points shows the energy difference (subspace dimension)
at each iteration.

5. Conclusion

In this paper, we implemented SKQD to obtain the ground states of the pure Z2 LGT for the
first time. We also propose a configuration recovery method, which uses Gauss’s law constraints
and a generative model (CRBM). Gauss’s law constraints are used to ensure that all the bitstrings
are in the correct gauge-invariant space. This may, however, insert unwanted Wilson loop operators.
The CRBM generates Wilson loop insertions from the obtained values of Gauss’s law constraints,
and the generated insertions try to cancel faulty operators.

We implemented the proposed procedures using ibm_kawasaki and obtained the ground-state
energy approximations in agreement with DMRG within a few percent points. Furthermore, we
observed that our CR methods improve accuracy at each iteration step.

Although we demonstrated that the methods are accurate for this specific model, the ground
state-energy can also be estimated via DMRG even for a large system. Moreover, sparsity is observed
for small coupling values, and perturbation theory may also be accurate in this region. In this sense,
we do not claim any clear advantage at this point for this specific setting. However, these methods
can be applied to more complex settings or models, such as two-dimensional LGT with (dynamical
or non-dynamical) matter. We leave the investigation for such settings to future work. Furthermore,
it would be interesting to generalize the methods and implement them for non-Abelian LGTs.
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